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Abstract

We review, in the first part of this work, many pioneering works on supersymmetry and
organize these results to show how supersymmetric quantum field theories arise from spin-
statistics, Nœther and a series of no-go theorems. We then introduce the so-called superspace
formalism dedicated to the natural construction of supersymmetric Lagrangians and detail the
most popular mechanisms leading to soft supersymmetry breaking.

As an application, we describe the building of the Minimal Supersymmetric Standard Model
and investigate current experimental limits on the parameter space of its most constrained
versions. To this aim, we use various flavor, electroweak precision, cosmology and collider data.
We then perform several phenomenological excursions beyond this minimal setup and probe
effects due to non-minimal flavor violation in the squark sector, revisiting various constraints
arising from indirect searches for superpartners.

Next, we use several interfaced high-energy physics tools, including the FeynRules package
and its UFO interface that we describe in detail, to study the phenomenology of two non-
minimal supersymmetric models at the Large Hadron Collider. We estimate the sensitivity of
this machine to monotop production in R-parity violating supersymmetry and sgluon-induced
multitop production in R-symmetric supersymmetry. We then generalize the results to new
physics scenarios designed from a bottom-up strategy and finally depict, from a theorist point
of view, a search for monotops at the Tevatron motivated by these findings.
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Chapter 1

Introduction

After almost fifty years, the Standard Model of particle physics [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]
has been proved to be a successful theory to describe all experimental high-energy physics
data. It however leaves, despite its success, many important questions open without providing
any satisfactory answer. Among those, one finds the unexplained large hierarchy between the
electroweak and the Planck scales, the absence of a mechanism leading to neutrino oscillations,
the unknown origins of dark matter and of the cosmological constant as well as the strong CP -
problem. Consequently, the Standard Model is widely acknowledged as the low-energy limit of
a more fundamental theory. The recent discovery of a Higgs boson [11, 12] that seems to feature
properties as expected from the Standard Model reinforces this picture. This first observation
of a particle intrinsically unstable with respect to quantum corrections indeed implies either a
non-natural extreme fine-tuning or a stabilization arising from a new physics sector which will
emerge at scales that we will probe soon.

As a result, model building activities in a beyond the Standard Model framework have
been very intense during the last decades. Among the leading candidates for new physics,
one finds extensions of the Standard Model where its SU(3)c × SU(2)L × U(1)Y gauge group
is embedded into a larger structure, such as, e.g., SU(5), SO(10) or E6 [13, 14, 15, 16, 17].
In those contexts, the Standard Model quark and lepton fields are encompassed into one or
several representations of the extended gauge group, together with possible additional matter
content, and the three gauge coupling constants have their strength unified at high energies
due to new effects in their renormalization group running. Those models have also interesting
additional properties, such that some of them could easily include an explanation for neutrino
masses or provide a mechanism leading to the quantization of the electric charge. However,
Grand Unified Theories have often difficulties to get in agreement with the measured value for
the electroweak mixing angle or even to forbid the proton to decay in the case of the simplest
extended gauge groups.

Another popular way to extend the Standard Model and solve at the same time the hierarchy
problem is to modify the structure of spacetime and include additional dimensions [18, 19, 20,
21]. In this case, the Minkowski spacetime is extended by either a compact manifold, as in
pioneering extra-dimensional models, or by an orbifold, as in more modern approaches. The
large value of the Planck scale is then a consequence of the presence of the extra dimensions.
Moreover, each field living in the extra-dimensions can be seen as an usual four-dimensional
field coming together with a series of more massive excitations that can be possibly detected
at collider experiments.

In this work, we choose to focus on another type of symmetry, dubbed supersymmetry, which
naturally extends the Poincaré algebra and links the fermionic and bosonic degrees of freedom
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of the theory [22, 23, 24, 25, 26, 27, 28, 29, 30]. In particular, the minimal phenomenologically
viable supersymmetric model resulting from the direct supersymmetrization of the Standard
Model, the so-called Minimal Supersymmetric Standard Model (MSSM) [31, 32], is one of
the most studied options for new physics, both at the theoretical and experimental levels. In
addition of associating with each fermion of the theory one bosonic superpartner, and vice
versa, weak scale supersymmetry also allows to solve several of the conceptual problems of the
Standard Model. Accounting for the supersymmetric degrees of freedom leads to a natural
unification of the three gauge couplings when run to higher energies [33, 34, 35, 36, 37, 38] and
stabilizes all scalar masses with respect to quantum corrections, solving hence the hierarchy
problem [39]. Furthermore, many supersymmetric models include a particle candidate for
explaining the presence of dark matter in the Universe [40, 41]. However, the superpartners of
the Standard Model particles have not been observed, so that supersymmetry must be broken
at low-energy. In order not to reintroduce quadratically divergent quantum corrections in the
theory, this breaking must be soft and is therefore expected to shift the supersymmetric particle
masses around the TeV scale.

Consequently, the quest for supersymmetric particles is one of the main topics of the exper-
imental program at the Large Hadron Collider (LHC) at CERN. However, there is no sign for
a single superpartner so far and the latest results of the general purpose experiments ATLAS
and CMS are currently pushing the bounds on the masses of the superpartners to higher and
higher scales [42, 43]. In other words, the supersymmetric parameter space turns out to be
more and more constrained. However, most analyses are only valid in the context of the so-
called constrained MSSM (cMSSM) framework, where the 105 free parameters of the minimal
supersymmetric model are reduced to a set of four parameters and a sign, or for very specific
simplified models inspired by the cMSSM. In contrast, there are much broader classes of su-
persymmetric theories valuable to be studied both from a theoretical point of view and from
an experimental one. The results obtained from such studies could be further employed to
design new search strategies for new physics models, even possibly not supersymmetric when
one accounts for a possible recasting of the experimental analyses.

Phenomenological studies of such non-minimal supersymmetric models in the context of
hadron-collider experiments are often based on the use of Monte Carlo event generators. In
this framework, a proper modeling of the strong interactions, including parton showering,
fragmentation and hadronization, is essential for achieving a realistic description of the hadronic
collisions. The latter is efficiently provided by packages such as Pythia [44, 45, 46], Sherpa [47,
48] or Herwig [49, 50, 51, 52]. However, any new physics signal is expected to occur at the
level of the underlying hard interaction. As a consequence, lots of effort have been put into the
development of matrix-element generators such as AlpGen [53], CompHep and CalcHep [54,
55, 56, 57], Helac [58, 59], MadGraph and MadEvent [60, 61, 62, 63, 64], Sherpa [47, 48]
and Whizard [65, 66], that allow for the generation of parton-level events of large classes of
beyond the Standard Model theories.

Historically, these packages have only supported the Standard Model and a restricted sub-
set of new physics theories, the reasons lying in the complexity of the implementation of val-
idated and ready-to-be-used model files. This task indeed requires, first, a precise knowledge
of the Monte Carlo program itself, second, the implementation of thousands of lines of code
associated with the Feynman rules of the model and third, a long and tedious process of
debugging. Implementing new models into these simulation packages has however recently
drastically improved. Parton-level matrix element generators have firstly begun to establish
more general model formats so that a less intimate knowledge of their internal code is now
necessary [67]. Secondly, several external programs, such as LanHep [68, 69, 70, 71, 72],
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FeynRules [73, 74, 75, 76, 77, 78, 79, 80] and Sarah [81, 82, 83, 84], have been developed
in order to allow the user to define a model via its Lagrangian rather than via the set of its
individual Feynman rules.

Thanks to the above-mentioned packages, a systematic investigation of the phenomenology
of any new physics model has been rendered possible and straightforward following the path
of a top-down approach. In this context, the theory is first defined by its particle content,
gauge symmetries, free parameters and Lagrangian. Next, relevant benchmark scenarios that
are both theoretically motivated and not experimentally excluded are constructed and finally
employed for predicting the model signatures at high-energy experiments. The design of such
benchmarks is however not an easy task, as many model parameters enter and cannot be fixed
by the present constraints. The conception of benchmarks is thus in general driven by simplicity,
which introduces at the same time some bias in the definition of signatures called typical for a
given model. Furthermore, a given signature is neither related to a single benchmark nor to a
specific model itself. Universal extra dimensions and supersymmetry share, for instance, very
similar signatures starting from the pair production of new states followed by their cascade
decays into an invisible state, jets and charged leptons.

For these reasons, it is useful to perform, in parallel to top-down phenomenological in-
vestigations, alternative studies starting from a final state signature. In order to model the
mechanisms leading to the production of a specific signature, a Lagrangian with a minimal set
of effective operators is usually supplemented to the Standard Model one. Results obtained in
this framework can then be reinterpreted, in a second step, in the context of several beyond
the Standard Model theories simultaneously.

In this work, we have adopted a more pragmatic choice and rely both on the top-down and
bottom-up approaches for probing new physics at colliders. We have first followed a top-down
path and started by studying well defined non-minimal supersymmetric theories. We have
analyzed specific signatures predicted by the models under consideration and have designed
several search strategies allowing for a possible observation of the associated signals at the LHC.
To this aim, we have performed simulations of proton-proton collisions that have occurred at
both past LHC runs, at respective center-of-mass energies of 7 TeV and 8 TeV, and analyzed
the generated events within the MadAnalysis 5 framework [85]. More into details, events
have been simulated by means of the automated Monte Carlo program MadGraph 5, whose
necessary UFO model libraries have been produced directly from the respective Lagrangians
by making use of the FeynRules package. Accurate descriptions of both the new physics
signals and the different contributions to the Standard Model background have been obtained
by relying, on the one hand, on multiparton matrix-element merging of leading-order event
samples with different final state multiplicities [86, 87], and, on the other hand, on results for
total rates computed at the next-to-leading order and next-to-next-to-leading order accuracies
in QCD. Moreover, advanced simulations of the ATLAS and CMS detector responses have been
performed with the Delphes program [88].

In a second stage, we employ the investigated signatures as a starting point and study them
in a more general bottom-up context, well beyond the initial non-minimal supersymmetric
frameworks. We construct effective Lagrangians with a set of new interactions leading to the
production of the final states under consideration, possibly including mediation by additional
new states. Using the search strategies developed in the supersymmetric cases as guidelines,
we make use of Monte Carlo simulations as above to extract the parameter space regions of
the bottom-up inspired theoretical models that can be reached by the LHC.

Finally, as the last step of this work, we describe (public) experimental searches that have
been motivated by our phenomenological investigations. This allows this manuscript to illus-
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trate a full chain linking theory to experiment via both bottom-up and top-down phenomeno-
logical excursions beyond the Standard Model.

In the next chapter (Chapter 2), we describe in full generality the building of a supersym-
metric theory from very basic principles, namely the spin-statistics theorem [89], the Nœther
theorem [90], as well as a series of no-go theorems [91, 92]. We show how the only knowledge of
these theorems leads unavoidably to the Poincaré superalgebra underlying phenomenologically
relevant supersymmetric models. We then move to a detailed description of the superspace
formalism [27, 28, 29], the natural approach for the building of supersymmetric Lagrangians.
The content of this chapter is based on the supersymmetry lectures given by the author at the
University of Louvain-la-Neuve (Belgium) in January-March 2011 as well as on the book (in
French) of Ref. [93],

B. Fuks and M. Rausch de Traubenberg,
Supersymétrie : exercices avec solutions,
Ellipses Editions, 2011 (ISBN 978-2-729-86318-0).

Chapter 3 is dedicated to the implementation of supersymmetric models in FeynRules,
such a tool allowing for the study of the associated phenomenology by means of Monte Carlo
simulations thanks to dedicated interfaces to several automated event generators. We first
describe the FeynRules package itself, together with the Universal FeynRules format (UFO)
allowing to pass the information from FeynRules to any other program in a very generic
way. Emphasis is put on all the tasks that can be automated, reducing in this way the risk
of error by the user. Examples of calculations that can be performed using the superspace
module of FeynRules are finally provided. The material of this chapter is based on the
manual of the version 2.0 of FeynRules [80], on a series of specific papers that have recently
appeared [74, 75, 76, 79], as well as on the definition of the UFO conventions [67],

A. Alloul, N. D. Christensen, C. Degrande, C. Duhr and B. Fuks,
FeynRules 2.0, a complete toolbox for tree-level phenomenology,
arXiv:1310.1921 [hep-ph] (submitted to Comput. Phys. Commun.).

N. D. Christensen, P. de Aquino, N. Deutschmann, C. Duhr, B. Fuks, C. Garcia-
Cely, O. Mattelaer, K. Mawatari, B. Oexl and Y. Takaesu,
Simulating spin-3/2 particles at hadron colliders,
Eur. Phys. J. C 73 (2013) 2580.

C. Degrande, C. Duhr, B. Fuks, D. Grellscheid, O. Mattelaer and T. Reiter,
UFO - The Universal FeynRules Output,
Comput. Phys. Commun. 183 (2012) 1201-1214.

N. D. Christensen, C. Duhr, B. Fuks, J. Reuter and C. Speckner,
Introducing an interface between Whizard and FeynRules,
Eur. Phys. J. C 72 (2012) 1990.

C. Duhr and B. Fuks,
A superspace module for the FeynRules package,
Comput. Phys. Commun. 182 (2011) 2404-2426.

N. D. Christensen, P. de Aquino, C. Degrande, C. Duhr, B. Fuks, M. Herquet,
F. Maltoni and S. Schumann,
A comprehensive approach to new physics simulations,
Eur. Phys. J. C 71 (2011) 1541.

Realistic supersymmetric models must encompass supersymmetry breaking. In Chapter 4,
we describe some general features associated with any supersymmetry-breaking model [39, 94,
95, 96, 97, 98, 99] and then turns to a short review of the most popular mechanisms employed
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to achieve soft supersymmetry-breaking, namely gravity-mediated supersymmetry breaking
[100, 101, 102, 103, 104, 105, 106, 107, 108, 109, 110, 111, 112, 113, 114], gauge-mediated
supersymmetry breaking [115, 116, 117, 118, 119, 120, 121, 122, 123, 124, 125] and anomaly-
mediated supersymmetry breaking [126, 127, 128, 129, 130, 131, 132, 133]. This chapter is based
on the above-mentioned book [93], on the lectures given at the University of Louvain-la-Neuve,
and on the forthcoming publication [134],

B. Fuks and M. Rausch de Traubenberg,
A supergravity primer,
In preparation.

The theoretical framework developed in Chapter 2 and Chapter 4 is applied, in Chapter 5,
to the building of the simplest supersymmetric model, the Minimal Supersymmetric Standard
Model [31, 32]. We provide first detailed information on the construction of the model itself.
In a second step, we present the most general features of the MSSM, addressing the hierar-
chy problem, gauge coupling unification, the dark matter problematics and introducing the
most common properties of the MSSM concerning the production of supersymmetric particles
at colliders. We then establish, in the framework of three minimal MSSM scenarios with a
small number of free parameters, the parameter space regions compatible with up-to-date data
from low-energy, electroweak precision and flavor physics. A first step towards non-minimal
supersymmetric models is next achieved by studying the effects of non-minimal flavor violation
in the squark sector. Finally, cosmological aspects are addressed, as well as constraints orig-
inating from direct searches for supersymmetric particles at colliders and in particular at the
LHC. The results of this chapter are based, on the one hand, on the above-mentioned Ref. [76],
Ref. [93], and on the lectures given at the University of Louvain-la-Neuve, as well as on the
papers [135, 136, 137],

B. Fuks, B. Herrmann and M. Klasen,
Phenomenology of anomaly-mediated supersymmetry breaking scenarios with non-minimal
flavor violation,
Phys. Rev. D 86 (2012) 015002.

B. Fuks, B. Herrmann and M. Klasen,
Flavor violation in gauge-mediated supersymmetry breaking models: experimental constraints
and phenomenology at the LHC,
Nucl. Phys. B 810 (2009) 266-299.

G. Bozzi, B. Fuks, B. Herrmann and M. Klasen,
Squarks and gaugino hadroproduction and decays in non-minimal flavor violating supersym-
metry,
Nucl. Phys. B 787 (2007) 1-54.

In the next chapter (Chapter 6), we describe two non-minimal supersymmetric theories, the
MSSM with R-parity violation [138] and the minimal version of a supersymmetric theory with
an unbroken R-symmetry [139, 140, 141]. After implementing both theories into FeynRules,
dedicated phenomenological analyses are performed for each of the models by means of Monte
Carlo simulations, employing the chain FeynRules-UFO-MadGraph 5-Pythia-Delphes-
MadAnalysis 5 for generating and analyzing events including detector response effects. This
allows us to investigate one collider signature for each of the two models above, monotop
production in R-parity violating supersymmetry and multitop production induced by the decay
of a pair of sgluon fields as predicted in R-symmetric supersymmetric models. We show that
one can expect visible signals at the LHC, running at a center-of-mass energy of 7 TeV, in the
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case of specific benchmark scenarios. The material included in this chapter is based on the
work of Ref. [77] for which it also provides extra details,

B. Fuks,
Beyond the Minimal Supersymmetric Standard Model: from theory to phenomenology,
Int. J. Mod. Phys. A 27 (2012) 1230007.

Generalizing the supersymmetric picture, we construct in Chapter 7 two frameworks based
on an effective field theory aiming to describe the production of the two new physics signals
under consideration. We explore in this way several beyond the Standard Model theories at the
same time, although the reinterpretation process in the context of a specific model goes beyond
the scope of this work. We hence address, using the chain of tools above, the production of a
monotop state and the one of a multitop signature arising from the decay of a pair of sgluons
in an effective field theory context. Detailed phenomenological investigations are performed
in order to estimate the regions of the parameter spaces of both models covered by the LHC,
with 20 fb−1 of collisions at a center-of-mass energy of 8 TeV. We also provide, in this chapter,
extensive details about the simulation of the Standard model background. We review the works
of the two published papers of Ref. [142] and Ref. [143] and present new results that have been
recently submitted [144],

J. L. Agram, J. Andrea, M. Buttignol, E. Conte and B. Fuks,
Monotop phenomenology at the Large Hadron Collider,
arXiv:1311.6478 [hep-ph] (accepted by Phys. Rev. D).

S. Calvet, P. Gris, B. Fuks and L. Valéry,
Searching for sgluons in multitop events at a center-of-mass energy of 8 TeV,
JHEP 1304 (2012) 043.

J. Andrea, B. Fuks and F. Maltoni,
Monotops at the LHC,
Phys. Rev. D 84 (2011) 074025.

Motivated by our phenomenological results, several experimental searches at hadron collid-
ers have either been achieved or are currently on-going [145, 146, 147, 148]. We dedicate the
last chapter of this document, Chapter 8, to the presentation of a vision of a theorist for one
of these experimental analyses1,

CDF Collaboration
Search for a dark matter candidate produced in association with a single top quark in pp̄
collisions at

√
s = 1.96 TeV,

Phys. Rev. Lett. 108 (2012) 201802.

Finally, we summarize our results in Chapter 9 and collect, in Appendix A, our conventions
on indices, Pauli and Dirac matrices and on relations among the Grassmann variables necessary
for the superspace formalism.

1The author of this work has been enrolled in the CDF collaboration for the considered analysis that is
summarized in Ref. [145].



Chapter 2

Supersymmetric quantum field
theories

In this chapter, we review many pioneering works on supersymmetry and organize the re-
sults to illustrate how supersymmetric quantum field theories naturally arise from spin-statistics
theorem, Nœther theorem and a series of no-go theorems. We then provide details on the su-
perspace formalism, a suitable mean to construct supersymmetric Lagrangians, and build, for
the sake of the example, the most general (non-renormalizable) supersymmetric Lagrangian.

2.1 The Poincaré superalgebra

2.1.1 Quantum field theories and symmetries

Particle physics model building relies on the framework of quantum field theories which
unifies two basic building blocks, quantum mechanics and special relativity. Together with
simple principles of symmetry, this allows to classify and describe elementary particles and
their interactions by means of relativistic quantum fields and their properties. Among those,
we can emphasize two key features, the mass of the particles and their spin, this last observable
being associated to the famous spin-statistics theorem [89]. This theorem proves that particles
of half-odd-integer spin, i.e., fermions, obey Fermi-Dirac statistics and are represented by
anticommuting fields while particles of integer spin, i.e., bosons, obey Bose-Einstein statistics
and are described by commuting fields.

We can define two classes of symmetries according to the way they act on a quantum field.
Spacetime (often called external) symmetries explicitly modify spacetime coordinates xµ,

xµ → x′µ = ξµ(x) , (2.1.1)

where ξ is a Poincaré transformation of the spacetime variables and is thus by definition in-
vertible and differentiable. In contrast, internal symmetries, such as gauge symmetries, act on
the fields themselves,

ϕa(x)→ ϕ′a(x′) = Sab ϕ
b(x) , (2.1.2)

where we have introduced a collection of generic fields {ϕa} and denote by Sab the generators
associated with a generic internal symmetry operation. Moreover, in the notations above, the
field ϕ can either be fermionic or bosonic. As for particles and fields, generators of symmetries
can also be classified with respect to their bosonic or fermionic nature. In the first case, particle
spins are left unchanged by a symmetry operation, while in the second case, particles of different
spins could be related.
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2.1.2 The Coleman-Mandula theorem

We first focus on the construction of theories such as the Standard Model of particle physics
where the generators of the symmetry group are all bosonic. In this case, combining spin-
statistics [89] and Nœther theorems [90] leads naturally to a Lie algebra structure spanned by
the symmetry generators. This can be shown by building a toy theory describing the dynamics
of a set of bosonic and fermionic fields φa and ψi through a Lagrangian L(φa, ψi). We then
assume that this Lagrangian is left invariant by a symmetry operation to which we associate
the continuous transformation of the fields

φa → φa + δAφ
a = φa + (B1

A)ab φ
b and ψi → ψi + δAψ

i = ψi + (B2
A)ij ψ

j . (2.1.3)

In the two equations above, the dependence on the spacetime coordinates is understood for
clarity and we have introduced the symmetry generators B1

A and B2
A acting on the bosonic

and fermionic sectors of our toy theory, respectively. From these transformation laws, we can
deduce the corresponding variation of the Lagrangian,

δAL =
∂L
∂φa

δAφ
a +

∂L
∂ψi

δAψ
i +

∂L
∂
(
∂µφa

)δA(∂µφa)+
∂L

∂
(
∂µψi

)δA(∂µψi)
= ∂µ

[
∂L

∂
(
∂µφa

)δAφa +
∂L

∂
(
∂µψi

)δAψi] ≡ ∂µjµA ,

(2.1.4)

where the second equality is obtained after an integration by parts and using Euler-Lagrange
equations. By assumption, this Lagrangian L is invariant under the symmetry operation under
consideration. Therefore, this implies the conservation of the current1

Jµ = jµA −K
µ
A =

∂L
∂
(
∂µφa

)δAφa +
∂L

∂
(
∂µψi

)δAψi −Kµ
A . (2.1.5)

The quantity Kµ is obtained from a direct computation of the variation of the Lagrangian,
after applying Eq. (2.1.3) to L and then extracting Kµ

A from the relation δAL = ∂µK
µ
A.

Nœther theorem implies the conservation in time of the charge BA defined as the temporal
component of the current jµ integrated over the entire tridimensional Euclidean space,

BA = −i
∫

d3x

[
∂L

∂
(
∂0φa

)δAφa +
∂L

∂
(
∂0ψi

)δAψi] = −i
∫

d3x
[
Πa(B

1
A)ab φ

b + ρi(B
2
A)ij ψ

j
]
.

(2.1.6)
In this last expression, we have introduced the momentum densities Πa and ρi conjugate to the
fields φa and ψi,

Πa =
∂L

∂(∂0φa)
and ρi =

∂L
∂(∂0ψi)

, (2.1.7)

and employed the expressions of the variation of the fields of Eq. (2.1.3). On the basis of equal
time (anti)commutation relations[

φa(t,x), φb(t,y)
]

=
[
Πa(t,x),Πb(t,y)

]
=
{
ψi(t,x), ψj(t,y)

}
=
{
ρi(t,x), ρj(t,y)

}
= 0 ,[

φa(t,x),Πb(t,y)
]

= iδ3(x− y)δab and
{
ψi(t,x), ρj(t,y)

}
= iδ3(x− y)δij ,

(2.1.8)

1One can always redefine the current as Jµ → Jµ+κµ with ∂µκ
µ = 0. This property will be used in Chapter 4

when computing the supercurrent yielding goldstino and gravitino interactions.
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and canonical quantization which prescribes commutators for bosonic operators and anticom-
mutators for fermionic operators, we now show that the algebra spanned by the bosonic sym-
metry charges is a Lie algebra. The combination of two symmetry operations, given by the
commutator of the associated charges, indeed reads

[
BA, BB

]
= −i

∫
d3x
(

Πa

[
B1
A, B

1
B

]a
bφ
b + ρi

[
B2
A, B

2
B

]i
jψ

j
)
. (2.1.9)

Imposing the algebra to close enforces the relations[
B1
A, B

1
B

]
= ifAB

CB1
C and

[
B2
A, B

2
B

]
= ifAB

CB2
C , (2.1.10)

where we have introduced the real constants fAB
C , identical for both the bosonic and fermionic

sectors. The explicit factors of i are conventional, those normalizations being the ones tradi-
tionally employed in particle physics. Eq. (2.1.10) consequently leads to[

BA, BB
]

= ifAB
CBC . (2.1.11)

Since in addition, the Jacobi identities are verified due to the associativity of the matrix product
applied to the B1

A and B2
A matrices,[

BA,
[
BB, BC

]]
+
[
BB,

[
BC , BA

]]
+
[
BC ,

[
BA, BB

]]
= 0 , (2.1.12)

this achieves to prove that the symmetry charges B span a Lie algebra.

In 1967, Coleman and Mandula have proved that the structure of the symmetry group of
the theory can only be expressed under the form of a direct product of the Poincaré group and
an internal symmetry group, G ≡ ISO(1, 3)×Gint where Gint is a compact Lie group2 [91]. In
their proof, they have considered a relativistic quantum field theory with a discrete spectrum
of massive one-particle states where all the symmetry generators are Lorentz-scalar quantities.
In addition, the S-matrix is assumed non-trivial and the group G contains, by definition, a
subgroup isomorphic to the Poincaré group. Applying this theorem to our toy theory, the
generic B-charges introduced above can be split into two categories, the generators of the
Poincaré algebra (the four-momentum operator Pµ and the Lorentz generators Mµν) and a set
of generators for the internal symmetry group which we denote generically by Ta. They fulfill
a Lie algebra which reads,[

Mµν ,Mρσ
]

= − i
(
ηνσMρµ − ηµσMρν + ηνρMµσ − ηµρMνσ

)
,[

Mµν , P ρ
]

= − i
(
ηνρPµ − ηµρP ν

)
,[

Ta, Tb
]

= ifab
cTc ,[

Pµ, P ν
]

=
[
Ta, P

µ
]

=
[
Ta,M

µν
]

= 0 .

(2.1.13)

In this set of equations, the Minkowski metric ηµν is given by diag(1,−1,−1,−1) and fab
c denote

the structure constants of the Lie algebra associated with the internal symmetry generators.
The last two vanishing commutators directly illustrate the Coleman-Mandula theorem, since
they show that the internal and external symmetry groups are decoupled, i.e., the related
symmetry operations commute with each other.

2For massless theories, the Poincaré group can be enlarged by the conformal group.
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2.1.3 Lie superalgebra

In the setup of Section 2.1.2, it is assumed that all symmetry generators are invariant under
Lorentz transformations. Therefore, the spin of the particles cannot be modified by a symmetry
operation. A way to bypass the Coleman-Mandula theorem is to relax this constrain and allow
for both fermionic and bosonic symmetry generators. One extends the symmetry group of the
toy theory built in Section 2.1.2 by supplementing to the bosonic generators B1

A and B2
A the

fermionic generators F 1
I and F 2

I . The latter act on bosonic and fermionic fields, respectively,

φa → φa + δIφ
a = φa + (F 1

I )ai ψ
i and ψi → ψi + δIψ

i = ψi + (F 2
I )ia φ

a , (2.1.14)

so that the fermionic or bosonic nature of the fields is now modified by symmetry operations.
From Nœther theorem, one can express a fermionic charge FI in terms of the momentum
densities and the fields, as for the bosonic case in Eq. (2.1.6),

FI = −i
∫

d3x
[
Πa(F

1
I )ai ψ

i + ρi(F
2
I )ia φ

a
]
. (2.1.15)

In order to derive the algebra spanned by the fermionic charges, we recall that the com-
bination of two fermionic operators through an anticommutation relation, as prescribed by
canonical quantization, leads to a bosonic operation. Therefore, one naturally asks the alge-
bra of the fermionic charges to close in terms of the bosonic ones. Since the anticommutator
{FI , FJ} can be written as

{
FI , FJ

}
= −i

∫
d3x
(

Πa(F
1
I F

2
J + F 1

JF
2
I )ab φ

b + ρj(F
2
I F

1
J + F 2

JF
1
I )j i ψ

i
)
, (2.1.16)

when employing the relations of Eq. (2.1.3), imposing the closure of the algebra implies that

F 1
I F

2
J + F 1

JF
2
I = QIJ

CB1
C and F 2

I F
1
J + F 2

JF
1
I = QIJ

CB2
C . (2.1.17)

We have introduced a second set of real constants QIJ
C which must again identical for the

bosonic and fermionic sectors of the theory so that we eventually get{
FI , FJ

}
= QIJ

ABA . (2.1.18)

We now turn to the combination of fermionic and bosonic symmetry operations. Since the
composition of a bosonic and a fermionic operator leads to an operation of a fermionic nature,
one computes the commutator

[
BA, FI

]
= −i

∫
d3x
(

Πa(B
1
AF

1
I − F 1

I B
2
A)ak ψ

k + ρk(B
2
AF

2
I − F 2

I B
1
A)kb φ

b
)
, (2.1.19)

using Eq. (2.1.3), and requires the algebra to close on the fermionic charges. This enforces the
properties

B1
AF

1
I − F 1

I B
2
A = iRAI

J F 1
J and B2

AF
2
I − F 2

I B
1
A = iRAI

J F 2
J , (2.1.20)

where we have introduced a last set of real constants RAI
J that is once again identical for the

two sectors of the theory, so that [
BA, FI

]
= iRAI

JFJ . (2.1.21)
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The three relations of Eq. (2.1.11), Eq. (2.1.18) and Eq. (2.1.21) show, together with the
Jacobi identities of Eq. (2.1.12) and[

Bi, [Bj , Fa]
]

+
[
Bj , [Fa, Bi]

]
+
[
Fa, [Bi, Bj ]

]
= 0 ,[

Bi, {Fa, Fb}
]
−
{

[Bi, Fa], Fb
}
−
{
Fa, [Bi, Fb]

}
= 0 ,[

Fa, {Fb, Fc}
]
−
[
{Fa, Fb}, Fc

]
+
[
Fb, {Fa, Fc}

]
= 0 ,

(2.1.22)

that the F -charges and B-charges fulfill a structure of Lie superalgebra. As for Eq. (2.1.12), the
three additional Jacobi identities of Eq. (2.1.22) are naturally verified due to the associativity
of the matrix product applied to the matrices B1

A, B2
A, F 1

I and F 2
I .

2.1.4 The N = 1 Poincaré superalgebra

Fermionic symmetries such as those described by the F -charges in Section 2.1.3 allow to
bypass the Coleman-Mandula theorem since some of the generators of the symmetry group are
not invariant under Lorentz transformations [22]. In this case, the most general superalgebra
admissible for an interacting quantum field theory is the N−extended Poincaré superalgebra
with N ≤ 8, as shown by Haag, Lopuszanski and Sohnius when they have extended the results
of Coleman and Mandula to the supersymmetric case [92].

The Poincaré superalgebra consists of a Z2-graded vectorial space g = g0⊕g1. The operators
of g0 are all bosonic and those in g1 are all fermionic. In Section 2.1.2, and in particular in Eq.
(2.1.11), we have proved that the bosonic operators span a Lie algebra. The Coleman-Mandula
theorem further indicates that this Lie algebra is the direct product of the Poincaré algebra
and an internal algebra denoted by gint,

g0 = iso(1, 3)× gint , (2.1.23)

as given by Eq. (2.1.13).

The fermionic sector of the superalgebra g1 contains operators lying in a non-trivial rep-
resentation of g0 that are hence non-scalar with respect to the Lorentz group. Furthermore,
we construct the fermionic sector of the superalgebra g1 in a minimal way, using a set of N
Majorana spinors dubbed supercharges,

g1 =
{
QIα, α = 1, 2

}
⊕
{
Q̄α̇I ; α̇ = 1̇, 2̇

}
with I = 1, 2, . . . , N , (2.1.24)

referring to Appendix A for our conventions on spinor indices. In this work, we focus on the
simplest supersymmetric theories and therefore restrict ourselves to the case N = 1, although
in the general case, one can have up to N = 8 supercharges.

We first derive the commutator obtained when combining the supercharge Qα with the
generators of the Lorentz group. Since Qα is a left-handed Weyl spinor, it transforms under
the action of the generator of the Lorentz group as

Qα → exp
[
− i

2
ωµνσ

µν
]
α

βQβ , (2.1.25)

where ωµν are the transformation parameters and σµν the generators of the Lorentz algebra in
the left-handed spinorial representation defined as in Eq. (A.3.4). Considering the supercharge
Qα as an operator, one also has the transformation law

Qα → exp
[ i

2
ωµνM

µν
]
Qα exp

[
− i

2
ωρσM

ρσ
]
, (2.1.26)
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where Mµν are Lorentz transformation operators. Combining these last two equations and
performing an expansion to the first order in the ωµν parameters yield[

Qα,M
µν
]

= σµνα
β Qβ . (2.1.27)

The right-handed supercharge Q̄α̇ being in the right-handed spinorial representation of the
Lorentz algebra, one similarly derives[

Q̄α̇,Mµν
]

= σ̄µνα̇β̇ Q̄
β̇ . (2.1.28)

In order to calculate the commutators of the four-momentum operator Pµ with the super-
charges Qα and Q̄α̇, we recall that the latter are respectively in the (2˜,1˜) and (1˜,2˜) representa-
tions of the Lorentz group3, as shown by Eq. (2.1.26) and Eq. (2.1.28). Moreover, the operator
Pµ lies in the vectorial representation (2˜,2˜), so that

(2˜,2˜)⊗ (2˜,1˜) = (1˜,2˜)⊕ (3˜,2˜) and (2˜,2˜)⊗ (1˜,2˜) = (2˜,1˜)⊕ (2˜,3˜) . (2.1.29)

Since there is no generator of the complete symmetry group in the (2˜,3˜) and (3˜,2˜) repre-
sentations of the Lorentz algebra, the only natural expressions that can be written for the
commutators [Pµ, Qα] and [Pµ, Q̄

α̇] read, a priori,[
Pµ, Qα

]
= a σµαα̇Q̄

α̇ and
[
Pµ, Q̄

α̇] = b σ̄µ
α̇αQα , (2.1.30)

after introducing the appropriate index structure by means of the Pauli matrices and where a
and b are constants to be determined. From the first Jacobi identity of Eq. (2.1.22), one gets

0 =
[
Pµ,

[
Pν , Qα

]]
+
[
Pν ,
[
Qα, Pµ

]]
+
[
Qα,

[
Pµ, Pν

]]
= 4ab σνµα

βQβ , (2.1.31)

after employing Eq. (2.1.13), Eq. (2.1.30) and the definition of the σµν matrices given in
Eq. (A.3.4). Since the two supercharges are adjoint operators, fixing a = 0 ensures b = 0.
Therefore, one gets [

Pµ, Qα
]

=
[
Pµ, Q̄

α̇] = 0 . (2.1.32)

We now turn to the fermionic sector of the superalgebra and compute the anticommutator
of two supercharges. The structure of an operator resulting from the direct combination of two
Weyl spinorial operators can be again deduced from group theory arguments, since

(2˜,1˜)⊗ (1˜,2˜) = (2˜,2˜) ,

(2˜,1˜)⊗ (2˜,1˜) = (3˜,1˜)⊕ (1˜,1˜) , (1˜,2˜)⊗ (1˜,2˜) = (1˜,3˜)⊕ (1˜,1˜) .
(2.1.33)

On the basis of the self-duality properties of the Pauli matrices of Eq. (A.3.6), one observes that
σµνMµν and σ̄µνMµν lie in the (3˜,1˜) and (1˜,3˜) representations of the Lorentz group, respec-
tively. Therefore, the only possible structure for the three anticommutators of the supercharges
is given by{

Qα, Q̄α̇
}

= c σµαα̇Pµ ,
{
Qα, Qβ

}
= d σµναβMµν ,

{
Q̄α̇, Q̄β̇

}
= e σ̄µνα̇β̇Mµν , (2.1.34)

3Investigating the representations of the Lorentz algebra is equivalent to studying the finite-dimensional
representations of sl(2,C) ⊕ sl(2,C), the latter being in one-to-one correspondance with the finite-dimensional
representations of so(3)⊕ so(3). Therefore, we denote, in our notations, the representation of any object under
the Lorentz group as (S˜, S˜′) where S˜ and S˜′ stand for the representations of the considered object under each
of the so(3) algebra. We also employ the conventions of S = 2s+ 1 and S′ = 2s′ + 1 so that the quantity s+ s′

equals to the spin of the object under consideration.
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where c, d and e are constants that can be obtained from Jacobi identities. Applying the second
relation of Eq. (2.1.22) to the operators Qα, Qβ and Pµ, one finds d = 0. Similarly, it can be

shown that e = 0. Furthermore,
{
Q1, Q̄1̇

}
+
{
Q2, Q̄2̇

}
=
{
Q1, Q

†
1

}
+
{
Q2, Q

†
2

}
is a unitary and

positively defined operator. Therefore, one finds that the constant c has to be positive, since
the energy operator P 0 is positively defined. By conventions, we set c = 2.

In addition to all the relations derived so far, we impose that the supercharges are singlet
under the internal symmetry group,[

Qα, Ta] =
[
Q̄α̇, Ta

]
= 0 . (2.1.35)

This choice is however not the most general one. Inspecting the relation of Eq. (2.1.34) (with
c = 2 and d = e = 0), one observes that it admits a U(1) group as an automorphism group. The
two supercharges being Hermitian conjugate of each other, they have consequently opposite
U(1) quantum numbers and Eq. (2.1.35) can therefore be generalized to[

Qα, R] = Qα and
[
Q̄α̇, R

]
= −Q̄α̇ , (2.1.36)

where the operator R stands for the generator of the automorphism group of the Poincaré
superalgebra. Such a symmetry is commonly known as the R-symmetry embedded in the
N = 1 Poincaré superalgebra.

Collecting the results of Eq. (2.1.13), Eq. (2.1.26), Eq. (2.1.28), Eq. (2.1.32), Eq. (2.1.34),
Eq. (2.1.35) and Eq. (2.1.36), the N = 1 Poincaré superalgebra is finally given by[

Mµν ,Mρσ
]

= − i
(
ηνσMρµ − ηµσMρν + ηνρMµσ − ηµρMνσ

)
,[

Mµν , P ρ
]

= − i
(
ηνρPµ − ηµρP ν

)
,[

Ta, Tb
]

= ifab
cTc ,[

Qα,M
µν
]

= σµνα
β Qβ ,

[
Q̄α̇,Mµν

]
= σ̄µνα̇β̇ Q̄

β̇ ,{
Qα, Q̄α̇

}
= 2σµαα̇Pµ ,[

Qα, R] = Qα ,
[
Q̄α̇, R

]
= −Q̄α̇ ,[

Pµ, P ν
]

=
[
Pµ, Qα

]
=
[
Pµ, Q̄

α̇] =
{
Qα, Qβ

}
=
{
Q̄α̇, Q̄β̇

}
= 0 ,[

Ta, P
µ
]

=
[
Ta,M

µν
]

=
[
Qα, Ta] =

[
Q̄α̇, Ta

]
= 0 .

(2.1.37)

2.2 Representations of the N = 1 Poincaré superalgebra

2.2.1 Representations of the Poincaré algebra

In order to build any (N = 1) supersymmetric quantum field theory, it is necessary to
use representations of the Poincaré superalgebra summarized in Eq. (2.1.37). In the following
subsections, we address the derivation of these representations, first in the massless case, then
in the massive one. Such representations have been originally derived in the works of Refs. [149,
150, 151]. Before moving on, let us however recall some basic properties of the Poincaré algebra
employed for building non-supersymmetric quantum field theories.

We define multiplet states representing the particle content of a theory by the eigenvalues
of the Casimir operators associated with the algebra under consideration. In the case of the
Poincaré algebra, one has one quadratic Casimir operator C2 and one quartic operator C4,

C2 = PµPµ and C4 = WµWµ , (2.2.1)
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where Wµ is the Pauli-Lubanski operator,

Wµ =
1

2
εµνρσP

νMρσ . (2.2.2)

This can be proved as follows. Since the four-momentum operator Pµ commutes with itself, as
presented in the relations of Eq. (2.1.13), and since[

Wµ, P
µ̃
]

=
1

2
εµνρσP

ν [Mρσ, P µ̃] =
1

2
εµνρσP

ν(ησµ̃P ρ − ηρµ̃P σ) = 0 , (2.2.3)

the operators C2 and C4 commute with the four-momentum operator. In the derivation of this
last equation, we have used the fact that εµνρσP

νP ρ vanishes due to symmetry properties un-
der the exchange of the Lorentz indices. Moreover, both PµP

µ and WµW
µ are Lorentz scalar

quantities and they therefore commute with all the generators of the Lorentz group. Conse-
quently, C2 and C4 are indeed Casimir operators of the Poincaré algebra since they commute
with all its generators.

Since in addition, both Casimir operators commute with the generators of the internal
symmetry algebra gint, all the members of an irreducible multiplet of gint have the same mass
and spin. They can subsequently be labeled with at minimum two quantum numbers |m,ω, . . .〉
where m2 and m2ω(ω+ 1) are the eigenvalues of the operators C2 and C4. In the massless case,
both Casimir eigenvalues vanish and cannot thus be employed for characterizing the states (see
below). In these notations, the dots stand for extra quantum numbers related to operators
that commute with both Casimir operators, such as the eigenvalue pµ of the four-momentum
operator Pµ or the eigenvalues of the generators of the little algebra associated with the Lorentz
algebra, i.e., the subalgebra of the Lorentz algebra whose the generators fix pµ.

Massless particles

In the so-called standard frame, the four-momentum of a massless state can be written as

pµ =


E
0
0
E

 , (2.2.4)

where E is an arbitrary positive real number. In order to derive the representations of the
Poincaré algebra for massless particles, one must first work out the structure of the associated
little algebra. Under a finite transformation, pµ transforms as

pµ →
(

exp
[
− i

2
ωνρM

νρ
])µ

σ
pσ , (2.2.5)

which must be read as pµ → pµ in the case of the little group. At the operator level, this
becomes

P µ̃ → exp
[ i

2
ωµνM

µν
]
P µ̃ exp

[
− i

2
ωρσM

ρσ
]

= P µ̃ . (2.2.6)

Applying this relation to a state which the eigenvalue of the four-momentum operator is given
by Eq. (2.2.4), one deduces that the generators of the little algebra are

M ≡M12 , T1 ≡M10 −M13 and T2 ≡M20 −M23 . (2.2.7)

These consist of the generators of the algebra of the rotations and translations in two dimen-
sions, iso(2). To avoid the continuous degrees of freedom yielded by the translation operators
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T1 and T2, the related eigenvalues are set to zero so that we are left with one single generator M
whose eigenvalue λ is called the helicity. Moreover, it can be shown that the quantum numbers
associated with the two Casimir operators are vanishing, so that massless states are labeled by
|0, 0; pµ, λ〉, the four-momentum being given by Eq. (2.2.4).

The study of the representations of the Lorentz algebra ensures that the allowed values
for λ are either integer or half-odd-integer (see, e.g., Ref. [152]). Moreover, the CPT theorem
implies that a state with a non-vanishing helicity −λ is always supplemented by a state with
an helicity λ.

Massive particles

The standard frame for massive particle consists of its rest frame, so that the eigenvalue of
the four-momentum operator reads

pµ =


m
0
0
0

 . (2.2.8)

The constant m is a real positive number related to the eigenvalue of the Casimir operator C2,
which is in this case m2. From Eq. (2.2.8), one deduces that the little algebra is so(3), the
algebra of the rotations in three dimensions whose the generators leave pµ invariant. Since the
quartic Casimir operator can be expressed as C4 = m2M2 where M2 is the quadratic Casimir
operator of the rotation algebra, the massive representations of the Poincaré algebra are labeled
as |m, j; pµ, j3〉, where the four-momentum is given as in Eq. (2.2.8), the eigenvalues of M2 are
j(j + 1) and j3 denotes the eigenvalue of the third rotation generator M3.

2.2.2 Representations of the Poincaré superalgebra: general features

Turning now to the representations of the N = 1 Poincaré superalgebra, one first observes
that among the two Casimir operators of Eq. (2.2.1), C2 is still a good Casimir operator.
Therefore, all the states of a specific irreducible multiplet of the Poincaré superalgebra, also
called a supermultiplet, have the same mass. In contrast, the quartic Casimir operator C4 is
not commuting with the supercharges so that the different components of a supermultiplet can
therefore have different spins. In order to label the irreducible representations of the Poincaré
superalgebra, the second Casimir operator must be generalized to a new operator commuting
with the supercharges,

C4 =
(
W̃µPν − W̃νPµ

)(
W̃µP ν − W̃ νPµ

)
with W̃µ = Wµ −

1

4
Q̄σ̄µQ , (2.2.9)

the operator W̃µ being the supersymmetric counterpart of the Pauli-Lubanski operator.
As a general feature of any supermultiplet, the number of fermionic degrees of freedom

equals the number of bosonic ones. This is shown by introducing the fermion number operator
(−)N which returns an eigenvalue of +1 when acting on a bosonic state and −1 when acting
on a fermionic state. We have

(−1)N Qα = −Qα(−1)N , (2.2.10)

so that

Tr
[
(−1)N

{
Qα, Q̄α̇

}]
= Tr

[
−Qα(−1)N Q̄α̇ + (−1)N Q̄α̇Qα

]
= 0 , (2.2.11)
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by cyclicity of the trace. However, using the superalgebra relations presented in Eq. (2.1.37),
we also have

Tr
[
(−1)N

{
Qα, Q̄α̇

}]
= 2σµαα̇Tr

[
(−1)NPµ

]
. (2.2.12)

Consequently, the trace of the fermionic operator (−1)N vanishes, which implies an equal
number of bosonic and fermionic degrees of freedom in each supermultiplet.

2.2.3 Massless representations of the Poincaré superalgebra

For massless representations of the Poincaré superalgebra, the four-momentum in the stan-
dard frame is given by Eq. (2.2.4). One can show that both Casimir operators vanish, as for
the Poincaré algebra. In order to derive all the quantum numbers labeling an irreducible su-
permultiplet, one must derive the structure of the little algebra. In addition to M = M12 (see
Section 2.2.1), the generators of the little algebra now also include the two supercharges Qα
and Q̄α̇. The little algebra is then deduced from Eq. (2.1.37) and reads[

M,Q1

]
=

1

2
Q1 ,

[
M, Q̄1̇

]
=− 1

2
Q̄1̇ ,

[
M,Q2

]
= −1

2
Q2 ,

[
M, Q̄2̇

]
=

1

2
Q̄2̇ ,{

Qα, Q̄α̇
}

= 2E(σ0 + σ3)αα̇ = 4E

(
1 0
0 0

)
.

(2.2.13)

From the last relation, it can be seen that if we consider a vacuum state |Ω〉 annihilated by Q2,
one gets

0 = 〈Ω|{Q2, Q̄2̇}|Ω〉 = 〈Ω|Q2Q̄2̇|Ω〉 =
∣∣∣∣Q̄2̇|Ω〉

∣∣∣∣2 . (2.2.14)

As a consequence, the two operators Q2 and Q̄2̇ are vanishing by unitarity and we only have
two active supercharges Q1 and Q̄1̇ from which we can construct the creation and annihilation
operators

a† =
1

2
√
E
Q̄1̇ and a =

1

2
√
E
Q1 (2.2.15)

fulfilling standard anticommutation relations{
a, a
}

=
{
a†, a†

}
= 0 and

{
a, a†

}
= 1 . (2.2.16)

Considering a state |0, 0; pµ, λ〉, one observes that

Ma|0, 0; pµ, λ〉 =
(
aM + [M,a]

)
|0, 0; pµ, λ〉 =

(
λ+

1

2

)
a|0, 0; pµ, λ〉 ,

Ma†|0, 0; pµ, λ〉 =
(
a†M + [M,a†]

)
|0, 0; pµ, λ〉 =

(
λ− 1

2

)
a†|0, 0; pµ, λ〉 ,

(2.2.17)

by using the little algebra relations of Eq. (2.2.13). As a consequence, the creation operator a†

raises the helicity of the state by half a unit and the annihilation operator a reduces it by half
a unit.

The field content of a specific supermultiplet is obtained by starting from a vacuum state
|Ωλ〉 corresponding to the state with the highest helicity λ. This state is annihilated both
by the operators a and a†a†, since a† is a fermion (which implies a†a† = 0). The degrees of
freedom included in a given supermultiplet consist thus of one single state of helicity λ related
to the vacuum state and another state of helicity λ− 1/2 obtained after applying the creation
operator a† to the vacuum state.

In addition, each representation is required to be CPT -conjugate. Therefore, special care
must be taken when a state with a non-vanishing helicity λ1 is present within a supermultiplet.



2.2 Representations of the N = 1 Poincaré superalgebra 17

In the case the CPT -conjugate state of helicity−λ1 is absent, one needs to include the degrees of
freedom that are derived when repeating the above procedure but starting from the conjugate
vacuum state |Ω−λ〉. This leads to the doubling of the degrees of freedom so that the field
content of a N = 1 supermultiplet now consists of states of helicities equal to ±λ and ±λ∓1/2.

Assuming the highest possible helicity being 1/2, 1 and 2, one defines the so-called matter,
gauge and gravity supermultiplets, respectively. Their field content in terms of helicity states
is given by

Helicity
Matter Gauge Gravitation

|Ω1/2〉 |Ω−1/2〉 |Ω1〉 |Ω−1〉 |Ω2〉 |Ω−2〉
2 1
3
2 1

1 1
1
2 1 1

0 1 1

−1
2 1 1

−1 1

−3
2 1

−2 1

One observes that a N = 1 massless matter supermultiplet contains two real scalar degrees of
freedom, i.e., one complex scalar field, and one Weyl fermion. In contrast, the field content of
a gauge supermultiplet consists of one massless real vector boson (with two degrees of freedom)
and one Majorana spinor. Finally, a gravity supermultiplet contains one massless spin-two field
and one massless two-component Rarita-Schwinger field. In each case, the numbers of bosonic
and fermionic degrees of freedom are equal, as proved in Section 2.2.2.

2.2.4 Massive representations of the Poincaré superalgebra

In this section, we focus on massive N = 1 representations of the Poincaré algebra for
which the standard frame is the rest frame and the four-momentum is given by Eq. (2.2.8). We
deduce from the results of Section (2.2.1) and from the Poincaré superalgebra of Eq. (2.1.37)
that the little algebra takes the form[

Qα,M
ij
]

= σijα
βQβ ,

[
Q̄α̇,M ij

]
= σ̄ij α̇β̇Q̄

β̇ ,{
Qα, Q̄α̇

}
= 2m σ0

αα̇ = 2m

(
1 0
0 1

)
,

(2.2.18)

where the Latin indices are defined by i, j = 1, 2, 3. The two Casimir operators are, in contrast
to the massless case, non-vanishing and read

C1 = m2 and C2 = −2m4Y2 with Yi = Mi −
1

4m
Q̄σ̄iQ , (2.2.19)

denoting the rotations by Mi ≡Mjk where (i, j, k) is a cyclic permutation of (1, 2, 3). The quan-
tum number y(y+ 1) associated to the squared operator Y2 is called the superspin. Therefore,
a massive representation of the N = 1 Poincaré superalgebra is specified by the label |m, y〉.

All the components of the representation |m, y〉 have the same superspin, although they
have different spins. In order to work out the spin structure, one defines the creation and
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annihilation operators

a†1,2 =
1√
2m

Q̄1̇,2̇ and a1,2 =
1√
2m

Q1,2 (2.2.20)

satisfying the anticommutation relations{
ai, aj

}
=
{
a†i , a

†
j

}
= 0 and

{
ai, a

†
j

}
= δij . (2.2.21)

The degrees of freedom embedded into a supermultiplet are obtained by starting from a vacuum
state |Ω〉 = |m, j; pµ, j3〉 and iteratively acting on it with the creation operators above. Since we
are interested in the spin of the states, the labels j and j3 refer to the spin and its projection
on the third axis and are therefore not related to the superspin. This vacuum state is also
assumed to be annihilated by the annihilation operators a1 and a2. One observes that the
action of the creation operators allows to get the spin structure of the massive representations
of the Poincaré superalgebra,

M3a
†
1|Ω〉 =

(
j3 − 1/2

)
a†1|Ω〉 , M3a

†
2|Ω〉 =

(
j3 − 1/2

)
a†2|Ω〉 ,

M3a
†
2a
†
1|Ω〉 =

(
j3 − 1

)
a†2a
†
1|Ω〉 .

(2.2.22)

Massive matter supermultiplets are built from a vacuum state of spin 1/2 and therefore
contain one massive Majorana fermion and one massive complex scalar field as degrees of
freedom. As another example, massive gauge supermultiplets are derived from a scalar vacuum
state and contain, after doubling the spectrum due to the CPT theorem, two states of spin
zero, two pairs of states of spin ±1/2 and two states of spin ±1. These are the degrees of
freedom of one massive vector field, one real scalar field and one massive Dirac fermion.

Coming back to the superspin, it can be seen as the linear combination of a spin j and a
spin 1/2 since the creation operators a1 and a2 are fermionic. Moreover, from the form of the
operator Y, one observes that for the vacuum state, Y = M, its superspin being thus equal to
its spin.

2.3 The superspace formalism

2.3.1 Supercharges and superderivatives in the superspace

In order to built supersymmetric theories in a way where supersymmetry is manifest, it
is conventional to employ the superspace formalism [27, 28, 29]. This offers the possibility to
combine the different components of the supermultiplets derived in Section 2.2.3 and Section
2.2.4 into a single object dubbed superfield. Superfields are then used for simplifying and
writing in a compact form most of the objects related to supersymmetric model building.

The superspace is constructed as an extension of the ordinary spacetime by adjoining a
Majorana spinor (θα, θ̄

α̇) to the usual spacetime coordinates xµ. The anticommuting param-
eters θα and θ̄α̇ are Grassmannian two-component Weyl fermions, satisfying the Grassmann
algebra relations of Eq. (A.4.1). One can interpret the superspace coordinates (xµ, θα, θ̄

α̇) as
a representation of the Poincaré superalgebra in the same way as the spacetime coordinates
xµ are interpreted as a representation of the Poincaré algebra. This results from Eq. (2.1.37)
which implies that[

θ ·Q, Q̄·θ̄
]

= 2θσµθ̄Pµ and
[
θ ·Q, θ·Q

]
=
[
Q̄·θ̄, Q̄·θ̄

]
= 0 , (2.3.1)
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after imposing that {Qα, θ̄α̇} = {Q̄α̇, θα} = 0 and where we again refer to Appendix A for our
conventions on spinors and for the construction of invariant products of spinorial fields. From
these considerations, one defines finite supersymmetry transformations as elements of the coset
space G/H, G being the Poincaré supergroup and H the Lorentz group. In this context, a
superspace point is parametrized as a translation in superspace,

G(x, θ, θ̄) = exp
[
i
(
xµPµ + θ ·Q+ Q̄·θ̄

)]
. (2.3.2)

The elementsG(a, 0, 0) are pure translations of parameter a in Minkowski space, whilstG(0, ε, ε̄)
are pure supersymmetric transformations of parameters (ε, ε̄).

Multiplying two group elements allows to compute the variations of the superspace coor-
dinates under a pure supersymmetric transformation of spinorial parameters (ε, ε̄), the latter
being imposed to be anticommuting with the Grassmann variables and the supercharges. One
gets, for an action from the left,

G(0, ε, ε̄)G(x, θ, θ̄) = exp
[
i
(
xµ + iεσµθ̄ − iθσµε̄

)
Pµ + i

(
θ + ε)·Q+ iQ̄·

(
θ̄ + ε̄

)]
, (2.3.3)

after employing the Baker-Campbell-Hausdorff identity. The variations of the coordinates can
be further rewritten as

δxµ =
[
i
(
εσν θ̄ − θσµε̄

)
∂ν , x

µ
]
, δθα =

[
ε·∂, θα

]
and δθ̄α̇ = −

[
∂̄ ·ε̄, θ̄α̇

]
, (2.3.4)

where we have introduced the variables (∂µ, ∂α, ∂̄
α̇), conjugate to the superspace coordinates,

that are defined in Eq. (A.4.3). Comparing to a direct application of the supersymmetric
transformation generators on the superspace coordinates,

δxµ =
[
iε·Q+ iQ̄·ε̄, xµ] , δθα =

[
iε·Q+ iQ̄·ε̄, θα

]
and δθ̄α̇ =

[
iε·Q+ iQ̄·ε̄, θ̄α̇

]
, (2.3.5)

one can derive the form of the supercharges as differential operators acting on functions on
superspace. Similarly, starting from a multiplication from the right, G(x, θ, θ̄)G(0, ε, ε̄), one
can express the superderivatives Dα and D̄α̇ in terms of the conjugate variables (∂µ, ∂α, ∂̄

α̇),
after introducing appropriate normalization factors. The results for both the supercharges and
the superderivatives read

Qα = −i
(
∂α + iσµαα̇θ̄

α̇∂µ
)
, Q̄α̇ = i

(
∂̄α̇ + iθασµαα̇∂µ

)
,

Dα = ∂α − iσµαα̇θ̄α̇∂µ , D̄α̇ = ∂̄α̇ − iθασµαα̇∂µ .
(2.3.6)

Since the actions from the left and from the right commute, the supercharges and the
superderivatives anticommute. One gets, in addition,{

Qα, Q̄α̇
}

= 2iσµαα̇∂µ = −2σµαα̇Pµ and
{
Dα, D̄α̇

}
= −2iσµαα̇∂µ = 2σµαα̇Pµ . (2.3.7)

Since the derivative form of the four-momentum operator reads Pµ ≡ −i∂µ, the form of the su-
percharges that we have derived is consistent with the Poincaré superalgebra of Eq. (2.1.37), up
to a global sign. This is not surprising since we have chosen to derive a differential representa-
tion of the supercharges starting from an action from the left of the group elements. Conversely,
the superderivatives, associated to an action from the right, yield an anticommutation relation
with the correct sign.
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2.3.2 General superfields

Any function Φ(x, θ, θ̄) defined on the N = 1 superspace is called a superfield and can be
expanded as a Taylor series with respect to the coordinates θ and θ̄. Since the square of an
anticommuting object vanishes and due to the relations of Eq. (A.4.2), this series has a finite
number of terms and its most general expression can be written as

Φ(x, θ, θ̄) = z(x) + θ ·ξ(x) + θ̄ ·ζ̄(x) + θ ·θf(x) + θ̄ ·θ̄g(x) + θσµθ̄vµ(x) + θ̄ ·θ̄ θ ·ω(x)

+ θ ·θ θ̄ ·ρ̄(x) + θ ·θ θ̄ ·θ̄d(x) .
(2.3.8)

In the equation above, we have assumed that the superfield Φ is a scalar superfield, i.e.,
it does not carry any Lorentz or spin index. However, extensions to non-scalar superfields
are immediate. Specific examples can be found in the rest of this chapter, with, e.g., the
computation of the superfield strength tensors (see Eq. (2.4.21)) where we expand in terms
of Grassmann variables superfields carrying a spin index. The coefficients of the expansion in
Eq. (2.3.8) form a supermultiplet and are referred to as the component fields of the superfield.
They correspond to the usual scalar, fermionic and vector fields employed in particle physics.
The fields z, f , g and d are hence complex scalar whilst ξ, ζ, ω and ρ denote complex Weyl
fermions. Finally, vµ is a complex vector field. This leaves an equal number of 16 bosonic and
16 fermionic degrees of freedom.

2.3.3 Chiral superfields

The superfield Φ of Eq. (2.3.8) contains too many degrees of freedom compared to the field
content of the supermultiplets derived in Section 2.2.3 and Section 2.2.4. It has therefore to be
reduced by imposing constraining relations compatible with supersymmetry transformations.
We first consider the case of the left and right-handed chiral superfields [27, 28, 29] employed
to embed matter supermultiplets whose degrees of freedom consist of one complex scalar field
and one Weyl fermion.

The chiral and antichiral superfields ΦL and ΦR are defined to satisfy the constraints

D̄α̇ΦL(x, θ, θ̄) = 0 and DαΦR(x, θ, θ̄) = 0 , (2.3.9)

where the superderivatives have been introduced in Eq. (2.3.6). Since the supercharges and
the superderivatives anticommute (see Section 2.3.1), these two relations are preserved by
supersymmetry transformations,

D̄α̇δεΦL = iD̄α̇

(
ε·Q+ Q̄·ε̄

)
ΦL = i

(
ε·Q+ Q̄·ε̄

)
D̄α̇ΦL = 0 ,

DαδεΦR = iDα

(
ε·Q+ Q̄·ε̄

)
ΦR = i

(
ε·Q+ Q̄·ε̄

)
DαΦR = 0 ,

(2.3.10)

where the notation δεΦ has been introduced to indicate the variation of a generic superfield Φ
under a supersymmetry transformation of parameters (ε, ε̄). In order to work out the compo-
nent field structure of both left-handed and right-handed chiral superfields in a straightforward
fashion, it is important to note that

D̄α̇x
µ = −i

(
θσµ

)
α̇

and Dαx
µ = −i

(
σµθ̄

)
α
. (2.3.11)

Equivalently, these equations can be rewritten as

D̄α̇

(
xµ − iθσµθ̄

)
= 0 and Dα

(
xµ + iθσµθ̄

)
= 0 . (2.3.12)
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This motivates a change of spacetime variables

xµ → yµ = xµ − iθσµθ̄ . (2.3.13)

A left-handed chiral superfield therefore consists of a quantity depending only on y and θ, since

0 = D̄α̇ΦL = ∂̄α̇ΦL − i
(
θσµ

)
α̇
∂µΦL = ∂yµΦL∂̄α̇y

µ + ∂̄β̇ΦL∂̄α̇θ̄
β̇ − i

(
θσµ

)
α̇
∂yµΦL = ∂̄α̇ΦL .

(2.3.14)
For the first equality, we have employed the definition of the superderivatives presented in
Eq. (2.3.6). For the second equality, we have performed the change of variables of Eq. (2.3.13),
recalling that ∂µΦL = ∂yµΦL, the operator ∂yµ indicating a derivation with respect to the
y-variable, in contrast to ∂µ where we derive with respect to the spacetime coordinates xµ. In
the expression above, we have also removed the arguments of the superfield ΦL for clarity. In
a similar fashion, a right-handed chiral superfield ΦR only depends on y† and θ̄. Consequently,
the most general solutions to the constraints of Eq. (2.3.9) and their expansion in terms of their
scalar components φ and φ†, fermionic components ψ and ψ̄ and auxiliary components F and
F † can be written as

ΦL = φ(y) +
√

2θ ·ψ(y)− θ ·θF (y)

= φ(x) +
√

2θ ·ψ(x)− θ ·θF (x)− iθσµθ̄∂µφ(x) +
i√
2
θ ·θ∂µψ(x)σµθ̄ − 1

4
θ ·θθ̄ ·θ̄�φ(x) ,

ΦR = φ(y†) +
√

2θ̄ ·ψ̄(y†)− θ̄ ·θ̄F (y†)

= φ†(x) +
√

2θ̄ ·ψ̄(x)− θ̄ ·θ̄F †(x) + iθσµθ̄∂µφ
†(x)− i√

2
θ̄ ·θ̄θσµ∂µψ̄(x)− 1

4
θ ·θθ̄ ·θ̄�φ†(x) .

(2.3.15)
For the second equality of each equation, a Taylor expansion of the y-variable around the
spacetime coordinates xµ has been performed. Concerning left-handed (right-handed) chiral
superfields, the normalizations of the components in θ (θ̄) and θ ·θ (θ̄ ·θ̄) are conventional.

As stated above, chiral and antichiral superfields are appropriate to describe matter su-
permultiplets having as degrees of freedom one two-component Weyl fermion and one complex
scalar field, as can be seen from the results of Section 2.2.3 and Section 2.2.4. When in-
specting the physical degrees of freedom included in the expansions of ΦL and ΦR in terms
of their component fields, one indeed observes the presence of a complex scalar field φ and a
two-component fermion ψ. However, chiral superfields contain an extra complex scalar field
F that does not correspond to any physical degree of freedom of the matter supermultiplets.
This field is nevertheless mandatory to restore the equality between the numbers of fermionic
and bosonic degrees of freedom when the component fields are off-shell, since an off-shell Weyl
fermion contains four degrees of freedom instead of two in the on-shell case. The two additional
bosonic degrees of freedom carried by F are then compensating that lack and the equations of
motion of this non-physical field are fixed appropriately so that it vanishes on-shell.

2.3.4 Vector superfields

Chiral superfields that have just been introduced do not contain any vectorial component.
Consequently, they cannot be used for dealing with gauge supermultiplets whose the field
content has been given in Section 2.2.3. This leads us to the introduction of a new type of
superfields, the vector superfield [28, 29, 153]. A gauge boson being a real vector field, one
naturally demands a vector superfield V (x, θ, θ̄) to satisfy the reality condition

V = V † . (2.3.16)
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Under this condition, the expansion of V in terms of its component fields can be written as

V (x, θ, θ̄) = C(x) + iθ·χ(x)− iθ̄ ·χ̄(x) +
i

2
θ ·θf − i

2
θ̄ ·θ̄f † + θσµθ̄vµ(x)

+ iθ ·θθ̄ ·
(
λ̄(x)− i

2
σ̄µ∂µχ(x)

)
− iθ̄ ·θ̄θ·

(
λ(x)− i

2
σµ∂µχ̄(x)

)
+

1

2
θ ·θθ̄ ·θ̄

(
D(x)− 1

2
�C(x)

)
.

(2.3.17)

The set of component fields includes, among others, the degrees of freedom of the N = 1 gauge
supermultiplets, i.e., a massless vector boson vµ and a Majorana fermion dubbed gaugino
(λα, λ̄

α̇). As for chiral superfields, although the number of fermionic degrees of freedom equal
the number of bosonic ones for on-shell fields, one bosonic degree of freedom is missing when
going off-shell. Consequently, one auxiliary non-propagating field must be added, similarly to
the F -field in the chiral case. This field is then eliminated when going on-shell through its
equations of motion.

Inspecting Eq. (2.3.17), we observe that the expansion of V contains more than one addi-
tional auxiliary field, since we have two real scalar fields C and D, one complex scalar field f
as well as one Majorana fermion (χα, χ̄

α̇). The way the expansion has been performed is how-
ever not obvious and will be justified below when addressing gauge transformations of vector
superfields, the latter allowing in fact to eliminate all the non-necessary auxiliary fields.

When working out the transformation laws of the vector superfield under a supersymmetry
transformation (see Section 3.4), one observes that the component fields v, (λ, λ̄) and D trans-
form into each other when eliminating the C, M , N and (χ, χ̄) fields which are then enforced to
vanish. Being left with only the real scalar field D as an auxiliary component of V , one is thus
able to ensure the equality between the number of bosonic and fermionic degrees of freedom
when going off-shell and map the remaining degrees of freedom to the field content of gauge
supermultiplets.

Let us now consider a left-handed chiral superfield Λ. Since i(Λ− Λ†) is real, the transfor-
mation V → V − i(Λ− Λ†) preserves the reality condition of V and we get

C → C − i(φ− φ†) , χ→ χ−
√

2ψ , f → f + 2F ,

vµ → vµ − ∂µ(φ+ φ†) , λ→ λ , D → D ,
(2.3.18)

where φ, ψ and F stand for the component fields of the chiral superfield Λ. The transformation
laws of the vectorial field vµ correspond exactly to an abelian gauge transformation. This
strongly suggests to interpret V → V −i(Λ−Λ†) as a generalized (abelian) gauge transformation
at the superfield level. We adopt a specific gauge fulfilling i(φ − φ†) = C,

√
2ψ = χ and

2F = −f . Consequently, all the unphysical component fields but the D-field are eliminated.
Such a convenient gauge is called the Wess-Zumino gauge, in which a vector superfield can be
expanded in terms of its component fields as

VW.Z.(x, θ, θ̄) = θσµθ̄vµ(x) + iθ·θθ̄ ·λ̄(x)− iθ̄ ·θ̄θ·λ(x) +
1

2
θ ·θθ̄ ·θ̄D(x) . (2.3.19)

Since we still have the freedom to fix the real part of the scalar component of the gauge
transformation parameters, i.e., (φ+φ†), it is still possible to adopt a specific gauge choice for
the vector field vµ.
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2.4 From superfields to Lagrangians

2.4.1 Chiral Lagrangians

The main advantage of writing down supersymmetric Lagrangians in terms of (chiral and
vector) superfields rather than in terms of their component fields lies in the size of the corre-
sponding expressions. As it will be explicitly shown in Section 3.4.2, the θ2θ̄2-component of a
general superfield, its D-term, transforms under a supersymmetric transformation as a total
derivative. Similarly, the θ2-component of a chiral superfield, its F -term, also transforms as
a total derivative (see Section 3.4.1). This is the cornerstone of the method for Lagrangian
construction in supersymmetric quantum field theories within the superspace formalism. Prod-
ucts and sums of superfields being superfields, a supersymmetric Lagrangian then consists of
F -terms and D-terms of sums and products of the elementary superfields representing the su-
permultiplets included in the model under consideration. In this section, we focus on the Wess
and Zumino model [25, 95] describing chiral supermultiplets in interaction and construct the
associated Lagrangian by employing the superspace formalism.

The kinetic Lagrangian terms describing the propagation of the degrees of freedom included
in a matter supermultiplet represented by a chiral superfield Φ is obtained from the quantity
Φ†Φ. Its series expansion in terms of the Grassmann variables θ and θ̄ is given by

Φ†Φ = φ†φ+
√

2θ ·φ†ψ +
√

2θ̄ ·ψ̄φ− θ ·θ φ†F − θ̄ ·θ̄ F †φ+ θσµθ̄
[
iφ†∂µφ− i∂µφ†φ− ψ̄σ̄µψ

]
+θ ·θ θ̄ ·

[ i√
2
φ†σ̄µ∂µψ −

√
2ψ̄F − i√

2
∂µφ

†σ̄µψ
]

+θ̄ ·θ̄ θ ·
[ i√

2
σµ∂µψ̄φ−

√
2F †ψ − i√

2
σµψ̄∂µφ

]
(2.4.1)

+θ ·θθ̄ ·θ̄
[
− 1

4
φ†�φ+

1

2
∂µφ

†∂µφ− 1

4
�φ†φ− i

2
ψ̄σ̄µ∂µψ +

i

2
∂µψ̄σ̄

µψ + F †F
]
,

where φ, ψ and F are the scalar, fermionic and auxiliary components of the chiral superfield
Φ. The D-term of the object Φ†Φ, which reads after an integration by parts and omitting the
total derivative,

L = ∂µφ
†∂µφ+

i

2
(ψσµ∂µψ̄ − ∂µψσµψ̄) + F †F , (2.4.2)

is therefore appropriate to describe standard kinetic terms for the scalar and fermionic fields φ
and ψ since we recover the Klein-Gordon and Weyl Lagrangian densities. The non-derivative
term associated to the auxiliary field F †F ensures that this field is non-propagating and the
associated equations of motion give F = 0. Therefore, as required above, the F -field is vanishing
in the on-shell case.

We now fix the chiral content of a generic theory to a set of chiral and antichiral superfields
Φi and Φ†i∗ . In our notations, we adopt starry Latin letters, such as i∗, for antichiral indices,
and normal Latin letters, such as i, for chiral indices. This choice allows to underline the Kähler
manifold structure spanned by the matter superfields, as it will be explicitly worked out below.

We can build the chiral action SK from the Lagrangian of Eq. (2.4.2) as an integral over
the eight-dimensional superspace

SK =

∫
d4x d2θ d2θ̄ K(Φ,Φ†) with K(Φ,Φ†) = δi

∗
iΦ
†
i∗Φ

i , (2.4.3)

since integration upon the Grassmann coordinates fulfills the relations of Eq. (A.4.4). In the
equation above, we have explicitly introduced the Kähler potential K(Φ,Φ†). This form for
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the action SK allows us to immediately generalize it, although the Kähler potential has been
taken trivial in this case.

As sketched in Eq. (2.4.3), in their most general and non-renormalizable versions, super-
symmetric chiral actions are entirely expressed with the help of a single fundamental function of
the chiral (and antichiral) superfield content of the theory. This function is dubbed the Kähler
potential K(Φ,Φ†) [154, 155]. In the renormalizable case, the Kähler potential takes the very

simple form given in Eq. (2.4.3), K(Φ,Φ†) = δi
∗
iΦ
†
i∗Φ

i. In the following, it will however be left
unspecified and kept fully generic. The Kähler potential founds its name from the fact that it
satisfies the properties, presented below, of a Kähler manifold [100, 156, 157, 158, 159].

An action being real, K(Φ,Φ†) is an arbitrary real superfield that can be expanded as

K(Φ,Φ†) = WI(Φ
†)W I(Φ) , (2.4.4)

where W I(Φ) and WI(Φ
†) are holomorphic and anti-holomorphic functions of the chiral and

antichiral superfields Φi and Φ†i∗ , respectively. In the rest of this subsection, we denote the
scalar, fermionic and auxiliary component fields of Φi by φi, ψi and F i, respectively, while
those of the antichiral superfield Φ†i∗ are denoted by φ†i∗ , ψ̄i∗ and F †i∗ . Performing Taylor
expansions around the scalar components of two functions W I(Φ) and WI(Φ

†), one derives

W I(Φ) = W I +
√

2θ ·ψi∂W
I

∂φi
− θ ·θ

(
F i
∂W I

∂φi
+

1

2
ψi ·ψj ∂

2W I

∂φi∂φj

)
,

WI(Φ
†) = WI +

√
2θ̄ ·ψ̄i∗

∂WI

∂φ†i∗
− θ̄ ·θ̄

(
F †i∗

∂WI

∂φ†i∗
+

1

2
ψ̄i∗ ·ψ̄j∗

∂2WI

∂φ†i∗∂φ
†
j∗

)
,

(2.4.5)

whereWI ≡WI(φ
†
i∗) andW I ≡W I(φi). From these expressions, we can compute the expansion

in terms of the Grassmann variables of the most general expression of the Kähler potential.
Following standard superspace techniques as, e.g., presented in Ref. [93] and Ref. [134], one
obtains

K(Φ,Φ†) = K +
√

2θ ·
[
Kiψ

i
]

+
√

2θ̄ ·
[
Ki∗ψi∗

]
− θ ·θ

[
KiF

i +
1

2
Kijψ

i ·ψj
]

− θ̄ ·θ̄
[
Ki∗F †i∗ +

1

2
Ki∗j∗ψ̄i∗ ·ψ̄j∗

]
+ θσµθ̄

[
− iKi∂µφ

i + iKi∗∂µφ
†
i∗ +Ki∗

iψ
iσµψ̄i∗

]
+ θ ·θ θ̄ ·

[
−
√

2Ki∗
iF

iψ̄i∗ −
1√
2
Ki∗

kΓi
k
jψ

i ·ψjψ̄i∗ +
i√
2
Ki∗

iσ̄
µψi∂µφ

†
i∗

− i√
2
σ̄µ
(
KiDµ +DiKj∂µφ

j
)
ψi
]

+ θ̄ ·θ̄ θ ·
[
−
√

2Ki∗
iF
†
i∗ψ

i − 1√
2
Kk∗

iΓ
i∗
k∗
j∗ψ̄i∗ ·ψ̄j∗ψi +

i√
2
Ki∗

iσ
µψ̄i∗∂µφ

i

− i√
2
σµ
(
Ki∗Dµ +Di∗Kj∗∂µφ

†
j∗
)
ψ̄i∗
]

+ θ ·θ θ̄ ·θ̄
[
− 1

4
∂µ
(
Ki∂

µφi +Ki∗∂µφ†i∗
)

+Kj∗
i∂µφ

i∂µφ†j∗ +Kj∗
iF

iF †j∗

+
1

4
Kk∗`∗

ijψ
i ·ψjψ̄k∗ ·ψ̄`∗ +

i

2

(
Kj∗

iψ
iσµDµψ̄j∗ −Kj∗

iDµψiσµψ̄j∗
)

+
1

2
Kj∗

iΓ
k∗
j∗
`∗F iψ̄k∗ ·ψ̄`∗ +

1

2
Ki∗

`Γi
`
jF
†
i∗ψ

i ·ψj
]
.

(2.4.6)

The symbol K ≡ K(φ, φ†) stands for the Kähler potential expressed in terms of the scalar

components of the chiral and antichiral superfields Φi and Φ†i∗ . The derivatives of K are
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indicated by the shorthand notations

Ki =
∂K(φ, φ†)

∂φi
, Ki∗ =

∂K(φ, φ†)

∂φ†i∗
,

Kij =
∂2K(φ, φ†)

∂φi∂φj
, Ki∗j∗ =

∂2K(φ, φ†)

∂φ†i∗∂φ
†
j∗

, Ki∗
i =

∂2K(φ, φ†)

∂φi∂φ†i∗
,

Ki
k∗
j =

∂3K(φ, φ†)

∂φi∂φj∂φ†k∗
= Kk∗

`Γi
`
j , Ki∗

k
j∗ =

∂3K(φ, φ†)

∂φ†i∗∂φ
†
j∗∂φ

k
= K`∗

kΓ
i∗
`∗
j∗ ,

Ki∗j∗
k` =

∂4K(φ, φ†)

∂φ†i∗∂φ
†
j∗∂φ

k∂φ`
.

(2.4.7)

We have introduced here the natural tensors of the Kähler manifold spanned by the scalar
components of the chiral and antichiral superfields, the Kähler metric Ki∗

i and the elements
of the connection Γ.

A Kähler manifold is an analytic Riemann manifold with specific properties. As for any
analytic Riemann manifold, it can be parametrized in terms of two sets of complex coordinates.
In our case, these sets of coordinates consist of the scalar fields {φi} and {φ†i∗} and two different
types of indices (starry and non-starry letters from the middle of the Latin alphabet) are
attached to the two series of coordinates. In contrast to standard analytic Riemann manifolds,
Kähler manifolds are endowed with an Hermitian metric, positively defined and invertible.
Moreover, this metric is derived from a scalar function of the coordinates, the Kähler potential.
In the example studied in this section, the metric is denoted by Ki∗

i and the potential, which
depends on the coordinates, by K ≡ K(φ, φ†). By definition, the metric and its inverse allow
to raise, lower and change the nature of the indices,

φ†j = Ki∗
jφ
†
i∗ , φ†j = (K−1)j i∗φ

†i∗ , φi
∗

= Ki∗
jφ
j and φi∗ = (K−1)j i∗φj . (2.4.8)

Furthermore, we impose that derivation preserves the analytical nature of the coordinates, i.e.,
that the derivatives are covariant with respect to the transformations

φi → φ′i = ϕi(φ) and φ†i∗ → φ′†i∗ = ϕ†i∗(φ
†) . (2.4.9)

where ϕ and ϕ† are analytical functions of φi and φ†i∗ , respectively. The derivatives are hence
made covariant by introducing appropriate elements of the connection Γ. Working out the
structure of the connection, it is found out that its only non-vanishing components are Γi

j
k

and Γi
∗
j∗
k∗ . Consequently, the covariant derivatives appearing in Eq. (2.4.6) have the structure

Dµψ̄i∗ = ∂µψ̄i∗ + Γj
∗
i∗
k∗∂µφ

†
j∗ψ̄k∗ , Dµψi = ∂µψ

i + Γj
i
k∂µφ

jψk ,

Di∗Kj∗ = Ki∗j∗ − Γi
∗
k∗
j∗Kk∗ , DiKj = Kij − Γi

k
jKk ,

(2.4.10)

where elements of the connection such as Γi
∗j
k do not appear. In addition, fourth-order deriva-

tives of the Kähler potential are related to the components of the curvature tensor derived from
commutators of covariant derivatives. It can be shown that its elements of the form Ri

j∗
k
`∗ ,

relevant for our purposes, obey to the relation

Ri
j∗
k
`∗ = Kj∗`∗

ik −Km∗
nΓj

∗
m∗

`∗Γi
n
k . (2.4.11)

Inspecting more into details Eq. (2.4.6), several terms such as, e.g., KiF
i + 1

2Kijψ
i·ψj , are

not covariant with respect to the Kähler manifold. However, solving the equations of motion
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for the auxiliary fields and inserting the solution in the expansion of the Kähler potential
of Eq. (2.4.6) render them fully covariant, and lead, e.g., to four fermions couplings to the
curvature tensor.

Mass and interaction terms among chiral superfields can be added through the F -term of
a quantity dubbed the superpotential. This object is, in its most general form, an arbitrary
holomorphic function W (Φ) depending on the chiral superfield content. It is hence itself a
chiral superfield and its F -term is therefore a good supersymmetric Lagrangian candidate, as
mentioned above. The expansion of the superpotential in terms of the Grassmann variables as
well as the one of the conjugate function W ?(Φ†) is derived in a similar way as the computations
leading to Eq. (2.4.5),

W (Φ) = W +
√

2θ ·Wiψ
i − θ ·θ

[
F iWi +

1

2
Wijψ

i ·ψj
]
,

W ?(Φ†) = W ? +
√

2θ̄ ·W ?i∗ψ̄i∗ − θ̄ ·θ̄
[
F †i∗W

?i∗ +
1

2
W ?i∗j∗ψ̄i∗ ·ψ̄j∗

]
,

(2.4.12)

where the symbols W and W ? stand for W ≡ W (φ) and W ? ≡ W ?(φ†). The shorthand
notations for the derivatives of the superpotential follow the same structure as those of the
Kähler potential, i.e.,

Wi =
∂W (φ)

∂φi
, Wij =

∂2W (φ)

∂φi∂φj
, W ?i∗ =

∂W ?(φ†)

∂φ†i∗
and W ?i∗j∗ =

∂2W ?(φ†)

∂φ†i∗∂φ
†
j∗

. (2.4.13)

The corresponding action Sint is directly built from a six-dimensional integration upon the
(chiral and antichiral) superspace

Sint =

∫
d4x d2θ W (Φ) +

∫
d4x d2θ̄ W ?(Φ†) . (2.4.14)

Finally, in the renormalizable case, the superpotential is reduced to functions at most trilinear
in the chiral superfields to avoid higher-dimensional non-renormalizable operators appearing in
its expansion.

Collecting the results of Eq. (2.4.3), Eq. (2.4.6), Eq. (2.4.12) and Eq. (2.4.14), the most
general action describing the dynamics of chiral and antichiral superfields in interaction is built
from two fundamental functions, the Kähler potential K and the superpotential W (coming
with its Hermitian conjugate counterpart W ?),

S =

∫
d4x d2θ d2θ̄ K(Φ,Φ†) +

∫
d4x d2θ W (Φ) +

∫
d4x d2θ̄ W ?(Φ†) . (2.4.15)

The corresponding Lagrangian L is derived from Eq. (2.4.6), and reads, after omitting total
derivatives,

L = Kj∗
i∂µφ

i∂µφ†j∗ +Kj∗
iF

iF †j∗ +
i

2

(
Kj∗

iψ
iσµDµψ̄j∗ −Kj∗

iDµψiσµψ̄j∗
)

− F iWi − F †i∗W
?i∗ − 1

2
Wijψ

i ·ψj − 1

2
W ?i∗j∗ψ̄i∗ ·ψ̄j∗ .

+
1

2
Kj∗

iΓ
k∗
j∗
`∗F iψ̄k∗ ·ψ̄`∗ +

1

2
Ki∗

`Γi
`
jF
†
i∗ψ

i ·ψj +
1

4
Kk∗`∗

ijψ
i ·ψjψ̄k∗ ·ψ̄`∗ .

(2.4.16)

where the derivatives of the Kähler potential and those of the superpotential are defined as
in Eq. (2.4.7) and Eq. (2.4.13) and where the covariant derivatives acting on the component
fields are defined in Eq. (2.4.10). As already introduced above, the equations of motion for

the auxiliary fields F i and F †i∗ are subsequently solved and the solutions are inserted in the
Lagrangian L, which renders it explicitly covariant with respect to the Kähler manifold.
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2.4.2 Vector Lagrangians

When introducing gauge interactions, the Lagrangian of Eq. (2.4.16) must be made covari-
ant with respect to gauge transformations. This is addressed in details in Section 2.4.3 and
yields, through the supersymmetric version of the Nœther procedure, the introduction of a set
of vector superfields in the adjoint representation of the gauge group. Kinetic and gauge inter-
action terms must be added for the component fields of these vector superfields, which is the
scope of this section. Abelian and non-abelian supersymmetric gauge theories have been first
constructed in the pioneering works of Refs. [28, 153, 160, 26, 30], both in terms of component
fields and within the superspace formalism.

We first address the abelian case, adopting the Wess-Zumino gauge. From the expansion
in terms of component fields of a vector superfield V as presented in Eq. (2.3.19), one can
calculate the first powers of V ,

V 2 =
1

2
θ ·θ θ̄ ·θ̄ vµvµ and V 3 = 0 , (2.4.17)

using the relations of Eq. (A.4.2) and where we recall that vµ stands for the vector component
field of V . It is therefore clear that neither V nor any of its powers are appropriate to generate
kinetic terms for the degrees of freedom included in gauge supermultiplets and new quantities
have to be constructed. To this aim, we employ the superderivatives presented in Eq. (2.3.6)
and we account, in addition to supersymmetry invariance, for invariance under (abelian) gauge
transformations (see Section 2.3.4),

V → V − i(Λ− Λ†) , (2.4.18)

denoting the transformation parameters by a pair of Hermitian conjugate chiral and antichiral
superfields Λ and Λ†. The lowest-order derivatives of the vector superfield V satisfying gauge
invariance are of the third-order,

Wα = −1

4
D̄ ·D̄DαV and W α̇ =

1

4
D ·DD̄α̇V , (2.4.19)

where the normalization factors are conventional. Those (Hermitian conjugate) spinorial su-
perfields are chiral and antichiral, respectively, since

D̄α̇Wα = DαW α̇ = 0 . (2.4.20)

From the expressions of the superderivatives given in Eq. (2.3.6) and from the expansion of
V in terms of the Grassmann variables, one can compute the expansion of the Wα and W α̇

quantities in terms of the component fields of V . In the Wess-Zumino gauge presented in
Eq. (2.3.19), the latter consist of the gaugino field (λ, λ̄), the vector field v and the auxiliary
field D. Following those notations, the expansions of Wα and W α̇ are given by

Wα = − iλα +
[
− i

2
(σµσ̄νθ)αFµν + θαD

]
− θ ·θ

(
σµ∂µλ̄

)
α
,

W α̇ = iλ̄α̇ +
[
− i

2
(θ̄σ̄µσν)α̇Fµν + θ̄α̇D

]
− θ̄ ·θ̄

(
∂µλσ

µ
)
α̇
,

(2.4.21)

where we have introduced the abelian field strength tensor

Fµν = ∂µvν − ∂νvµ . (2.4.22)
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This suggests that the Wα and W α̇ objects are the supersymmetric counterparts of the gauge
field strength tensor and are therefore often called superfield strength tensors. We remind that
in Eq. (2.4.21), all the fields depend on the (omitted for clarity) y-variables and not on the
usual spacetime coordinates. As for non-supersymmetric quantum field theories, the gauge
action is built from squaring the superfield strength tensors,

WαWα = − λ·λ+ θ ·
[
σµσ̄νλ Fµν − 2iλD

]
+ θ ·θ

[
D2 − 1

2

(
FµνF

µν + iFµνF̃
µν
)

+ 2iλσµ∂µλ̄
]
,

W α̇W
α̇

= − λ̄·λ̄+ θ̄ ·
[
2iλ̄D − σ̄µσν λ̄ Fµν

]
+ θ̄ ·θ̄

[
D2 − 1

2

(
FµνF

µν − iFµνF̃µν
)
− 2i∂µλσ

µλ̄
]
.

(2.4.23)

To derive those expressions, we have employed the relations of Eq. (A.3.7) and introduced the
dual gauge field strength tensor

F̃µν =
1

2
εµνρσFρσ . (2.4.24)

Inspecting Eq. (2.4.23), one observes that the sum of the highest order component fields of
the two computed quantities gives the expected kinetic Lagrangian terms for the component
fields of the vector superfield V , after introducing an additional factor of 1/4 to get a correct
normalization,

L = −1

4
FµνFµν +

i

2
(λσµ∂µλ̄− ∂µλσµλ̄) +

1

2
D2 . (2.4.25)

As for the chiral case, the kinetic term associated to the auxiliary D-field ensures that it is
non-propagating and its equations of motion are D = 0, so that it vanishes when going on-shell,
like the F -field in the case of chiral actions (see Section 2.4.1).

In order to generalize the results presented above to the non-abelian case, we introduce a
non-abelian Lie algebra g and a representation specified by the generators Ta fulfilling standard
commutation relations [

Ta, Tb
]

= ifab
cTc , (2.4.26)

where fab
c are the antisymmetric structure constants of the algebra. We associate a vector

superfield V a with each representation matrix and define V = V aTa, so that the superfield V
is now naturally endowed with a gauge invariance structure. Gauge transformation laws for
vector superfields are derived from the Nœther procedure leading to the covariantization of the
chiral action of Eq. (2.4.15). They are given, at the finite level, by

e2gV → e−2igΛe2gV e2igΛ† and e−2gV → e−2igΛ†e−2gV e2igΛ (2.4.27)

where the conjugate chiral and antichiral superfields Λ = ΛaTa and Λ† = Λa†Ta are the trans-
formation parameters. In our conventions, we have explicitly introduced the associated gauge
coupling constant g and factors of two. Expanding these expressions at the first order in the
parameters Λ and Λ† and employing the Baker-Campbell-Hausdorff identity, the variation of
V under a gauge transformation is computed as

δV = i ad(gV )·(Λ + Λ†)− i ad(gV ) coth[ad(gV )]·(Λ− Λ†) , (2.4.28)

where the operator ad is defined by ad(X)·Y ≡ [X,Y ]. Imposing that the scalar component of
Λ−Λ† vanishes (or equivalently, that the scalar component of Λ is a real scalar field) and that
there exists a Wess-Zumino gauge where the expansion of the superfield V is expressed as in
Eq. (2.3.19), the variation of V can be simplified to

δV = −i(Λ− Λ†) + ig
[
V,Λ + Λ†

]
, (2.4.29)



2.4 From superfields to Lagrangians 29

which generalizes the abelian limit of Eq. (2.4.18).
In order to build super-Yang-Mills Lagrangians describing the dynamics of the compo-

nents of non-abelian vector superfields, one must generalize the superfield strength tensors of
Eq. (2.4.21) to the non-abelian case. This is achieved by computing (third-order) superderiva-
tives of the quantity exp[−2gV ],

Wα = − 1

4
D̄ ·D̄e2gVDαe

−2gV ,

W α̇ = − 1

4
D ·De−2gV D̄α̇e

2gV ,

(2.4.30)

that transform, under a gauge transformation, as

Wα → e−2igΛWαe
2igΛ ,

W α̇ → e−2igΛ†W α̇e
2igΛ† .

(2.4.31)

This generalizes the usual transformation laws of the field strength tensors F aµνTa under a gauge
symmetry operation. As for non-supersymmetric gauge theories, the trace of the squared super-
field strength tensors is gauge invariant and thus a good candidate for constructing Lagrangians
for the gauge sector. The computation of the components of the superfield strength tensors
relies on the properties of the Wess-Zumino gauge of Eq. (2.4.17), so that

e−2gV = 1− 2gV + 2g2V 2 and e2gV = 1 + 2gV + 2g2V 2 , (2.4.32)

which allows to get

W a
α = − 2g

[
− iλaα −

i

2
(σµσ̄νθ)αF

a
µν + θαD

a − θ ·θ(σµDµλ̄
a)α

]
,

W
a
α̇ = − 2g

[
iλ̄aα̇ −

i

2
(θ̄σ̄µσν)α̇F

a
µν + θ̄α̇D

a − θ̄ ·θ̄
(
Dµλ

aσµ
)
α̇

]
.

(2.4.33)

We have introduced in the two relations of Eq. (2.4.33), the non-abelian field strength tensors
and the covariant derivative in the adjoint representation

Dµλ
a = ∂µλ

a + gfbc
avbµλ

c , Dµλ̄
a = ∂µλ̄

a + gfbc
avbµλ̄

c ,

F aµν = ∂µv
a
ν − ∂νvaµ + gfbc

avbµv
c
ν .

(2.4.34)

Squaring the superfield strength tensors, one subsequently obtains

1

4g2
Wα
aW

a
α = − λa ·λa + θ ·

[
σµσ̄νλa F

a
µν − 2iλaD

a
]

+ θ ·θ
[
DaDa −

1

2

(
F aµνF

µν
a + iF aµνF̃

µν
a

)
+ 2iλaσ

µDµλ̄
a
]
,

1

4g2
W

a
α̇W

α̇
a = − λ̄a ·λ̄a + θ̄ ·

[
2iλ̄aD

a − σ̄µσν λ̄a F aµν
]

+ θ̄ ·θ̄
[
DaDa −

1

2

(
F aµνF

µν
a − iF aµνF̃µνa

)
− 2iDµλ

aσµλ̄a

]
,

(2.4.35)

where the non-abelian dual field strength tensor F̃µνa is given as in Eq. (2.4.24),

F̃µνa =
1

2
εµνρσFρσa . (2.4.36)
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Summing the highest order components of the superfield products calculated in Eq. (2.4.35)
allows to generalize the Lagrangian of Eq. (2.4.25) to the non-abelian case,

L = −1

4
Fµνa F aµν +

i

2
(λaσ

µDµλ̄
a −Dµλaσ

µλ̄a) +
1

2
DaDa , (2.4.37)

after including, as in the abelian case, an extra factor of 1/4 in order to get standard nor-
malizations for kinetic and gauge interaction terms. Yang-Mills actions, written in terms of
six-dimensional integrals over the chiral (and antichiral) superspace coordinates, read, under
their most general form,

SSYM =

∫
d4x d2θ

hab(Φ)

16g2
WαaW b

α +

∫
d4x d2θ̄

h?ab(Φ
†)

16g2
W

a
α̇W

α̇b
, (2.4.38)

which reduces in the abelian case to

SU(1) =

∫
d4x d2θ

1

4
WαWα +

∫
d4x d2θ̄

1

4
W α̇W

α̇
. (2.4.39)

In the super-Yang-Mills case, we have explicitly introduced the gauge kinetic function h and
its Hermitian conjugate counterpart h? which depend on the chiral content of the theory [161,
162, 163]. For renormalizable theories, the gauge kinetic function takes a very simple form,
hab = δab, but can be more complicated in the case of non-renormalizable theories.

We now generalize the expressions of Eq. (2.4.35) by including the gauge kinetic function
and its component fields. Following standard superspace techniques [93, 134], we first expand
the gauge kinetic function and the Hermitian conjugate function as in Eq. (2.4.5),

hab(Φ) = hab +
√

2θ ·habiψi − θ ·θ
[
F ihabi +

1

2
habijψ

i ·ψj
]
,

h?ab(Φ
†) = h?ab +

√
2θ̄ ·h?i∗ab ψ̄i∗ − θ̄ ·θ̄

[
F †i∗h

?i∗
ab +

1

2
h?i
∗j∗

ab ψ̄i∗ ·ψ̄j∗
]
,

(2.4.40)

after introducing the notations hab ≡ hab(φ) and h?ab ≡ h?ab(φ
†). As in Section 2.4.1, we

denote the scalar components of the chiral and antichiral superfields Φi and Φ†i∗ by φi and

φ†i∗ , their fermionic components by ψi and ψ̄i∗ and the auxiliary pieces by F i and F †i∗ . In the
two expressions above, we have also defined the first-order and second-order derivatives of the
gauge kinetic function as

habi =
∂hab(φ)

∂φi
, habij =

∂2hab(φ)

∂φi∂φj
, h?i

∗
ab =

∂h?ab(φ
†)

∂φ†i∗
and h?i

∗j∗

ab =
∂2h?ab(φ

†)

∂φ†i∗∂φ
†
j∗

. (2.4.41)

Computing the superfield products, one gets

hab(Φ)

4g2
W aαW b

α = −habλa ·λb + θ ·
[
hab
(
σµσ̄νλaF bµν − 2iλaDb

)
−
√

2habiλ
a ·λbψi

]
+ θ ·θ

[
habD

aDb − 1

2
hab
(
F aµνF

bµν + iF aµνF̃
bµν
)

+ 2ihabλ
aσµDµλ̄

b

+
(
F ihabi +

1

2
habijψ

i ·ψj
)
λa ·λb +

√
2habi

(
− 1

2
ψiσµσ̄νλaF bµν + iψi ·λaDb

)]
,

h?ab(Φ
†)

4g2
W

a
α̇W

α̇b
= −h?abλ̄a ·λ̄b + θ̄ ·

[
h?ab
(
2iλ̄aDb − σ̄µσν λ̄a F bµν

)
−
√

2h?i
∗

ab λ̄
a ·λ̄bψ̄i∗

]
+ θ̄ ·θ̄

[
h?abD

aDb − 1

2
h?ab
(
F aµνF

bµν − iF aµνF̃ bµν
)
− 2ih?abDµλ

aσµλ̄b

+
(
F †i∗h

?i∗
ab +

1

2
h?i
∗j∗

ab ψ̄i∗ ·ψ̄j∗
)
λ̄a ·λ̄b +

√
2h?i

∗
ab

(1

2
ψ̄i∗ σ̄

µσν λ̄aF bµν − iψ̄i∗ ·λ̄aDb
)]
.

(2.4.42)
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This allows to deduce the most general Lagrangian for supersymmetric Yang-Mills theories
built from the knowledge of one single fundamental function, the gauge kinetic function h and
its conjugate counterpart h?,

L =
1

2
<{hab}DaDb− 1

4
<{hab}F aµνF bµν+

1

4
={hab}F aµνF̃ bµν−

1

2
={hab}Dµ

(
λaσµλ̄b

)
+
i

2
<{hab}

[
λaσµDµλ̄

b −Dµλ
aσµλ̄b

]
+

1

4

(
F ihabi +

1

2
habijψ

i ·ψj
)
λa ·λb

+
1

4

(
F †i∗h

?i∗
ab +

1

2
h?i
∗j∗

ab ψ̄i∗ ·ψ̄j∗
)
λ̄a ·λ̄b +

√
2

4
habi

(
iψi ·λaDb− 1

2
ψiσµσ̄νλaF bµν

)
+

√
2

4
h?i
∗

ab

(1

2
ψ̄i∗ σ̄

µσν λ̄aF bµν−iψ̄i∗ ·λ̄aDb
)
,

(2.4.43)

where the derivatives of the gauge kinetic functions are defined by Eq. (2.4.41) and where the
gauge covariant derivatives, the field strength tensor and its dual are given in Eq. (2.4.34)
and Eq. (2.4.36). Moreover, the abelian limit is straightforward to obtain, as well as the
renormalizable version of this Lagrangian for which the gauge kinetic function is given by

hab(Φ) = h?ab(Φ
†) = δab . (2.4.44)

2.4.3 Gauge interactions of chiral superfields

In this section, we introduce the procedure allowing to compute the gauge-invariant version
of the chiral Lagrangian of Eq. (2.4.16). Promoting field gauge transformation laws at the

superfield level, the chiral and antichiral superfields Φi and Φ†i∗ obey to

Φ→ e−2igΛΦ and Φ† → Φ†e2igΛ† , (2.4.45)

respectively, where the superfield indices are understood and where we recall that the transfor-
mation parameters are defined by Λ = ΛaTa, the matrices Ta specifying the representation of
the gauge group under consideration in which lies the chiral superfield Φ. Moreover, as in the
previous subsection, the parameter g denotes the associated coupling constant. Consequently,
the Kähler potential K(Φ,Φ†) is not a gauge-invariant object, since Λ† is in general different
from Λ. One can however recover gauge invariance after following a supersymmetric version of
the Nœther procedure leading to the covariantization of the chiral Lagrangian with respect to
gauge transformations,

K(Φ,Φ†)→ K ≡ 1

2

[
K(Φ,Φ†e−2gV ) +K(e−2gV Φ,Φ†)

]
, (2.4.46)

where the vector superfield V is defined as V = V aTa. From the gauge transformation laws of
vector superfields given in Eq. (2.4.27), this modified version of the Kähler potential is thus a
gauge invariant quantity.

The computation of the expansion of K in terms of the component fields of the vector and
chiral superfields of the theory can be performed by considering the Kähler potential K as a
polynomial in the chiral and antichiral superfields Φ and Φ†,

K(Φ,Φ†) =
∑
m,n

kj
∗
1 ···j∗m i1···inΦ†j∗1

· · ·Φ†j∗mΦi1 · · ·Φin . (2.4.47)

As in Section 2.4.1, we use two different sets of indices for chiral and antichiral superfields in
order to make the Kähler manifold structure related to the matter supermultiplets apparent.
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The same index structure is employed for the component fields of the chiral and antichiral
superfields, and we denote, as usual, by φi and φ†i∗ their scalar components, by ψi and ψ̄i∗ their

fermionic components and by F i and F †i∗ their auxiliary components. As in Section 2.4.2, the
component fields of the vector superfield V a, taken in the Wess-Zumino gauge, are denoted by
vaµ, (λa, λ̄a) and Da for the associated gauge boson, gaugino and auxiliary fields, respectively.

To compute the first of the two terms contributing to K of Eq. (2.4.46), we consider the
expansion in terms of the Grassmann variables of one monomial term of the expansion of
Eq. (2.4.47). We then perform the summation [134], focusing on the quantity

ΩJΩI =

[
Φ†k∗1

(e−2gV )k
∗
1 j∗1
· · ·Φ†k∗m(e−2gV )k

∗
m
j∗m

][
Φi1 · · ·Φin

]
, (2.4.48)

where the chiral superfields ΩI and general superfield ΩJ are defined by

ΩJ = Φ†k∗1
(e−2gV )k

∗
1 j∗1
· · ·Φ†k∗m(e−2gV )k

∗
m
j∗m and ΩI = Φi1 · · ·Φin . (2.4.49)

In a first step, we address the expansion in terms of the Grassmann variables of both superfields
ΩI and ΩJ separately. From these results, we derive, in a second step, the expansion of the
product of these two superfields.

The computation of ΩI is immediate and can be deduced from Eq. (2.4.5). After expanding
the y-variable in terms of the spacetime coordinates (as shown, e.g., in Eq. (2.3.15)), one gets

ΩI = XI +
√

2XI
i θ ·ψi − θ ·θ

[
XI
i F

i +
1

2
XI
ijψ

i ·ψj
]
− iXI

i θσ
µθ̄ ∂µφ

i

− i√
2
θ ·θ θ̄σ̄µ

[
XI
i ∂µψ

i +XI
ijψ

i∂µφ
j
]
− 1

4
θ ·θ θ̄ ·θ̄

[
XI
ij∂µφ

i∂µφj +XI
i �φ

i
]
,

(2.4.50)

where we have introduced the object XI and its derivatives,

XI = Φi1 · · ·Φin , XI
i =

∂XI

∂φi
and XI

ij =
∂2XI

∂φi∂φj
. (2.4.51)

In contrast, the computation of the antichiral superfield ΩJ is more complicated. We start
by expanding the exponential factors, which gives, after introducing explicitly the representa-
tion matrices of the gauge group and employing the properties of the Wess-Zumino gauge of
Eq. (2.4.32),

(
e−2gV

)k∗
j∗ = δk

∗
j∗ + g

[
− 2θσµθ̄ vaµ − 2iθ·θ θ̄ ·λ̄a + 2iθ̄ ·θ̄ θ ·λa − θ ·θ θ̄ ·θ̄Da

]
Ta

k∗
j∗

+ θ ·θ θ̄ ·θ̄ g2vaµv
µb
(
TaTb

)k∗
j∗ .

(2.4.52)

Introducing quantities conjugate to those of Eq. (2.4.51),

XJ = Φ†j∗1
· · ·Φ†j∗m , Xi∗

J =
∂XJ

∂φ†i∗
and Xi∗j∗

J =
∂2XJ

∂φ†i∗∂φ
†
j∗

, (2.4.53)

one gets, using in addition the results of Eq. (2.3.15) and Eq. (2.4.5) and after performing the
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expansion of the y†-variable in terms of the spacetime coordinates,

ΩJ = XJ +
√

2Xi∗
J θ̄ ·ψ̄i∗ − θ̄ ·θ̄

[
Xi∗
J F

†
i∗ +

1

2
Xi∗j∗

J ψ̄i∗ ·ψ̄j∗
]

+Xi∗
J θσ

µθ̄
[
i∂µφ

†
i∗ − 2g(φ†Ta)i∗v

a
µ

]
− 2igXi∗

J θ ·θ θ̄ ·λ̄a(φ†Ta)i∗ + θ̄ ·θ̄ θ ·
[
Xi∗j∗

J

(√
2g(φ†Ta)i∗v

a
µσ

µψ̄j∗ −
i√
2
σµψ̄i∗∂µφ

†
j∗

)
+Xi∗

J

(√
2gσµ(ψ̄Ta)i∗v

a
µ −

i√
2
σµ∂µψ̄i∗ + 2ig(φ†Ta)i∗λ

a
)]

+ θ̄ ·θ̄ θ ·θ
[
Xi∗
J

(
− 1

4
�φ†i∗

− igvµa(∂µφ†Ta)i∗ − gDa(φ†Ta)i∗ +
√

2igλ̄a ·(ψ̄Ta)i∗ + g2vaµv
µb(φ†TaTb)i∗

)
+Xi∗j∗

J

×
(√

2igψ̄i∗ ·λ̄a(φ†Ta)j∗ −
1

4
∂µφ

†
i∗∂

µφ†j∗ − ig∂µφ
†
i∗(φ

†Ta)j∗v
µa + g2vaµv

µb(φ†Ta)i∗(φ
†Tb)j∗

)]
,

(2.4.54)

The product of the two superfields ΩI and ΩJ is thus given by

ΩJΩI = XJX
I +
√

2XJX
I
i θ ·ψi +

√
2Xi∗

J X
I θ̄ ·ψ̄i∗ − θ ·θ

[1

2
XJX

I
ij ψ

i ·ψj +XJX
I
i F

i
]

− θ̄ ·θ̄
[1

2
Xi∗j∗

J XI ψ̄i∗ ·ψ̄j∗ +Xi∗
J X

I F †i∗
]

+ θσµθ̄
[
iXi∗

J X
I
(
∂µφ

†
i∗+2ig(φ†Ta)i∗v

a
µ

)
− iXJX

I
i ∂µφ

i

+Xi∗
J X

I
i ψ

iσµψ̄i∗
]

+ θ ·θ θ̄ ·
[ i√

2
Xi∗
J X

I
i σ̄

µψi
(
∂µφ

†
i∗ + 2ig(φ†Ta)i∗v

a
µ

)
−
√

2Xi∗
J X

I
i F

iψ̄i∗

− 1√
2
Xi∗
J X

I
ijψ

i ·ψjψ̄i∗ −
i√
2
σ̄µ
(
XJX

I
i ∂µψ

i +XJX
I
ijψ

i∂µφ
j
)
− 2igXi∗

J X
I(φ†Ta)i∗ λ̄

a
]

+ θ̄ ·θ̄ θ ·
[ i√

2
Xi∗
J X

I
i σ

µψ̄i∗∂µφ
i − i√

2
Xi∗j∗

J XIσµψ̄i∗
(
∂µφ

†
j∗ + 2ig(φ†Ta)i∗v

a
µ

)
−
√

2Xi∗
J X

I
i ψ

iF †i∗

− 1√
2
Xi∗j∗

J XI
i ψ̄i∗ ·ψ̄j∗ψi −

i√
2
Xi∗
J X

Iσµ
(
∂µψ̄i∗ + 2ig(ψ̄Ta)i∗v

a
µ

)
+ 2igXi∗

J X
I(φ†Ta)i∗λ

a
]

+ θ̄ ·θ̄ θ ·θ
[
g2Xi∗

J X
Ivaµv

µb(φ†TaTb)i∗−
1

4
∂µ
(
XJX

I
i ∂

µφi+Xi∗
J X

I∂µφ†i∗
)
−igXi∗

J X
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†Ta)i∗

− igXi∗j∗

J XI∂µφ
†
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J XIvaµv
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J X

I
i F

iF †i∗

+Xi∗
J X

I
i ∂µφ

i
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)
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2
Xi∗
J X

I
i

(
∂µψ

iσµψ̄i∗ − ψiσµ
(
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a
µ
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+
i

2
Xi∗j∗

J XI
i ψ
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(
∂µφ

†
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a
µ

)
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2
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ijψ
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1

4
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J XI
ijψ̄i∗ ·ψ̄j∗ψi ·ψj

+
1

2
Xi∗j∗

J XI
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(2.4.55)

Summing over all the monomial terms of Eq. (2.4.47) and adding the second contribution to
K, i.e., the second term in Eq. (2.4.46) conjugate to the first one, we work out the expansion
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of the gauge-invariant version of the Kähler potential in terms of θ and θ̄,
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]
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(2.4.56)

+θ ·θ θ̄ ·θ̄
[
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To obtain the expression above, we have performed simplifications by means of the relations

0 = δaK = Ki(TaΦ)i −Ki∗(Φ†Ta)i∗ ,

0 = δaδbK =
[
Kij(TaΦ)i(TbΦ)j +Ki(TaTbΦ)i −Ki∗

i(TaΦ)i(Φ†Tb)i∗
]
+[

Ki∗j∗(Φ†Ta)i∗(Φ
†Ta)j∗ +Ki∗(Φ†TaTb)i∗ −Ki∗

i(TaΦ)i(Φ†Tb)i∗
]
,

(2.4.57)

which only express the gauge invariance of the Kähler potential. Moreover, we have gathered
terms forming covariant derivatives and introduced the Kähler potential K ≡ K(φ, φ†) as in
Eq. (2.4.6), together with its derivatives as defined in Eq. (2.4.7). However, in contrast to Eq.
(2.4.6), the derivatives of the component fields of the chiral and antichiral superfields Φi and

Φ†i∗ are now covariant both with respect to the gauge group,

Dµφ
i = ∂µφ

i − igvaµ(Taφ)i , Dµψ
i = ∂µψ

i − igvaµ(Taψ)i ,

Dµφ
†
i∗ = ∂µφ

†
i∗ + igvaµ(φ†Ta)i∗ , Dµψ̄i∗ = ∂µψ̄i∗ + igvaµ(ψ̄Ta)i∗ ,

(2.4.58)

and with respect to the Kähler manifold,

Dµψi = Dµψ
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i
kDµφ
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∗
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†
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k
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∗
k∗
i∗Kk∗ .

(2.4.59)

Collecting all the results derived in this section, the gauge-invariant version of the first term
of the supersymmetric chiral action of Eq. (2.4.15) reads

S =
1

2

∫
d4x d2θ d2θ̄

[
K(Φ,Φ†e−2gV ) +K(e−2gV Φ,Φ†)

]
. (2.4.60)
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Introducing the component fields, the corresponding Lagrangian L is derived from Eq. (2.4.56),
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(2.4.61)

In the equation above, the derivatives of the Kähler potential are defined as in Eq. (2.4.7),
while the covariant derivatives acting on the component fields are defined as in Eq. (2.4.58)
and Eq. (2.4.59).

Mass and interaction terms among the chiral superfields are still described by the parts of
the action derived from the superpotential given in Section 2.4.1, with the extra condition that
the superpotential must now be a gauge-invariant quantity. All the previous results for the
superpotential Lagrangian therefore still hold (see Section 2.4.1).

2.4.4 Non-renormalizable and renormalizable supersymmetric gauge theo-
ries

We collect in this section all the results of Section 2.4.1, Section 2.4.2 and Section 2.4.3
to construct a generic supersymmetric theory. We firstly fix a gauge group G and one of its
representation R spanned by the Hermitian matrices Ta. We then associate to this gauge group
a vector superfield V = V aTa. Secondly, we set the chiral sector of the theory which consists
of a collection of chiral (antichiral) superfields Φi (Φ†i∗), lying in the representation R (the
complex conjugate representation R̄) of G.

The most general action describing the dynamics of our theory is given by

S =

∫
d4x d2θ d2θ̄

1
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†)W
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α̇W

bα̇
,

(2.4.62)

where we have introduced three fundamental functions of the chiral content of the theory, i.e.,
the Kähler potential K(Φ,Φ†), the gauge kinetic function h(Φ) and the superpotential W (Φ),
K being real and W gauge-invariant. The superfield strength tensors W a

α and W
a
α̇ are related

to the vector superfields V a and are defined as in Eq. (2.4.30).

To extract the Lagrangian, we introduce the component fields φi (φ†i∗), ψ
i (ψ̄i∗) and F i (F †i∗)

as the scalar, fermionic and auxiliary components of the superfields Φi (Φ†i∗), respectively, as
well as the vector, the gaugino and the auxiliary components of the vector superfields V a

which we denote by vaµ, (λa, λ̄a) and Da. The most general non-renormalizable supersymmetric
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Lagrangian is then written, after omitting total derivatives, by
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(2.4.63)
The shorthand notations for the derivatives of the three fundamental functions are given in
Eq. (2.4.7), Eq. (2.4.13) and Eq. (2.4.41). Derivatives covariant with respect to the gauge group
are presented in Eq. (2.4.34) and Eq. (2.4.58),

Dµλ
a = ∂µλ

a + gfbc
avbµλ

c , Dµλ̄
a = ∂µλ̄

a + gfbc
avbµλ̄

c ,

Dµφ
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i − igvaµ(Taφ)i , Dµφ
†
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†
i∗ + igvaµ(φ†Ta)i∗ ,

Dµψ
i = ∂µψ

i − igvaµ(Taψ)i , Dµψ̄i∗ = ∂µψ̄i∗ + igvaµ(ψ̄Ta)i∗ ,

(2.4.64)

while the derivatives covariant with respect to both the Kähler manifold and the gauge group
are presented in Eq. (2.4.59),
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(2.4.65)

Finally, Eq. (2.4.34) and Eq. (2.4.36) contain our conventions for the gauge field strength tensor
and its dual,

F aµν = ∂µv
a
ν − ∂νvaµ + gfbc

avbµv
c
ν and F̃µνa =

1

2
εµνρσFρσa . (2.4.66)

Solving the equations of motion for the auxiliary fields leads to
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(2.4.67)

which gives, after inserting those solutions in the Lagrangian of Eq. (2.4.63), additional inter-
actions among the fermions, the scalar fields and the gauginos.

In most relevant phenomenological supersymmetric models, it is enough to consider a renor-
malizable version of the Lagrangian of Eq. (2.4.63). In this case, the Kähler potential and the
gauge kinetic function take a simple form,

K(Φ,Φ†) = δi
∗
iΦ
†
i∗Φ

i and hab(Φ) = h?ab(Φ
†) = δab . (2.4.68)
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In addition, the superpotential is a gauge-invariant function at most trilinear in the chiral
content of the theory,

W (Φ) =
1

6
λijkΦ

iΦjΦk +
1

2
µijΦ

iΦj + ξiΦ
i , (2.4.69)

where λ, µ and ξ are free parameters of the model. The corresponding action reads thus
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(2.4.70)

and the associated Lagrangian is obtained after expanding the superfields in terms of the
Grassmann variables, as shown in Eq. (2.4.63). Integrating over θ and θ̄ leads to
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(2.4.71)

We remind that the gauge covariant derivatives are given by Eq. (2.4.64) and the gauge field
strength tensor by Eq. (2.4.66). Inserting the solution of the equations of motion for F i and
Da simplifies the Lagrangian L to
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(2.4.72)

the abelian limit being again trivially recovered.
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Chapter 3

Supersymmetry in FeynRules

The program FeynRules has been developed to facilitate the implementation of new
physics theories into high-energy physics tools. Starting from the model gauge symmetries,
particle content, parameters and Lagrangian, FeynRules provides, in the context of a super-
symmetric theory, all necessary routines to derive semi-automatically the Lagrangian, extract
the associated Feynman rules and pass the information to other tools allowing for phenomeno-
logical investigations of the model. We dedicate this chapter to the description of FeynRules
and the Universal FeynRules Output format, as widely used in this work to obtain the main
results of this work.

3.1 The FeynRules package

3.1.1 Basic features of the FeynRules package

The program FeynRules [73, 74, 75, 76, 77, 78, 79, 80] is a Mathematica1 package allow-
ing for the extraction of the Feynman rules from any perturbative quantum field theory-based
Lagrangian in an automated fashion. In a second step, the Feynman rules can be exported
automatically to several matrix element generators. This procedure allows for phenomenolog-
ical investigations of a large class of models whose a hand-made implementation in a Monte
Carlo event generator can be considered as too involved. Currently, interfaces exist to the
CompHep/CalcHep [54, 55, 56, 57], FeynArts/FormCalc [164, 165, 166, 167], Mad-
Graph/MadEvent [60, 61, 62, 63, 64], Sherpa [47, 48] and Whizard programs [65, 66]. In
addition, any model can also be exported as a set of Python classes and objects representing
particles, parameters and vertices under the so-called Universal FeynRules Output (UFO)
format [67]. The produced Python library contains the full model information, without any
restriction on the allowed Lorentz and/or color structures appearing in the Lagrangian, in con-
trast to the other interfaces. The latter indeed reject a vertex which would not be compliant
with the structures supported by the related program. Presently, the UFO format is used by
the MadGraph 5 and the GoSam [168, 169] generators as well as by the MadAnalysis 5
analysis package [85] and the Aloha program [170]. Its use by Herwig++ [51, 52] is currently
being validated.

In order to implement a particle physics model in FeynRules, the user needs to provide,
on the one hand, the particle content and the free parameters of the model, and on the other
hand, the Lagrangian describing the interactions among the different particles. In the rest
of this section, we describe the basic features of the package and how to implement model

1Mathematica is a registered trademark of Wolfram Research, Inc.
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files in general, considering both supersymmetric and non-supersymmetric theories [73, 171]2

Concerning the implementation of a supersymmetric model and computations to be performed
within the superspace, dedicated functions have been implemented and are described in Section
3.3 and in Refs. [76, 77]. We also present how to run the code in order to derive the interaction
vertices and export them to Monte Carlo event generators [74, 75, 67]. For more details on
the FeynRules package as well as on its interfaces, we refer the reader to the FeynRules
webpage [173] and manual [73, 80].

The FeynRules model format is an extension of the model file structure of FeynArts [165]
so that the definitions of particles, parameters and gauge groups characterizing the model
consist of lists of Mathematica replacement rules. The model file itself is a text file with a
.fr extension. This file starts with a preamble containing model and author information as
well as definitions for the indices carried by the fields. The declaration of the gauge groups,
particles and parameters follows, and the Lagrangian describing the interactions among the
particles is eventually given. The way to implement the different parts of the model file is
described in the next subsections.

3.1.2 Preamble of the model file: information and indices

The preamble of a FeynRules model implementation contains the two optional variables
M$ModelName and M$Information as well as the mandatory declaration of all the indices carried
by the fields and parameters of the model.

The variable M$ModelName is a string with the name of the model. If not included in the
model file, FeynRules is using as a default value the name of the file containing the model
implementation. Even if optional, the second variable M$Information is crucial in the sense
that it acts as the electronic signature of the author of the implementation. It consists of a
Mathematica replacement list providing information about its name, institution and email.
In addition, the date on which the model has been implemented as well as the version of the
implementation can be provided, together with a list of references and a link to a webpage.
This set of information ensures a good traceability so that all information about the physics
content of the model, the choices for the free parameters and contact information about the
model author can be recovered.

The content of the M$Information variable can be accessed once the model has been loaded
by issuing the command

ModelInformation[]

As an example, the two variables M$ModelName and M$Information included in the implemen-
tation of the Minimal Supersymmetric Standard Model (MSSM) [76] read

M$ModelName = "MSSM";

M$Information = {

Authors -> {"Benjamin Fuks"},

Emails -> {"benjamin.fuks@iphc.cnrs.fr"},

Institutions -> {"IPHC Strasbourg / University of Strasbourg"},

Date -> "21.08.12",

Version -> "1.3.12",

2By the time this work has been completed, additional modules have been supplemented to FeynRules. They
allow for automated spectrum generation [78] and decay width computations [172]. These are not described in
this chapter and we refer to the appropriate references for more information.
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References -> {"C. Duhr, B. Fuks, CPC 182 (2011) 2404-2426"},

URLs -> {"http://feynrules.irmp.ucl.ac.be/view/Main/MSSM"}

};

In general, fields and parameters carry several indices. For instance, a gluon field gaµ carries a
Lorentz index µ ranging from 1 to 4 and an adjoint gauge index a ranging from 1 to 8. Similarly,
the Cabibbo-Kobayashi-Maskawa (CKM) matrix V CKM

ij is an object with two generation indices
i and j ranging from 1 to 3.

FeynRules treats fields and parameters as objects of the form head[index1, index2,...]

or head. In both cases, the name of the object is given by head, whilst only the first case refers
to a quantity carrying indices. In order to have FeynRules properly running, all the index
types have to be declared in the preamble of the model file, together with the allowed range of
values they can take. This is done with the use of the IndexRange command as, e.g., in

IndexRange[Index[SU2D]] = Unfold[Range[2]];

IndexRange[Index[Colour]] = NoUnfold[Range[3]];

IndexRange[Index[SU2W]] = Unfold[Range[3]];

IndexRange[Index[Gluon]] = NoUnfold[Range[8]];

IndexRange[Index[NEU]] = Range[4];

In the set of commands above, we declare fundamental indices of SU(2)L and SU(3)c labeled
as SU2D and Colour and ranging from 1 to 2 and 1 to 3, respectively. Adjoint indices for the
same groups are also declared as SU2W and Gluon and range from 1 to 3 and 1 to 8, respectively,
Finally, a neutralino index, ranging from 1 to 4, is defined by the label NEU. Whilst the choice
for the index names is in principle left freely to the user, the names of the SU(3)c indices
employed above are driven by the fact that the strong gauge group has a special significance in
many Feynman diagram calculators. Consequently, the symbols for the indices related to the
fundamental and adjoint representations of SU(3)c are reserved names denoted by Colour and
Gluon, respectively.

The NoUnfold function appearing in the index declarations serves when passing the model
information to FeynArts. It teaches FeynArts that the corresponding indices have not to
be unfolded at the particle level. In other words, it means that one desires to consider, e.g.,
one single quark with a generic color index instead of three different quarks with a well-defined
color index. In contrast, the presence of the Unfold command indicates FeynRules that
the related indices have to be explicitly replaced by their numerical values when an expansion
over the flavor indices is performed (see below). If these indices are repeated, the sum is thus
expanded to several terms.

To make the screen output more readable, the user can also specify how FeynRules should
print an index through the IndexStyle command. For instance, including in a model file

IndexStyle[ Gauge, a ]

tells FeynRules to print all the indices of type Gauge with a symbol starting by the letter a,
followed by a unique number to avoid name clashes.

Finally, four-vector indices ranging from 1 to 4 (Lorentz), Dirac indices ranging to 1 to 4
(Spin) as well as left-handed and right-handed Weyl indices ranging from 1 to 2 (Spin1 and
Spin2) are predefined and do not need to be declared.

3.1.3 Defining gauge groups

The structure of the interactions described by Lagrangians is in general governed by gauge
symmetries. In order to facilitate the implementation of these interactions, several dedicated
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functions allowing, e.g., for an automated treatment of the covariant derivatives or of the
(super)field strength tensors have been implemented into FeynRules. To run properly, these
functions rely on gauge group classes that must be declared in the model file.

Gauge interactions are embedded within either simple or semi-simple groups. Equivalently,
the gauge group consists either of a single simple group or of a product of several simple groups.
These are collected into the list M$GaugeGroups included in the FeynRules model file,

M$GaugeGroups = { Group1=={options}, Group2=={options}, ... };

In this series of Mathematica equalities, {options} stands for a set of rules defining the
properties of the groups Group1, Group2, etc..

These options are illustrated below by a concrete example as the implementation of the
three factors of the Minimal Supersymmetric Standard Model gauge group [76], which could
be implemented as

U1Y == {

Abelian -> True,

CouplingConstant -> gp,

Superfield -> BSF,

GaugeBoson -> B,

Charge -> Y

}

for the abelian group describing the hypercharge interactions and

SU3C == { SU2L == {

Abelian -> False, Abelian -> False,

CouplingConstant -> gs, CouplingConstant -> gw,

Superfield -> GSF, Superfield -> WSF,

StructureConstant -> f, StructureConstant -> ep,

Representations -> { Representations -> {{Ta,SU2D}},

{T,Colour}, Definitions -> {

{Tb,Colourb}}, Ta[a__] -> PauliSigma[a]/2,

SymmetricTensor -> dSUN ep -> Eps}

} }

for the two non-abelian factors, i.e., the strong and weak interactions. The respective Feyn-
Rules labels are denoted by U1Y, SU3C and SU2L.

Gauge group classes are divided into abelian and non-abelian groups, distinguished by the
option Abelian which takes the value True or False.

In the case of non-abelian gauge groups, the user can specify the symmetric and anti-
symmetric structure constants of the gauge group through the options SymmetricTensor and
StructureConstant, the right-hand side of these rules being the related Mathematica sym-
bols. Representation matrices of the group can be specified by the user as a list through the
option Representations. Each element of this list consists of another list whose the first
element is the Mathematica symbol standing for the matrices themselves and the second
element is the index type on which they act, assumed to be properly implemented as presented
in Section 3.1.2. Taking the matrices Ta introduced above as an example, the gauge group dec-
laration teaches FeynRules that these matrices are tensors of the form Ta[SU2W,SU2D,SU2D],
the index SU2W being the adjoint index of the group. The latter is indirectly defined through
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the options GaugeBoson and/or Superfield of the gauge group class, which refer to the sym-
bols of the gauge boson and/or vector superfield associated to the gauge group. The index
they carry is indeed the index related to the adjoint representation of the group. In the case
both options are specified by the user (as in the U1Y example above), they must be consis-
tent, the gauge boson being the vector component of the vector superfield. Finally, the option
Definitions allows the user to define representation matrices and structure constants in terms
of the model parameters (see Section 3.1.4) or standard Mathematica variables. As for the
indices related to QCD, predefined symbols are implemented for the QCD structure constants
and representation matrices (see the FeynRules manual [73, 80]).

In the case of abelian groups, the user has the possibility to define the U(1) charge asso-
ciated with the gauge group through the option Charge. This allows to further check charge
conservation at the Lagrangian or at the Feynman rules level.

The last option introduced in the examples above consists of the model parameter to be
used as the gauge coupling constant, which is defined by using the option CouplingConstant.

3.1.4 Declaring the model parameters

In a FeynRules implementation, all the model parameters (coupling constants, mixing
angles and matrices, masses, etc.) are collected in the list M$Parameters,

M$Parameters = { param1=={options}, param2=={options}, ... };

where param1, param2, etc., are user-defined names for the parameters and where the replace-
ment rules provided as options contain optional information defining each parameter.

The model parameters are split into two categories according to the fact they carry indices
or not. As examples of scalar parameters, the strong coupling constants gs and αs could be
implemented as

aS == { gs == {

TeX -> Subscript[a,s], TeX -> Subscript[g,s],

ParameterType -> External, ParameterType -> Internal,

ComplexParameter -> False, ComplexParameter -> False,

InteractionOrder -> {QCD, 2}, InteractionOrder -> {QCD, 1},

Value -> 0.1184, Value -> Sqrt[4 Pi aS],

BlockName -> SMINPUTS, ParameterName -> G,

OrderBlock -> 3,

Description -> "QCD coupling" Description -> "QCD coupling"

} }

The symbol aS stands for an external (or independent) parameter of the model to which we
associate a numerical value through the option Value of the parameter class. All the declared
external parameters are organized following a structure inspired by the Supersymmetry Les
Houches Accord [174, 175] which is effectively used by several Monte Carlo tools. The Les
Houches block name associated to the parameter and the position in the block are specified
through the options BlockName and OrderBlock of the parameter class. If left unspecified,
FeynRules assigns automatically a different Les Houches block for each parameter, the order
in the block being set to one. In contrast to aS, gs is an internal parameter and depends on
other parameters that have to be declared previously in the model file. The formula defining the
internal parameter is provided via the option Value of the parameter class. As illustrated in the
example above, the external or internal nature of the parameters is specified through the option
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ParameterType which takes the value External or Internal. Instead of using the option
Value, the user can employ the option Definitions which refers to a list of Mathematica
replacement rules. Taking the example of the parameter gs introduced above, one would have

Definitions -> { gs -> Sqrt[4 Pi aS] }

In this case, the parameter is replaced by its value before the derivation of the interaction
vertices by FeynRules, in contrast to the option Value where the symbol referring to the
parameter is kept.

The option ComplexParameter, which takes the values True or False (default), determines
whether FeynRules treats the parameter as complex, and the option Description allows the
user to enter a string describing the physical meaning of the parameter.

Besides these options which are directly used by FeynRules, there is an additional set of
options needed by some of the interfaces to Feynman diagram calculators. Whilst Mathemat-
ica symbols (such as Greek letters) could be used for parameter names, they are inappropriate
at the level of the Monte Carlo model files using programming language different from Math-
ematica. The option ParameterName specifies what to replace the symbol by before writing
out the Monte Carlo model files. By default, it is equal to the parameter symbol used in
Mathematica.

On different footings, some Monte Carlo programs such as MadGraph require the knowl-
edge of the order of a coupling. For instance, gs is a coupling of order one in QCD while
αs is a coupling of order two. Using this information allows to speed up event generation by
selecting only specific diagrams, e.g., strong production modes with respect to weak production
modes. The information on the coupling order of a parameter can be passed into FeynRules
via the InteractionOrder option of the Parameter class. Furthermore, the hierarchy among
the different coupling orders to be used within a model implementation are included in the
lists M$InteractionOrderHierarchy. Each element of these list has two components, the tag
of a coupling order and an integer number standing for its relative strength compared to all
the coupling orders of the model. In addition, the list M$InteractionOrderLimit specifies
the maximum number of occurrences that a coupling order can reach in a single diagram, the
value 99 indicating that no restriction holds. It consists as well of a list of two-component lists.
Taking the example of the MSSM, we have

M$InteractionOrderHierarchy = { {QCD, 1}, {QED, 2} }

M$InteractionOrderLimit = { {QCD, 99}, {QED, 99} }

which reflects the fact that g4
s is of the same order of magnitude as e2.

The second category of parameters that can be implemented in FeynRules model files
consists of tensorial parameters, carrying indices. While the index structure can be specified
through the option Indices, all the attributes described in the case of scalar parameters can
still be employed for declaring tensorial parameters, with one exception. The OrderBlock

option is not allowed since one complete Les Houches block must be associated with each single
tensorial parameter, the Les Houches counters referring by definition to the different possible
numerical values for the indices. In many cases, tensors correspond to unitary, Hermitian or
orthogonal matrices, which can be indicated by turning the Unitary, Hermitian or Orthogonal
options to True, the default value being False. In contrast to scalar parameters, the option
Value refers this time to a list of values for each possible choice for the indices. Moreover, by
default, tensors are complex quantities. A complete tensor declaration could read, taking the
example of the CKM matrix,
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CKM == {

ParameterType -> Internal,

Indices -> {Index[Generation], Index[Generation]},

Unitary -> True,

ComplexParameter -> True,

Definitions -> {CKM[3,3]->1, CKM[i_,3]:>0/;i!=3, CKM[3,i_]:>0/;i!=3},

Value -> {CKM[1,2]-> Sin[cabi], CKM[1,1]->Cos[cabi],

CKM[2,1]->-Sin[cabi], CKM[2,2]->Cos[cabi]},

Description -> "CKM-Matrix"

}

where the indices Generation have been declared as in Section 3.1.2 and cabi stands for
another parameter. In the replacement rules above, we have simultaneous used the Value and
the Definitions options for the sake of the example. As a result, zero vertices are removed
from the Lagrangian before computing the Feynman rules and they are not exported to Monte
Carlo generators.

Finally, it is important to keep in mind that many Feynman diagram calculators have the
strong and electromagnetic interactions built in. Therefore, it is necessary to use special names
for the parameters associated with these interactions (see the FeynRules manual).

3.1.5 Implementing fields and particles

Following the original FeynArts conventions, particles are gathered into classes. Each
class consists of a multiplet whose the members share the same quantum numbers and possibly
different masses. As for parameters and gauge groups, each particle class is defined in terms of
a set of properties given by Mathematica replacement rules. Collecting the particle content
of the model into classes also allows the user to write compact expressions for Lagrangians.
For the sake of the example, we consider QCD interactions among massless quarks and gluons.
The associated Lagrangian can be written as

LQCD = −1

4
gaµνg

µν
a + iq̄f /∂q

f + gs q̄fγ
µT aqf gaµ . (3.1.1)

In the equation above, qf denotes the class symbol representing massless quarks, T a the fun-
damental representation matrices of the QCD gauge group, gs its gauge coupling constant and
gaµ and gaµν the gluon field and the associated field strength tensor. Having a class containing
all quarks avoids writing out explicitly one Lagrangian term for each quark flavor.

All the declared instances of the particle class are collected into the list M$Classes-

Description,

M$ClassesDescription = { particle1=={options}, particle2=={options}, ... };

where particle1, particle2, etc., are user-defined names for the particle classes of the model
and options contains the properties of each class. The Mathematica name to be used for
a particle class has to obey strict rules. It consists of one single letter among F (spin-1/2
Dirac or Majorana fermion), S (scalar field), T (spin-two field), R (four-component spin-3/2
field), U (ghost field), V (vector field), W (two-component spin-1/2 fermionic field) and RW (two-
component spin-3/2 fermionic field) followed by a number chosen by the user and put between
squared brackets. To illustrate this last statement, together with most of the possible options
for the particle class, we consider the declarations,
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F[1] == {

ClassName -> x,

SelfConjugate -> False,

Indices -> {Index[CHA]},

FlavorIndex -> CHA,

W[1] == { WeylComponents -> {xp,xmbar},

ClassName -> chi, ParticleName -> {"x1+","x2+"},

SelfConjugate -> False, AntiParticleName -> {"x1-","x2-"},

Unphysical -> True, QuantumNumbers -> {Q->1},

Chirality -> Left, ClassMembers -> {x1,x2},

Indices -> {Index[Colour]}, Mass -> {Mx,Mx1,Mx2},

Definitions -> {chi[c_]->...} Width -> {Wx,Wx1,Wx2},

} PDG -> {124,125},

PropagatorLabel -> {"x","x1","x2"},

PropagatorType -> Straight,

PropagatorArrow -> Forward

}

This declares a left-handed Weyl fermion χ and a class of four-component fermions x containing
two members, x1 and x2. The labels W[1] and F[1] indicate that a Weyl fermion and a four-
component fermions are respectively declared, the left-handed (Left, default choice) or right-
handed (Right) chirality of the Weyl fermion being specified through the option Chirality.
The particle class has two mandatory attributes, the ClassName option assigning a Mathe-
matica symbol to the class that can be further used when constructing the Lagrangian and
the SelfConjugate option taking the value True or False.

In addition to these two features, particle classes have several optional properties that can be
divided into two categories according to the fact that they are used directly by FeynRules or
only serve at the level of the interfaces to Feynman diagram calculators. We start by describing
the properties directly related to FeynRules.

Quantum fields carry in general a collection of indices either related to symmetry groups,
as the index Colour in the declaration of the field chi, or to labels, as the index CHA spec-
ifying the generation number for the fermion x. While Lorentz (Index[Lorentz]) and spin
(Index[Spin], Index[Spin1] and Index[Spin2]) indices are automatically handled by Feyn-
Rules, the user has to declare, as a list, the rest of the carried indices. They are specified via
the option Indices which by default refers to an empty list. The ordering in which the indices
are declared defines the one in which they must be employed in the construction of the model
Lagrangian.

In addition to indices, a field may also carry charges related to abelian groups. They are
passed through the QuantumNumbers option. The value of this option consists of a list of rules
mapping each abelian charge to its value. Inspecting the declaration of the field x above, one
can observe that x1 and x2 are positively charged fields (Q->1). Setting the quantum numbers
of the fields properly in the model file allows to check their conservation when FeynRules
computes Feynman rules.

When a particle class contains several members, the option ClassMembers, referring by
default to an empty list, has to refer to a list of Mathematica symbols associated with the
different class members. Moreover, the index playing the role of the generation index must be
specified through the option FlavorIndex, as shown in the declaration of the field x above.
The declaration of the FlavorIndex attribute allows FeynRules to perform the expansion of
a Lagrangian in terms of the class members (see Section 3.1.6) or to derive Feynman rules with
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flavor expansion performed.

It is often simpler to write down Lagrangians in the gauge basis or using Weyl fermions
instead of employing four-component fermions or mass eigenstates. However, interfaces to
Monte Carlo generators require the Lagrangian to be entirely expressed in terms of the physical
eigenstates. Fields can therefore be tagged as unphysical through the option Unphysical of
the particle class, taking the value True or False. The relations between the unphysical and
physical fields can be provided in two ways. The user can firstly specify the option Definitions,
which refers to a list of replacement rules as in the declaration of the Weyl fermion χ above.
In the case we have several class members, this list contains one element for each of the
class members. Secondly, Weyl fermions can be associated to the left-handed or right-handed
components of a Dirac fermion through the option WeylComponents, as in the declaration of
the field x above. In the case of a Majorana fermion, the option WeylComponents refers to a
single Weyl field instead of a list with a left-handed and right-handed Weyl spinor.

Finally, masses and widths can be assigned to the different class members using the Mass and
Width attributes of the particle class. Their value consists of a list containing, as a first element,
a generic mass (or width), followed by the masses (or widths) of all the class members. Masses
and widths are automatically declared as model parameters by FeynRules, which employs
scalar parameters for the masses of class members and tensorial parameters for generic masses,
the latter carrying a flavor index. In the case no numerical value is given by the user, a default
value of 1 is assigned by FeynRules. Otherwise, the values can be specified as, e.g.,

Mass -> {MW, Internal}

Mass -> {MZ, 91.188}

Mass -> {Mu, {MU, 0}, {MC, 0}, {MT, 174.3}}

In the first example, MW is given the value Internal which teaches FeynRules that this mass
is an internal parameter defined by the user in M$Parameters. This is the only case in which a
user needs to define a mass in the parameter list. The two other examples above being intuitive,
we omit their description.

The last two optional attributes which serve at the FeynRules-level are related to the
phase possibly carried by Majorana fermions and to the ghost and Goldstone particles which are
connected to a gauge boson. The Majorana phase can be specified through the MajoranaPhase
property of the particle class and the attributes Ghost and Goldstone indicate to FeynRules
the name of the connected gauge boson.

We now turn to the options that are used by the interfaces to Feynman diagram calcu-
lators. As in the case of parameters, the Mathematica symbols standing for the particle
names (ClassName) may not be appropriate for Feynman diagram calculators. The options
ParticleName and AntiParticleName allow the user to specify the string (or list of strings)
that should be used instead of the name of the class or the name of the class members (see the
example of the x fermion above).

According to the Particle Data Group (PDG) [176], each particle is represented by a numer-
ical code, the PDG code of the particle. Such codes can be specified in the model description
via the attribute PDG, whose value is the PDG code of the particle or a list with the PDG
numbers of all the class members, as also shown with the declaration of the x field above. If
absent, PDG codes are automatically assigned by FeynRules.

To achieve this section, we remind that many Feynman diagram calculators draw the Feyn-
man diagrams that they generate. Some of these programs allow the user to specify how to draw
and label the lines associated with the fields. This information can be provided in the model
declaration through the attributes PropagatorLabel, PropagatorArrow and PropagatorType.
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The first of these options takes a string or a list of strings as value, the default one correspond-
ing to the name of the particle or to a list with the names of all the class members. The option
PropagatorArrow determines whether an arrow should be put on the propagator, the allowed
value being None or Forward. Finally, the option PropagatorType can take any of the values
ScalarDash (a straight dashed line), Sine (a sinusoidal line), Straight (a straight solid line),
GhostDash (a dashed line) and Curly (a curly line).

We refer to the FeynRules manual [73, 80] as well as to Ref. [76], Ref. [79] and Ref. [171]
for more information.

3.1.6 Implementing Lagrangians

Model Lagrangians are entered using ordinary Mathematica commands and objects, aug-
mented by some new symbols such as Ga, si or sibar representing the Dirac matrices γµ and
the Pauli matrices σµ and σ̄µ, the left-handed and right-handed chirality projectors ProjM and
ProjP or the Minkowski metric and the fully antisymmetric tensors ME and Eps. All these
Mathematica symbols are objects of the form symbol[a,b,...] with an appropriate col-
lection of indices. This syntax is also the one to be used for quantum fields, when building
Lagrangians. The indices a, b, etc., denote thus the indices carried either by the fields or by
the parameters in the same order in which they have been declared in the model file. Moreover,
Lorentz and spin indices always appear in the first position and a class member does not carry
the flavor index linking it to the generic class symbol.

The symbols associated to antiparticles are automatically created by FeynRules by suf-
fixing the ending bar to the name of the particle. For instance, if e denotes the electron field,
then ebar stands for the positron field. There are two additional ways to get the names of the
antiparticles, employing one of the commands HC and anti. The function HC can however also
be used to compute the Hermitian conjugate of any object or expression (even a Lagrangian).
In this sense, HC[e] returns the field ē defined by ē = e†γ0, which is equivalent to the symbol
ebar, in contrast to anti[e] which corresponds to e†. In the same way, the charge conjugate
of a field or of an expression can be obtained by means of the CC function.

For anticommuting objects (fields and parameters), the Mathematica Dot command has
to be employed. As a consequence, Mathematica is prevented from changing the relative
ordering of these objects, which ensures correct anticommutation relations to be accounted for
in the calculation of the Feynman rules.

There are several ways of dealing with field and parameter indices when entering La-
grangians in the FeynRules model file. If there is no ambiguity, the user has the option
to suppress all indices and FeynRules is capable of restoring them. For the sake of the exam-
ple, there are two equivalent ways of implementing the QCD interactions included in Eq. (3.1.1).
The most compact implementation reads

gs qbar.Ga[mu].T[a].q G[mu, a]

where gs stands for the symbol denoting the strong coupling constant, q and qbar for the quark
field and its Hermitian conjugate counterpart, T for the fundamental representation matrices
of the QCD gauge group and G for the gluon field. The spin, color and generation indices of
the quark fields are here all implicit. They could have been explicitly implemented as

gs Ga[mu, s, r] T[a, m, n] qbar[s, f, m].q[r, f, n] G[mu, a]

This interaction Lagrangian, expressed in terms of the generic class name q for the quark field
can be expanded in terms of the six class members corresponding to the six flavors of quarks.
The ExpandIndices function has been implemented for this purpose,
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ExpandIndices[gs Ga[mu, s, r] T[a, m, n] qbar[s, f, m].q[r, f, n] G[mu, a],

FlavorExpand->FLA];

where FLA is the symbol standing for quark flavors. Replacing FLA by True leads to an expan-
sion over all the indices that have been declared as flavor indices at the time of the particle
declarations. In the case the indices have been suppressed by the user in the Lagrangian
implementation, ExpandIndices first restores all indices before performing the expansion.

The implementation of the kinetic terms included in Eq. (3.1.1) follows the same rules with
respect to indices and can be equivalently implemented using one of the two expressions

I Ga[mu, s, r] uqbar[s, f, m].del[uq[r, f, m], mu]

I uqbar.Ga[mu].del[uq, mu]

where the symbol del stands for the spacetime derivative operator. In the case the QCD
gauge group has been properly declared as presented in Section 3.1.3, the interaction terms
can be automatically handled together with the kinetic terms by FeynRules. To this aim, it
is sufficient to use the built-in covariant derivative function DC,

I Ga[mu, s, r] uqbar[s, f, m].DC[uq[r, f, m], mu]

I uqbar.Ga[mu].DC[uq, mu]

This feature allows for a very compact implementation of Lagrangians since the user does not
have to worry about gauge interaction terms at all. Along the same footings, the implemen-
tation of the gauge boson kinetic terms is also automatic thanks to the function FS standing
for the field strength tensor. The first term of the Lagrangian of Eq. (3.1.1) can hence be
implemented as

-1/4 FS[G, mu, nu, a] FS[G, mu, nu, a]

Lagrangians, and in particular supersymmetric Lagrangians, are sometimes more easily
written in terms of Weyl fermions. If the WeylComponents attributes of the particle class have
been properly set, the Lagrangian can be automatically translated in terms of four-component
fermions by means of the function WeylToDirac.

The FeynRules package comes with a set of additional functions dedicated to Lagrangian
manipulations. The kinetic terms, defined as the quadratic terms of a Lagrangian including a
spacetime derivative, can be extracted by issuing, in a Mathematica session, the command

GetKineticTerms[ Lag, options ]

where Lag is the symbol standing for the Lagrangian. As for any of the functions described in
the rest of this section, GetKineticTerms shares the same options as the FeynmanRules routine
(see below). Similarly, the functions GetMassTerms, GetQuadraticTerms and GetInteraction-

Terms can be used to select the mass terms, quadratic terms and interaction terms included in
the Lagrangian, respectively. The GetMassSpectrum routine offers the possibility to calculate
the values of the masses that appear in the Lagrangian, both in numeric and symbolic ways, pro-
vided that the Lagrangian is implemented in a mass diagonal form. Finally, it is also possible to
filter out terms related to specific interactions by employing the routine SelectFieldContent,

SelectFieldContent[ Lag, { fields1, fields2, ... } ]

where fields1, fields2 denote lists of fields which the user is interested in their interactions.
In general, a quantum field theory Lagrangian has to fulfill a set of basic requirements, such

as hermiticity, gauge invariance, etc.. The associated checks can be performed by FeynRules.



50 Chapter 3 - Supersymmetry in FeynRules

First of all, hermiticity can be checked by using the command CheckHermiticity. Secondly, for
FeynRules to work properly, all the quadratic terms of the Lagrangian must be diagonal. This
can be checked by means of the three intuitive commands CheckDiagonalQuadraticTerms,
CheckDiagonalKineticTerms and CheckDiagonalMassTerms. In the case the kinetic terms
are diagonal, the user has the possibility to verify their normalization by employing the Check-
KineticTermNormalisation function. In the same way, if the mass terms are diagonal, the
routine CheckMassSpectrum compares the masses extracted from the Lagrangian to those pro-
vided in the field declarations.

3.1.7 Running FeynRules

The FeynRules package can be loaded as any other Mathematica package, with the
only difference that the path where FeynRules has been downloaded must be specified in the
$FeynRulesPath variable,

$FeynRulesPath = SetDirectory[ <the address of the package> ];

<< FeynRules‘

A model can then be loaded as

SetDirectory[ <path to the model file(s)> ];

LoadModel[ < file1.fr >, < file2.fr>, ... ];

The model can be equivalently contained in one single model file or split among several files
whose extension is .fr. The Feynman rules can subsequently be extracted by using the com-
mand FeynmanRules,

vertices = FeynmanRules[ Lag ];

where Lag is the Mathematica symbol containing the expression of the Lagrangian. The
latter must be entirely written in four-dimensional spacetime and in terms of four-component
spinors (in contrast to two-component fermions). As a result of the command above, the
vertices derived by FeynRules are written on the screen and stored in the variable vertices.
In the case the user is not interested in printing the Feynman rules to the screen, the function
FeynmanRules has to be called with the option ScreenOutput set to False,

vertices = FeynmanRules[ Lag, ScreenOutput -> False];

The extracted Feynman rules consist of a list of vertices. Each vertex is written as a
list of two elements, the first one being the list of particles incoming to the vertex and the
second one the analytical expression for the vertex. Each particle is also written as a two-
component list. The first element is the name of the particle while the second one is an integer
number. This number is employed in the analytical expression of the vertex to distinguish the
indices belonging to the different incoming particles. For instance, the output obtained for the
interaction vertex between quarks and gluons included in the Lagrangian of Eq. (3.1.1) is

{ {{G, 1}, {qbar, 2}, {q, 3}}, igs δf2f3 γ
µ1
s2s3 T

a1
m2m3

}

where spin indices start with the letter s, Lorentz indices with the Greek letter µ, generation
indices with the letter f, color indices with the letter m and gluon indices with the letter a.
Each letter is followed by the integer number related to the relevant field.

If the flavor expansion has not been performed at the Lagrangian level, the Feynman rules
returned by FeynRules are expressed in terms of generic class names for the fields instead of
the class members. Flavor expansion can be achieved by typing in Mathematica
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vertices = FeynmanRules[ Lag, FlavorExpand -> True];

If several flavor indices are present in the model, such as in the MSSM where we have generation
indices, squark indices, neutralino indices, etc., and if one is interested in only expanding given
indices, the symbol True above can be replaced with the list of indices to be expanded.

The list of Feynman rules can be quite long and it may sometimes be desirable to extract
one or a few vertices. In order to limit the number of constructed vertices, several options have
been implemented. Setting MaxParticles -> n (MinParticles -> n) teaches FeynRules to
derive vertices with at most (least) n external legs. Similarly, setting MaxCanonicalDimension

-> n (MinCanonicalDimension -> n) reduces the output to vertices whose the canonical di-
mension does not exceed (is at least) n.

If the user is interested in only specific interaction vertices, one can call the function
FeynmanRules with the option SelectParticles pointing towards a list containing the names
of the particles allowed to enter a vertex. Similarly, the options Contains and Free, both
referring to a list of particles, instruct FeynRules to only derive vertices that contain or not
the particles indicated in the list. The SelectVertices routine has been designed in the same
purpose and allows to perform a vertex selection among a list of already derived vertices. It ac-
cepts the options MaxParticles, MinParticles, SelectParticles, Contains and Free which
have to be used in the same way as for FeynmanRules,

SelectVertices[vertices, options]

By default, checks whether the quantum numbers that have been defined in the model file
are conserved at each vertex are performed and warnings are returned in the relevant cases.
Checks can be turned off by setting ConservedQuantumNumbers to False when calling the
FeynmanRules function. Alternatively, the value of this option could be set to a list with the
quantum numbers that FeynRules has to check for their conservation.

It is also possible to compute Feynman rules for several sub-Lagrangians and merge them
in a second stage by means of the MergeVertices function,

vertices = MergeVertices[ vertices1, vertices2, ... ];

where the lists of vertices labeled vertices1, vertices2, etc., have been previously extracted
by employing the function FeynmanRules.

The FeynRules program includes two special functions for manipulating vertex lists. In
the case a vertex depends explicitly on the particle four-momenta, it can be sometimes useful
to simplify its analytical expression by replacing one of the four-momentum by the opposite of
the sum of the others. This is achieved by issuing in Mathematica,

MomentumReplace[vertex, n ]

where vertex represents a single vertex, i.e., an element of a vertex list. The effect of this func-
tion is to replace the four-momentum of the nth particle in terms of the four-momentum of the
other particles incoming to the vertex. In the case an entire set of vertices has to be simplified
using momentum conservation, the user can employ the routine ApplyMomentumConservation.
For each vertex of the list, FeynRules uses the function MomentumReplace, cycling through
each momentum, and compares the size of each expression. The shortest one is kept.

The parameters also play an important role in the model file. Their numerical values can
be obtained by employing the NumericalValue routine,

NumericalValue[ function ]
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where function is an analytical function of one or several of the model parameters. The
numerical value of external parameters can be modified by means of the UpdateParameters

command,

UpdateParameters[ param1 -> value1, param2 -> value2, ... ]

which sets the value of the external parameters param1, param2, etc., to value1, value2, etc.,
respectively. Any change tried to be made to an internal parameter is ignored.

In the case a whole spectrum has to be loaded, the user has the more efficient possibility to
import an entire Les Houches card following the Les Houches block structure of the FeynRules
model file. This is performed by typing in a Mathematica session the command

ReadLHAFile[Input -> "file.dat"];

where file.dat is the Les Houches file containing the numerical values of all the model param-
eters. Conversely, a Les Houches file can be written by FeynRules by issuing the command

WriteLHAFile[Output -> "file.dat"];

which yields the creation of the file file.dat containing the current values of all the exter-
nal parameters, the latter being ordered according to the Les Houches block structure of the
FeynRules model file.

The user has also the possibility to implement his own set of functions for manipulating ver-
tex lists or even Lagrangians. To facilitate this task, FeynRules comes with a set of Boolean
functions that allow to probe the properties attached to a symbol. The (self-explained) func-
tions FieldQ, FermionQ, BosonQ, SelfConjugateQ, ScalarFieldQ, WeylFieldQ, DiracFieldQ,
MajoranaFieldQ, VectorFieldQ, Spin2FieldQ, SuperfieldQ, ChiralSuperfieldQ, Vector-
SuperfieldQ and GhostFieldQ hence test the nature of a (super)field. The two functions numQ
and CnumQ return true or false whether a parameter is real or complex, while TensQ, CompTensQ,
UnitaryQ, HermitianQ and OrthogonalQ are dedicated to tensorial parameters. In addition,
MR$QuantumNumbers[part] returns a list with the quantum numbers related to the particle
part and $IndList[fld] gives a list with the indices declared for the field fld.

3.1.8 Interfaces to Monte Carlo event generators

Once Feynman rules have been obtained, FeynRules can export them, together with the
model definition, to various matrix-element generators by means of dedicated interfaces. Cur-
rently, interfaces exist to the CompHep/CalcHep, FeynArts/FormCalc, MadGraph/
MadEvent, Sherpa and Whizard programs. The output of an interface consists of a set
of files organized in a single directory which can be copy-pasted into the model directory of
the relevant matrix-element generator. FeynRules models can then be directly used as any
other built-in models. However, many other Feynman diagram calculators exist and are not
directly interfaced to FeynRules. To this aim, a universal output of the FeynRules model
is available as a Python shared library which can be further loaded by any external program.
Section 3.2 is dedicated to its description, while we focus on the generic properties of the
other interfaces below. For more information, we also refer to the FeynRules manual and to
Ref. [74] and Ref. [75].

All the interfaces are invoked with commands of the form

Write__Output[lag1, lag2, ..., options]
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where the underscores are replaced by a sequence of letters according to the interface under con-
sideration. Hence, WriteCHOutput, WriteFeynArtsOutput, WriteMGOutput, WriteSHOutput
and WriteWOOutput are the commands related to CompHep/CalcHep, FeynArts/Form-
Calc, MadGraph/MadEvent, Sherpa and Whizard, respectively. The arguments of these
functions consist of a sequence of Lagrangians lag1, lag2, etc., as well as options specific to
each interface (see Ref. [74] and Ref. [75]). Moreover, the model can also be exported as a TEX-
file by means of the command WriteLatexOutput.

Matrix-element generators have very often strong constraints on the allowed names for
the model particles and parameters and on the type of supported fields. Moreover, most of
the time, the treatment of the color and Lorentz structures is hard-coded. Therefore, the
different interfaces check whether all the particles, parameters and vertices are compliant with
the matrix-element generator requirements and discard them if necessary.

Furthermore, several diagram calculators employ Feynman gauge while others use the uni-
tary gauge. Since these gauges involve different particles and Lagrangian terms, FeynRules
model files have to include the flag FeynmanGauge set to True or False. For instance, setting
it to false automatically removes the Goldstone bosons and ghost fields at the interface level.

As already mentioned above, several parameters and particles have a special significance and
must be clearly identified by Feynman diagram calculators. Their names are therefore fixed at
the FeynRules level, which ensures a proper running of the interfaces. Hence, the indices for
the fundamental and adjoint representations of the QCD gauge group have to be called Colour

and Gluon, respectively. Furthermore, the names of the gluon field, strong coupling constant,
SU(3) totally antisymmetric and symmetric structure constants, as well as the fundamental
representation matrices of the group must be G, gs, f, dSUN and T. As an example, we refer to
the QCD gauge group implementation shown in Section 3.1.3. In addition, the strong coupling
constant and its square over 4π must be declared as presented in Section 3.1.4, where αs is
given as the external parameter and included in the Les Houches block SMINPUTS. In contrast,
gs is an internal parameter.

Electromagnetic interactions also have a special role in many Monte Carlo generators. Con-
sequently, a valid model implementation in FeynRules has to include a parameter for the
electromagnetic coupling constant labeled as ee, and the electric charge has to be called Q. Fol-
lowing the Les Houches accord conventions [174, 175], the external parameter is the inverse of
the square of the electromagnetic coupling constant over 4π. Together with the Fermi constant
and the Z-boson pole mass, these parameters have to be organized within the Les Houches
block SMINPUTS, following Les Houches accord standards.

3.2 The Universal FeynRules output - the UFO

3.2.1 Basic features

The universal output format of FeynRules, dubbed the UFO [67], has been designed to
overcome all restrictions related to model formats commonly used by Monte Carlo programs.
These restrictions are in general related to the form of the interactions compliant with a specific
tool, such as, e.g., the allowed Lorentz and color structures in the vertices. The key features
of the UFO are flexibility and modularity through the translation of the model in an abstract
way, employing Python classes and objects to represent particles, parameters and vertices.
Consequently, it is not tied to any specific matrix element generator and is universal in the
sense that the entire Python library can be directly used for further interfacing, without any
modification, by any code. This format is presently employed by four programs, Aloha [170],
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GoSam [168, 169], MadAnalysis [85] and MadGraph 5 [64] and is expected to be used in
the future by Herwig++ [51, 52]. In order to extract the UFO files from a FeynRules model,
a dedicated interface has been implemented and can be invoked by issuing

WriteUFO[ Lag ] ;

where the symbol Lag stands for the model Lagrangian. As results of the command above, a set
of Python files are generated. These files can be split into two categories, model-independent
files, identical for all models, and model-dependent files containing among others the definitions
of the particles, parameters, etc.. All those files are provided as self-contained Python modules
and are described in the next sections3 have been. They could also be possibly generated by
the programs LanHep [68, 69, 70, 71, 72] and Sarah [81, 82, 83, 84].

3.2.2 Initialization and structure of the objects and functions

A UFO module comes with an initialization file init .py. This file is standard in the
Python language and corresponds to a tag for importing the complete module. This task is
achieved by issuing, in a Python interpreter or within another Python program,

import Directory

where Directory refers to the name of the directory containing the UFO files. This init .py

file also contains links to the different lists gathering the set of objects implemented in a
UFO module, all particles, all vertices, all parameters, all couplings, all lorentz,
all coupling orders and all functions. The names of these lists are intuitive (more infor-
mation being provided below) and they allow, e.g., to access the full particle content of a model
or the list of all parameters. Moreover, each time an instance of a given class is created, it is
automatically added to the corresponding list.

There are only six basic classes necessary for the implementation of a UFO model. They are
denoted Particle, Parameter, Vertex, Coupling, Lorentz and CouplingOrder. These classes
are derived from a mother class UFOBaseClass that contains general methods and attributes
accessible by each of its daughters. Hence, the method get all allows to list all the attributes
of an object while nice string returns a string with a representation of an object including
the values of all its attributes. In addition, the usual functions get and set allow to read and
modify the value of an attribute. The structure of the mother class as well as the one of its
children are defined in the model-independent file object library.py.

For some model implementations, the user might need to define his own set of routines.
The latter can be included in the file function library.py which contains functions based on
the class Function. These allow for the translation of functions that can be defined within a
single Python line to other programming languages such as Fortran or C++. An instance
of the class Function comes with three mandatory attributes, called name, arguments and
expression, which respectively refer to a string representing the name of the function, a list of
strings with the arguments of the function and the analytical expression defining the function
itself provided as a string. Common mathematical functions for which the standard Python
module cmath is insufficient are predefined in the function library, so that complexconjugate
(complex conjugation), csc (cosecant), acsc (arccosecant), im (the imaginary part of a complex
number), re (the real part of a complex number), sec (secant) and asec (arcsecant) are

3By the time this work has been completed, the UFO conventions have been generalized to allow for non-
standard propagators [79] and 1 → 2 partial widths [172]. These features being irrelevant for this work, we do
not describe them in this chapter and refer to the appropriate references.
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available form the start and can be further employed in parameter declarations. For the sake
of the example, we show below the implementation of the secant function that is given by

sec=Function(name=’sec’, arguments=(’z’,), expression=’1./cmath.cos(z)’)

3.2.3 Implementing the model particle content

The particle content of a UFO model is implemented as a set of instances of the class
Particle which are collected in the file particles.py. They describe the mass-eigenstates of
the model under consideration, possibly together with some auxiliary non-propagating fields
that can be helpful to, e.g., model higher-dimensional operators as in some Monte Carlo gen-
erators. As it will be shown below, the definition of a particle in the UFO is almost a direct
translation in Python of its declaration within FeynRules, after expanding all particle classes
with respect to the flavor indices.

A particle and the associated antiparticle are uniquely defined by their names, which are
provided as strings under the values of the attributes name and antiname of the Particle

class. In addition, those names are also provided under their TEX-form as the values of the
attributes texname and antitexname. At the matrix-element generator level, particles are
rather identified, in general, through their PDG code [176]. The latter is therefore stored as
the value of the attribute pdg code that can be set to any integer value. Among the basic
features defining a particle, one also finds its mass and width that are encoded in the mass

and width attributes of the Particle class, which refers to instances of the Parameter class
declared in the file parameters.py4 (see Section 3.2.4).

The transformation properties of the particle under the Lorentz group as well as under the
QCD and electromagnetic gauge groups are specified through the spin, color and charge

attributes of the Particle class. Concerning the attribute spin, its value has to be an integer
number given under the form 2s + 1, s being the particle spin assumed to be smaller than or
equal to two. For ghost fields, it takes by convention the value −1. With respect to color,
the only supported representations are singlets (1), triplets and antitriplets (±3), sextets and
antisextets (±6) as well as octets (8). Finally, the electric charge is provided as a rational
number.

All the attributes of the particle class introduced so far are mandatory. It is however
also possible to include three predefined optional attributes goldstone, propagating and
line. The first two attributes take a Boolean value tagging the corresponding particle as a
Goldstone boson (the default value is false) and as a propagating particle (the default value
is true), respectively. The attribute line returns a string representing how the propagator
of the particle should be drawn in a Feynman diagram, the possible values being ’dashed’,
’dotted’, ’straight’, ’wavy’, ’curly’, ’scurly’, ’swavy’ and ’double’. The default
value is deduced from the spin and color representations of the particle.

In addition, an instance of the Particle class can be declared with an arbitrary number
of optional attributes. Every attribute different from those presented above hence refers to
an integer number representing an extra additive quantum number associated with the model
under consideration.

As an example, an instance of the UFO Particle class describing the top quark could read,

t = Particle(

name = ’t’,

4The Parameter objects are imported by including at the beginning of the particles.py file the command
import parameters as Param, Param being a user-chosen name.
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antiname = ’t~’,

texname = ’t’,

antitexname = ’\\bar{t}’,

pdg_code = 6,

mass = Param.MT,

width = Param.WT,

spin = 2,

color = 3,

charge = 2/3,

line = ’straight’,

LeptonNumber = 0

)

t__tilde__ = t.anti()

The second command allows for the instantiation of the top antiquark in an automated fashion,
from the knowledge of the top quark properties. In the Python commands above, we have
introduced the parameters standing for the top mass and width MT and WT as well as an
additional quantum number defined by the attribute LeptonNumber.

3.2.4 Implementing the model parameters

All the parameters in a UFO model are collected as instances of the Parameter class
in the file parameters.py. As for the model description in FeynRules (see Section 3.1.4),
parameters are either external or internal, and, following the FeynRules conventions, the user
has to provide numerical values for external parameters and algebraic functions of the other
parameters for internal parameters.

Information on the name and on the external or internal nature of a parameter is provided
through the attributes name, texname and nature of the Parameter class. The first two
attributes take strings as values referring to the name of the parameter under a Python form
and a TEX form, respectively. The last attribute receives either the value ’external’ or the
value ’internal’ according to the nature of the parameter. The numerical values of external
parameters and the analytical formulas defining internal parameters are eventually provided
through the attribute value of the Parameter class.

As in Section 3.1.4, external parameters are organized in Les Houches blocks and counters
[174, 175]. The structure adopted for the model parameters is encoded via the two attributes
lhablock and lhacode of the Parameter class. The value of the attribute lhablock is a
string with the name of the block in which the parameter under consideration is stored, whilst
lhacode refers to a list of integer numbers related to the counter specifying the position of the
parameter within the block.

Finally, parameters can either be real or complex, which is specified by the attribute type

of the Parameter class, under the constraint that external parameters are always real numbers.
In contrast, internal parameters can be complex, type being set to the value ’complex’ in this
case.

All the attributes of the Parameter class described above are mandatory. We illustrate the
description of the parameter implementations with the same examples as in Section 3.1.4 and
present a possible UFO implementation for the strong coupling constant and its square over
4π,

aS = Parameter(
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name = ’aS’,

texname = ’\\alpha_s’,

nature = ’external’,

type = ’real’,

lhablock = ’SMINPUTS’,

lhacode = [3],

value = 0.118

)

G = Parameter(

name = ’G’,

texname = ’G’,

nature = ’internal’,

type = ’real’,

value = ’cmath.sqrt(4 * cmath.pi * aS)’

)

Let us note that it is mandatory that every internal parameter depends only on parameters
which have been previously declared.

In order to print out the numerical values of all the external parameters in an efficient way,
the model-independent file write param card.py contains the implementation of the class
ParamCardWriter. Calling from another Python module or from a Python interpreter

ParamCardWriter(’./param_card.dat’, qnumbers=True)

outputs a parameter file named param card.dat which follows the Les Houches block structure
encoded in the declaration of the external parameters of the model. The second argument spec-
ifies whether the QNUMBERS blocks with the quantum numbers of all the particles implemented
in the model [177] have to be included in the output. If set to True, the full set of masses and
widths, even if they are dependent parameters, are included.

Since most matrix-element generators have information on the Standard Model input pa-
rameters hard-coded, the latter must be correctly identified. We refer to Section 3.1.4 and
Section 3.1.8 for the FeynRules conventions that are also those followed by UFO models.

3.2.5 Implementing the interactions of the model

The vertices corresponding to the interactions included in a model are defined in the file
vertices.py using instances of the Vertex class. Their declaration relies on the expansion of
each vertex in a color ⊗ spin basis,

Va1...an,`1...`n(p1, . . . , pn) =
∑
i,j

Ca1...ani Gij L
`1...`n
j (p1, . . . , pn) , (3.2.1)

for the generic example of a n-point interaction. In the equation above, the variables pi denote
the four-momenta of the particles incoming to the vertex and Gij the coupling strengths. The

quantities Ca1...ani and L`1...`nj (p1, . . . , pn) are tensors in color and spin space5, respectively, and
together defines the mentioned color ⊗ spin basis. They can be shared by several vertices,
which reduces possible redundancies in a model implementation. This explains the term basis

5The terminology spin indices refers here to both Lorentz and Dirac indices.
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that has been employed above as well as the one of coordinates for the coupling strengths. As
an example, the QCD four-gluon vertex could be written as

(
fa1a2bfb

a3a4 fa1a3bfb
a2a4 fa1a4bfb

a2a3
)ig

2
s 0 0

0 ig2
s 0

0 0 ig2
s


 ηµ1µ4ηµ2µ3 − ηµ1µ3ηµ2µ4

ηµ1µ4ηµ2µ3 − ηµ1µ2ηµ3µ4

ηµ1µ3ηµ2µ4 − ηµ1µ2ηµ3µ4

 . (3.2.2)

The UFO format for vertex implementation mimics this structure by using different Python
objects to represent the vertex itself, the relevant Lorentz and color structures, as well as the
coupling strengths. Going on with the example of Eq. (3.2.2), its implementation read

V_1 = Vertex(

name = ’V_1’,

particles = [P.G,P.G,P.G,P.G],

color = [’f(1,2,-1)*f(-1,3,4)’,’f(1,3,-1)*f(-1,2,4)’,

’f(1,4,-1)*f(-1,2,3)’],

lorentz = [L.VVVV1,L.VVVV2,L.VVVV3],

couplings = {(0,0):C.GC_1,(1,1):C.GC_1,(2,2):C.GC_1}

)

where the particles, Lorentz tensors and coupling objects have been imported in vertices.py

as the objects P, L and C, respectively6.
The Vertex class comes with the five mandatory attributes shown in the example. First,

each vertex is identified by a string stored in the attribute name. Next, the attribute particles
contains a list with the particles incoming to the vertex, represented by the corresponding
Particle objects. The attributes color and lorentz respectively refer to lists with the color
and Lorentz tensor bases associated to the vertex under consideration, i.e., the quantities
Ca1...ani and L`1...`nj (p1, . . . , pn) of Eq. (3.2.1). The coordinates in the spin ⊗ color basis, i.e.,
the Gij quantities of Eq. (3.2.1), are also implemented as a list which is stored as the value
of the attribute couplings. This list is given as a Python dictionary relating the coordinate
(i, j) to a particular Coupling object.

As it can be observed in the example, each color tensor is given as a string representing
a polynomial combination of elementary color tensors. The UFO conventions7 for the latter
imply to use 1 for the trivial tensor, Identity(1,2) for the Kronecker delta δj̄2 i1 , T(1,2,3)
for a fundamental representation matrix

(
T a1
)̄3

i2 , f(1,2,3) for an antisymmetric structure
constant fa1a2a3 , d(1,2,3) for a symmetric structure constant da1a2a3 , Epsilon(1,2,3) for a
fundamental Levi-Civita tensor εi1i2i3 , EpsilonBar(1,2,3) for an antifundamental Levi-Civita

tensor εj̄1j̄2j̄3 and T6(1,2,3) for a sextet representation matrix
(
T a16

)β̄3
α2 . In addition, one is

allowed to employ sextet Clebsch-Gordan coefficients
(
K6

)
α1

j̄2j̄3 arising from the combination

of two generators of SU(3) lying in the fundamental representation as well as their conjugate

counterparts
(
K̄6

)β̄1
i2j3 . These coefficients are implemented as the objects K6(1,2,3) and

K6Bar(1,2,3), the conventions for sextet and antisextet representations of SU(3) following
those presented in Ref. [178]. All the UFO objects above take integer numbers as arguments
which refer to the position of the relevant particles in the list provided as the value of the

6This is achieved by including at the beginning of the vertices.py file the commands import particles as

P, import lorentz as L and import couplings as C.
7In this paragraph, in (αn) stands for triplet (sextet) color indices while j̄n (β̄n) denotes antitriplet (antisextet)

color indices; adjoint color indices are written as an. The symbol n is an integer number related to the nth particle
incoming to the vertex.
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particle attribute of the Vertex class. Repeated negative numbers also appear and are
related to contracted indices.

As illustrated in the four-gluon vertex implementation above, the lorentz attribute of the
Vertex class contains a list with the spin structures relevant for the vertex. The latter are
implemented as instances of the class Lorentz and are all declared in the lorentz.py file.
The three mandatory attributes of a Lorentz object are its name (stored as a string in the
attribute name), the list of spin states interacting at the vertex given under the 2s + 1 form
(stored in the attribute spins) and the Lorentz structure itself given as an analytical formula
(stored as a string in the attribute structure). For instance, the VVVV1 structure appearing
in the four-gluon vertex is implemented as

VVVV1 = Lorentz(

name = ’VVVV1’,

spins = [3,3,3,3],

structure = ’Metric(1,4)*Metric(2,3) - Metric(1,3)*Metric(2,4)’

)

In order to write down the structure, one can employ several tensors which are represented in
the UFO conventions8 by C(1,2) for the charge conjugation matrix Cs1s2 , Epsilon(1,2,3,4)
for the rank-four totally antisymmetric tensor εµ1µ2µ3µ4 , Gamma(1, 2, 3) and Gamma5(1,2)

for the Dirac matrices (γµ1)s2s3 and (γ5)s1s2 , Identity(1,2) for the Kronecker delta δs1s2 ,
Metric(1,2) for the Minkowski metric ηµ1µ2 , P(1,N) for the momentum of the N th particle
pµ1N , ProjP(1,2) and ProjM(1,2) for the right-handed and left-handed chirality projectors
[1 ± γ5)/2]s1s2 and Sigma(1,2,3,4) for the γµ1µ2s3s4 matrices. The arguments of these objects
follow the same conventions as those employed for the color tensors, negative indices standing
thus for contracted indices and any positive integer number i referring to the ith particle
incoming to the vertex.

Each coordinate in the spin ⊗ color basis in which the vertex is expanded is implemented
as a Coupling object, all these objects being all declared in the file couplings.py as internal
parameters. For instance, the coupling GC 1 appearing in the four-gluon vertex is implemented
as

GC_1 = Coupling(

name = ’GC_1’,

value = ’complex(0,1)*G**2’,

order = {’QCD’:2}

)

The attribute name is a string with the name of the Coupling object and value contains,
as a string, the algebraic expression of the coupling in terms of the model parameters. The
order attribute is related to the coupling orders (See Section 3.1.4). The value of this attribute
consists of a Python dictionary where the key of each entry is a string and its value a non-
negative integer. In the example above, this means that the GC 1 coupling is proportional to
two powers of the strong coupling.

Coupling orders are specified in the UFO by instances of the CouplingOrder class. All
the coupling orders that have to be implemented for a specific model are collected into the
file coupling orders.py. A CouplingOrder object has three attributes, its name given as a
string (name), the maximum number of occurrences of the coupling order for a specific Feynman

8In this paragraph, we denote by sn and µn spin and Lorentz indices, n being an integer number related to
the nth particle incoming to the vertex.
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diagram given as an integer number (expansion order), and its relative strength, compared
to the other coupling orders of the model given as an integer (hierarchy). For instance, the
declarations of the coupling orders QCD and QED read

QCD = CouplingOrder(name=‘QCD’, expansion_order=99, hierarchy=1)

QED = CouplingOrder(name=‘QED’, expansion_order=99, hierarchy=2)

where the value 99 of the attribute expansion order indicates that any number of QCD and
QED couplings are allowed in a Feynman diagram.

3.3 Implementing supersymmetric models in FeynRules

3.3.1 Calculations in superspace

As presented in Section 2.3, the N = 1 superspace is an extension of the ordinary spacetime
defined by adjoining a Majorana spinor (θα, θ̄

α̇) to the usual spacetime coordinates. These Weyl
fermions can be used within FeynRules through the symbols theta and thetabar

theta[alpha]↔ θα and thetabar[alphadot]↔ θ̄α̇

where, by conventions, both spin indices are assumed to be lower indices. The position of the
spin indices can be modified by employing the rank-two antisymmetric tensors as introduced in
Eq. (A.2.6). Levi-Civita tensors with lower and upper indices are implemented in FeynRules
as the objects Deps and Ueps, respectively, which can equivalently take left-handed or right-
handed indices.

In order not to loose minus signs in superspace computations, it is mandatory to keep track
of the position of the spin indices as well as of the fermion ordering. To this aim, Feyn-
Rules always assumes that an explicit spin index is a lower index. Moreover, the environment
nc[chain] has to be used, where chain stands for any ordered sequence of fermions (with lower
spin indices). As simple examples, scalar products such as those introduced in Eq. (A.2.7) could
be implemented as

λ·λ′ ↔ nc[lambda[a], lambdaprime[b]] Ueps[b,a]

χ̄·χ̄′ ↔ nc[chibar[bd], chibarprime[ad]] Ueps[bd,ad]

where (λ, λ′) and (χ̄, χ̄′) are two pairs of left-handed and right-handed Weyl fermions, respec-
tively. Even though the form of the scalar products above is the canonical form used inside the
code and not too complicated to implement, the situation becomes tricky when dealing with
longer, more complex, expressions. For this reason, the package contains an environment ncc

which has the same effect as the nc environment. However, all spin indices and ε-tensors can
be omitted,

λ · λ′ ↔ ncc[lambda, lambdaprime] and χ̄·χ̄′ ↔ ncc[chibar, chibarprime]

The code is assuming that all the suppressed indices are contracted according to the conven-
tions of Appendix A and outputs the results into their canonical form, employing rank-two
antisymmetric tensors and two-component spinors with lowered indices ordered within a nc

environment where relevant.
As a consequence of this canonical form, the Mathematica output for superspace ex-

pressions could be difficult to read, especially when the expressions are long. To bypass this
issue and facilitate the readability, invariant products of spinors can be formed. In particular,
products of the Grassmann variables θ and θ̄ can always be simplified using the relations of
Eq. (A.4.1). This is achieved in FeynRules with the help of the ToGrassmannBasis command,
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ToGrassmannBasis[expression]

where expression stands for any function of the superspace coordinates. This method allows
to rewrite any expression in terms of a restricted set of scalar products involving Grassmann
variables and Pauli matrices. In addition, the index naming scheme employed for the results
has been optimized, so that Mathematica expressions that are equal up to the names of
contracted indices, such as

Dot[theta[al], theta[al]] - Dot[theta[be], theta[be]]

are collected and summed9.
For instance, applying the ToGrassmannBasis function on the scalar product λ·λ′,

ToGrassmannBasis[ nc[lambda[sp1],lambdaprime[sp2]] Ueps[sp2,sp1] ]

leads to a Mathematica output very close to the original form. This simplification method
also works on spinorial and tensorial expressions containing non-contracted spin indices. In
this case, the results can contain upper or lower free indices. Each free index is either attached
to a single fermion or to a chain containing one fermion and a given number of Pauli matrices,
such as (σµσ̄νλ)α. Applying the ToGrassmannBasis function on such an expression,

ToGrassmannBasis[ nc[lambda[b]] * si[mu,a,ad] * sibar[nu,ad,b] ]

one obtains

nc[ TensDot2[si[mu,a,ad], sibar[nu,ad,b], lambda[b]][down,Left,a] ]

A chain with two Pauli matrices and the fermion has been formed and stored in a TensDot2

environment. This new environment follows the pattern

TensDot2[ chain ][pos, chir, name]

where chain is a sequence of one Weyl fermion and possibly one or several Pauli matrices, pos
is the up or down position of the free spin index, chir its dotted (Left) or undotted (Right)
nature and name the name of the free index.

The optimization of the index naming scheme can also be performed without forming scalar
products involving Grassmann variables. The standalone version of this method consistently
renames the indices of an expression and is called in FeynRules by issuing

OptimizeIndex[expression, list]

where list is an optional list of variables carrying indices to be included in the index renaming
procedure and that are neither fields nor model parameters.

The basis corresponding to the output of the ToGrassmannBasis function can also be used
to input superspace expressions. The rules for this format are the following. First, invariant
products of spinors, connected or not by one or several Pauli matrices, are written as

ferm1[sp1].ferm2[sp2] chain[sp1,sp2]

where the symbols ferm1 and ferm2 denote two Weyl fermions of the model. The quantity
chain stands for a series of Pauli matrices linking the spin indices sp1 and sp2, such as, e.g.,
si[mu,sp1,spd] sibar[nu,spd,sp2]. Trivially, in the case the two spin indices are equal, no
Pauli matrix is included. Next, the implementation of any fermionic expression carrying a free
spin index must employ both the nc environment and the TensDot2 structure, following the
syntax detailed above. In a second step, the implemented expressions can be converted to their
canonical form by employing the Tonc function,

9As the two terms represent different patterns in Mathematica, the cancellation does not take place.
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Tonc[ expression ]

We remind that converting expressions to their canonical form is mandatory to use any method,
described below, included in the superspace module of FeynRules.

3.3.2 Supercharges, superderivatives and supersymmetric transformations

The generators Qα and Q̄α̇ of the supersymmetric transformations and the superderivatives
Dα and D̄α̇ that have been computed in Section 2.3.1 and collected in Eq. (2.3.6) can be called
in FeynRules via the commands

QSUSY[expression,alpha]↔ Qα(expression) ,

QSUSYBar[expression,alphadot]↔ Q̄α̇(expression) ,

DSUSY[expression,alpha]↔ Dα(expression) ,

DSUSYBar[expression,alphadot]↔ D̄α̇(expression) .

For a proper treatment of the spin indices, all the indices appearing in the quantity expression

must be explicit and the environment nc has to be used. The only exception consists of the
single fermion case where the nc environment can be omitted since fermion ordering is trivially
irrelevant.

As presented in Chapter 2, the variation of a superfield under a supersymmetric transfor-
mation can be computed using the supercharges,

δεΦ = i
(
ε·Q+ Q̄·ε̄

)
Φ , (3.3.1)

where the Majorana spinor (ε, ε̄) stands for the transformation parameters. After replacing the
supercharges by their derivative representation and expanding the superfield equation above
in terms of the component fields, we can immediately read off the transformations laws the
component fields of Φ.

The operator δε is implemented via the DeltaSUSY function,

DeltaSUSY [ expression , epsilon ]

In this expression, the symbol expression is any polynomial function of superfields and/or
component fields while epsilon refers to the left-handed piece of the supersymmetric trans-
formation parameters, to be given without any spin index. There are ten of such parameters
predefined in the superfield module, labeled by epsx with x being an integer between zero and
nine. The output of the DeltaSUSY method is given as the full series expansion in terms of the
Grassmann variables.

3.3.3 Implementing and manipulating superfields in FeynRules

Since most of the phenomenologically relevant supersymmetric theories can be built with
only chiral and vector superfields (in the Wess-Zumino gauge), FeynRules allows for a very
efficient way of implementing these two types of superfield. Superfields are declared as instances
of the superfield class which are collected, in a model file, in the list M$Superfields,

M$Superfields = { superfield1=={options}, superfield2=={options}, ... };

where superfield1, superfield2, etc., are user-defined names for the declared superfield
classes and options contains Mathematica replacement rules with the properties defining
each superfield. As for particles, the syntax for the names is constrained. They start with the
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letters CSF or VSF for chiral and vector superfields, respectively, followed by a number chosen
by the user and put between squared brackets.

Superfields can be declared in FeynRules model files in a way similar to the one shown in
Section 3.1.5 for the ordinary fields. In order to illustrate the features associated with superfield
declaration, we take the examples of a left-handed chiral superfield ΦL, a right-handed chiral
superfield ΦR and a vector superfield ΦV . Their implementation in a FeynRules model file
reads

CSF[1] == { CSF[2] == { VSF[1] == {

ClassName -> PHIL, ClassName -> PHIR, ClassName -> PHIV,

Chirality -> Left, Chirality -> Right, GaugeBoson -> V,

Weyl -> psi, Weyl -> psibar, Gaugino -> lambda,

Scalar -> z, Scalar -> zbar Indices -> {Index[SU2W]}

Auxiliary -> FF

} } }

which results in the declaration of two chiral superfields labeled by the tags CSF[1] and CSF[2]

and of one vector superfield labeled by VSF[1]. The link to the symbol to be used when
employing such superfields in Lagrangian building or superspace computations is provided as
the value of the option ClassName, similarly to the declaration of normal fields. Moreover,
the chirality of chiral superfields is assigned through the value of the option Chirality of the
superfield class (being set to Left or Right).

Each superfield must also be related to its component fields. The fermionic and scalar
components of a chiral superfield are referred to as the value of the options Weyl and Scalar,
whilst the bosonic and gaugino components of a vector superfield are defined by setting the
options GaugeBoson and Gaugino to the name of the corresponding fields, all component fields
having been properly declared in the FeynRules model file (see Section 3.1.5). In contrast,
the declaration of the auxiliary fields is optional. If absent from the model implementation,
FeynRules takes care of it internally (as for the ΦR and ΦV superfields above), otherwise,
the user must set the value of the Auxiliary attribute of the superfield class referring to the
name of a non-physical scalar field (as for the ΦL superfield above).

In addition, all the other attributes available to all particle classes and reviewed in Sec-
tion 3.1.5, such as QuantumNumbers and Indices, can also be employed for superfield declara-
tions.

As already mentioned in Section 3.1.3, a vector superfield can be linked to a gauge group
through the option Superfield of the gauge group class which points towards the name of the
corresponding vector superfield, i.e., the symbol referred to by the ClassName attribute.

Superfield strength tensors could be implemented by hands by means of the superderiva-
tives, following their definitions of Eq. (2.4.19) and Eq. (2.4.30). However, FeynRules comes
with built-in functions dedicated to this task, that can be called in a Mathematica session as

SuperfieldStrengthL[ V, sp ] SuperfieldStrengthL[ VV, sp, ga ]

SuperfieldStrengthR[ V, spdot ] SuperfieldStrengthR[ VV, spdot, ga ]

The two methods of the first line allow to derive the left-handed superfield strength tensors
Wα and W a

α associated with abelian and non-abelian vector superfields denoted by V and VV,
respectively. In contrast, the last two methods are dedicated to the abelian and non-abelian
right-handed superfield strength tensors W α̇ and W

a
α̇. In the expressions above, the symbols sp

and spdot denote respectively an undotted and dotted spin index, while ga is an adjoint gauge
index relevant for non-abelian gauge groups. It is important to emphasize that these spinorial
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superfields are not hard-coded in FeynRules and are recalculated each time it is necessary.
However, the results of the SuperfieldStrengthL and SuperfieldStrengthR functions are
only evaluated at the time an expansion in terms of the component fields is performed.

In Section 2.3.3 and Section 2.3.4, we have worked out the expansion of chiral and vector
superfields as a series in the Grassmann variables. This can be automatically performed in
FeynRules via the SF2Components function,

SF2Components [ expression ]

This expands in a first step all the chiral and vector superfields appearing in the quantity
expression in terms of their component fields and the usual spacetime coordinates (in contrast
to the y-variable related to chiral superfields). Secondly, scalar products of Grassmann variables
are simplified and the expression is reduced to a human-readable form by internally calling the
ToGrassmannBasis function. During this procedure, representation matrices of the gauge Lie
algebra could appear, as for instance, when expanding vector superfields of the type V = V aTa,
Ta being such representation matrices and V a a set of vector superfields. If necessary, the
commutation relations between the generators are internally employed for simplifications.

The output of the SF2Components function consists of a two-component list of the form

{ Full series , List of the nine coefficients }

The first element of this list (Full series) consists of the full series expansion in terms of the
Grassmann variables. This could equivalently be obtained with the GrassmannExpand function,

GrassmannExpand [ expression ]

The second element of the list above is itself a list containing the nine coefficients of the series,
i.e., the scalar piece independent of the Grassmann variables, followed by the coefficients of the
θα, θ̄α̇, θσµθ̄, θ·θ, θ̄·θ̄, θ·θθ̄α̇, θ̄·θ̄θα and θ·θθ̄·θ̄ terms. Each of these could also be obtained us-
ing the dedicated functions ScalarComponent, ThetaComponent, ThetabarComponent, Theta-
ThetabarComponent, Theta2Component, Thetabar2Component, Theta2ThetabarComponent,
Thetabar2ThetaComponent and Theta2Thetabar2Component. A spin index can also be speci-
fied in the arguments of the functions related to fermionic coefficients and a Lorentz index for
ThetaThetabarComponent.

3.3.4 Automatic generation of supersymmetric Lagrangians

Several built-in functions are available in FeynRules for generating the Lagrangians as-
sociated with renormalizable supersymmetric theories given by Eq. (2.4.71) and Eq. (2.4.72).

The kinetic part of the Lagrangian describing the dynamics of a chiral superfield Φ (ne-
glecting for the moment its gauge interactions) can be implemented by means of the function
Theta2Thetabar2 introduced in Section 3.3.3,

Theta2Thetabar2Component[PHIbar PHI]

In this expression, PHI is the symbol representing the superfield Φ, assuming that it has been
correctly declared in the FeynRules model file. This Lagrangian is a direct translation in
the FeynRules language of the superfield Lagrangian given in Eq. (2.4.3). However, this
Lagrangian can also be automatically derived by employing the CSFKineticTerms function,

Theta2Thetabar2Component[ CSFKineticTerms[PHI] ]
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which automatically accounts, in addition, for the possible gauge interactions of the superfield
Φ. Since the CSFKineticTerms method returns a non-expanded superfield expression, the rel-
evant component field must be selected by applying the Theta2Thetabar2Component function
to its result. The full chiral Lagrangian is obtained by summing explicitly over all the chiral
content of the model under consideration, or by issuing the command

Theta2Thetabar2Component[ CSFKineticTerms[] ]

where CSFKineticTerms is called without any argument.
As stated in Chapter 2, the interactions among the chiral superfields are driven by the

superpotential. Implementing it in the FeynRules model under a variable that we label
by SuperPot in our example, we can derive the associated interaction Lagrangian shown in
Eq. (2.4.14) by employing the functions allowing to extract the θ · θ and θ̄ · θ̄ components of a
superfield object,

Theta2Component[SuperPot] + Thetabar2Component[HC[SuperPot]]

We now turn to the gauge sector of the supersymmetric Lagrangians. From the superfield
strength tensor implementation described in Section 3.3.3, we can easily build kinetic terms for
vector superfields. However, this can also be done in an automated way by issuing

Theta2Component[VSFKineticTerms[V]] + Thetabar2Component[VSFKineticTerms[V]]

where V stands for a vector superfield properly declared in the model file. As for the CSF-

KineticTerms function, VSFKineticTerms does not perform any expansion in terms of the
Grassmann variables. Therefore, the Theta2Component and Thetabar2Component routines
have to be employed to get the super-Yang-Mills Lagrangian of Eq. (2.4.38) or the supersym-
metric abelian vector Lagrangian of Eq. (2.4.39). Similarly to the automatic generation of
the complete chiral Lagrangian, issuing VSFKineticTerms without any argument leads to the
derivation of kinetic and gauge interaction terms for all the vector superfields defined in the
model.

To summarize, generating a Lagrangian density for a supersymmetric model in FeynRules
is reduced to the task of defining the superpotential SuperPot in terms of the superfield content.
The full (supersymmetric) Lagrangian can then be calculated as

LC=Theta2Thetabar2Component[CSFKineticTerms[]];

LV=Theta2Component[VSFKineticTerms[]]+Thetabar2Component[VSFKineticTerms[]];

LW=Theta2Component[SuperPot]+Thetabar2Component[HC[SuperPot]];

Lag = LC + LV + LW;

The Lagrangian density obtained in this way however still depends on the auxiliary F -
fields and D-fields that have to eliminated by inserting in the Lagrangian the solution of their
equations of motion. This can be automatically performed via the functions SolveEqMotionD

and SolveEqMotionF,

Lag = SolveEqMotionF[SolveEqMotionD[Lag]];

where Lag is the Lagrangian calculated above.
Finally, in order to pass the Lagrangian to the FeynmanRules function presented in Sec-

tion 3.1.7 or to use the interfaces to Monte Carlo event generators (see Section 3.1.8), the La-
grangian has still to be re-expressed in terms of four-component Dirac and Majorana fermions
rather than in terms of two-component fermions. As already mentioned in Section 3.1.6, this
step is automated and it is sufficient to type
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Lag = WeylToDirac[ Lag ];

However, a subtlety occurs for the QCD gauge group because of the reserved names of the
color indices. We refer to a specific example as the implementation of the MSSM which is
detailed in Section 6.2.1 or in Ref. [76]. Other examples of non-minimal supersymmetric model
implementations can be found in Ref. [77].

3.4 Supersymmetric transformations

3.4.1 Variation of chiral superfields

In this section, we present a first example of the usage of FeynRules for calculations in
superspace. We address a detailed computation of the variation δεΦ of a left-handed chiral
superfield Φ under a supersymmetry transformation of parameters (ε, ε̄). This superfield is
declared in the FeynRules model file as

CSF[1] == {

ClassName -> PHI,

Chirality -> Left,

Weyl -> psi,

Scalar -> z,

Auxiliary -> F

}

according to the rules presented in Section 3.3.3. Moreover, we remind that this declaration
must be included in the list M$Superfields containing all the superfields of the model. The
scalar, fermionic and auxiliary components of Φ, denoted by z (z), ψ (psi) and F (F), are
declared within the list M$ClassesDescription, as explained in Section 3.1.5. Following the
standard syntax for declaring fields, we have

S[1] == {

ClassName -> F,

SelfConjugate -> False,

Unphysical -> True

}

S[2] == {

ClassName -> z,

SelfConjugate -> False

}

W[1] == {

ClassName -> psi,

SelfConjugate -> False,

Chirality -> Left

}

The easiest way to proceed with the computation of the variations of the components of
the superfield Φ under a supersymmetric transformation is to employ the DeltaSUSY function
introduced in Section 3.3.2. As stated above, this function admits two types of arguments, either
a polynomial function of the model superfields or an expression depending on the Grassmann
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Figure 3.1: Screenshot of a Mathematica session where the variations under a supersym-
metric transformation of parameters (ε1, ε̄1) of the component fields of a chiral superfield are
computed. We refer to the text for more details.

variables and the component fields. Therefore, the variation δεΦ can be calculated by issuing
equivalently one of the two commands,

DeltaPHI = DeltaSUSY[ PHI , eps1 ]

DeltaPHI = DeltaSUSY[ Tonc[GrassmannExpand[PHI]] , eps1 ]

where we have employed one of the ten predefined Weyl fermions of the form epsx for the
transformation parameters. The variation of the scalar, fermionic and auxiliary component
fields are deduced from the lower order coefficients of the series in the Grassmann variables,

ScalarComponent[ Tonc[DeltaPHI] ]

ThetaComponent[ Tonc[DeltaPHI], alpha]/Sqrt[2]

Theta2Component[ Tonc[DeltaPHI] ]/(-1)

where the numerical denominators are related to the normalization conventions for chiral su-
perfields (see Eq. (2.3.15)). The function Tonc is necessary as the XXXXComponent methods
require their arguments to be expressed in the canonical form. Furthermore, the explicit alpha
index included in the second command ensures that the free spin index of the θ-component of
δεΦ is denoted by alpha in the Mathematica output. We recover the well-known textbook
expressions,

δεz =
√

2ε·ψ ,

δεψα = −
√

2εαF − i
√

2
(
σµε̄

)
α
∂µz ,

δεF = − i
√

2∂µψσ
µε̄ = −i

√
2∂µ
[
ψσµε̄

]
,

(3.4.1)

where for the last equality, we remind that the transformation parameters are constant. These
formulas can be compared to the expressions obtained with FeynRules that are illustrated
in Figure 3.1. In Section 2.4, we have mentioned that the θ · θ term of a chiral superfield
can be used as a Lagrangian candidate since it is invariant, up to a total derivative, under
supersymmetric transformations. This statement is proved above, since δεF is exactly a total
derivative.
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3.4.2 Variation of general superfields

As a second example, we perform the same exercise as in Section 3.4.1 but in the case of
general superfields. There is no dedicated function in FeynRules to get the expansion of
such superfields in terms of the Grassmann variables so that we have to implement it directly
in the Mathematica session. In our example, we consider a general superfield represented
by the symbol Phi and use the ncc environment presented in Section 3.3.1 to facilitate its
implementation,

Phi = z + ncc[theta, xi] + ncc[thetabar, zetabar] + ncc[theta, theta] F +

ncc[thetabar, thetabar] G + ncc[theta, si[mu], thetabar] v[mu] +

ncc[thetabar, thetabar] ncc[theta, omega] +

ncc[theta, theta] ncc[thetabar, rhobar] +

ncc[theta, theta] ncc[thetabar, thetabar] d

The names and symbols related to the component fields follow those of Eq. (2.3.8), and the list
M$ClassesDeclaration accordingly contains

V[1] == {ClassName -> v, SelfConjugate->True}

W[1] == {ClassName->zeta, Chirality->Left, SelfConjugate->False}

W[2] == {ClassName->xi, Chirality->Left, SelfConjugate->False}

W[3] == {ClassName->omega, Chirality->Left, SelfConjugate->False}

W[4] == {ClassName->rho, Chirality->Left, SelfConjugate->False}

S[1] == {ClassName->z, SelfConjugate->False}

S[2] == {ClassName->F, SelfConjugate->False}

S[3] == {ClassName->G, SelfConjugate->False}

S[4] == {ClassName->d, SelfConjugate->False}

The variation of the general superfield under a supersymmetric transformation of parame-
ters (ε, ε̄) is computed as in the previous section,

DeltaPhi = DeltaSUSY[ Phi , eps1 ]

Extracting the nine component fields by means of the XXXXComponent[DeltaPhi] commands,
one gets the textbook expressions

δz = ε·ξ + ε̄·ζ̄ ,
δξα = 2fεα +

(
σµε̄

)
α

(
vµ − i∂µz

)
,

δζ̄α̇ = 2gε̄α̇ −
(
σ̄µε

)α̇(
vµ + i∂µz

)
,

δvµ = − i

2
ε·∂µξ − εσνµ∂νξ +

i

2
ε̄·∂µζ̄ − ε̄σ̄νµ∂ν ζ̄ + ωσµε̄+ εσµρ̄ ,

δf =
i

2
∂µξσ

µε̄+ ε̄·ρ̄ ,

δg = − i

2
εσµ∂µζ̄ + ε·ω ,

δωα = − i
(
σµε̄

)
α
∂µg +

i

2
εα∂µv

µ − i

2

(
σµνε

)
α
F 0
µν + 2εαd ,

δρ̄α̇ = i
(
εσµ

)
α̇
∂µf −

i

2
ε̄α̇∂µv

µ − i

2

(
ε̄σµν

)
α̇
F 0
µν + 2ε̄α̇d ,

δd =
i

2
∂µωσ

µε̄− i

2
εσµ∂µρ̄ ,=

i

2
∂µ
[
ωσµε̄− i

2
εσµρ̄

]
,

(3.4.2)
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where F 0
µν is the derivative part of the field strength tensor,

F 0
µν = ∂µvν − ∂νvµ . (3.4.3)

The variation of the D-term proves the statement that the highest-order component field of a
general superfield is a good candidate for a supersymmetric Lagrangian (see Section 2.4) since
it transforms as a total derivative under supersymmetric transformations.

3.4.3 Vector superfields in the Wess-Zumino gauge

In this section, we apply the results of the previous section to the general vector superfield
of Eq. (2.3.17), considering only the non-abelian case since the abelian limit can be easily
derived. Switching to notations and normalization conventions of Section 2.3.4, the variations
of the component fields are directly read from Eq. (3.4.2). Adopting the Wess-Zumino gauge
where the component fields Ca, (χa, χ̄a), fa and ga10 vanish, one observes that these five fields
transform as

Ca = 0→ Ca′ = Ca + iε·χa + iε̄·χ̄a = 0 ,

χaα = 0→ χa′α = χaα + faεα − i
(
σµε̄

)
α

(
vaµ − i∂µCa

)
= −i

(
σµε̄

)
α
vaµ ,

χ̄aα̇ = 0→ χ̄a′α̇ = χ̄aα̇ + fa†ε̄α̇ − i
(
σ̄µε

)α̇(
vaµ + i∂µC

a
)

= −i
(
σ̄µε

)α̇
vaµ ,

fa = 0→ fa′ = fa + i∂µχ
aσµε̄+ 2ε̄·

(
λ̄a − i

2
σ̄µ∂µχ

a
)

= 2ε̄·λ̄a ,

fa† = 0→ fa′† = fa† − iεσµ∂µχ̄a + 2ε·
(
λa − i

2
σµ∂µχ̄

a
)

= 2ε·λa .

(3.4.4)

The Wess-Zumino gauge is thus not supersymmetric as not preserved by supersymmetric trans-
formations. In Section 2.3.4, we have also motivated the use of vector superfields in the Wess-
Zumino gauge instead of general vector superfield by the argument that the component fields
(λ, λ̄), v and D are transforming into each other under supersymmetric transformations. This
is true according to Eq. (3.4.2) since in the notations of Eq. (2.3.17), we have

λaα → λa′α = λaα − i(σµνε)α F 0a
µν + iεαD

a ,

λ̄aα̇ → λ̄a′α̇ = λ̄aα̇ + i(ε̄σ̄µν)α̇F
0a
µν − iε̄α̇Da ,

vaµ → va′µ = vaµ − iλaσµε̄+ iεσµλ̄
a ,

Da → Da′ = Da + ∂µλ
aσµε̄+ εσµ∂µλ̄

a = Da + ∂µ
[
λaσµε̄+ εσµλ̄a

]
,

(3.4.5)

where F 0a
µν denotes the derivative terms of the non-abelian field strength tensor. However,

vector superfields are closely related to gauge transformations, and in order to preserve the
Wess-Zumino gauge, it is necessary to accompany supersymmetry transformations by gauge
transformations. From Eq. (2.4.29), the variation of a vector superfield δgΦ

a
V under a gauge

transformation reads

δgΦ
a
V = −i(Λa − Λa†)− gfbcaΦb

V (Λc + Λc†) , (3.4.6)

where Λ is the (superfield) transformation parameter. We now use FeynRules to show that
fixing

Λa = −iθσµε̄vaµ + θ ·θ ε̄·λ̄a , (3.4.7)

allows to restore the Wess-Zumino gauge.

10We make the gauge indices explicit.
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First, we assume that the non-abelian vector superfield ΦV and its component fields λ, v
and D have been properly declared, as shown in Section 3.1.5 and Section 3.3.3. Moreover,
the gauge group associated to ΦV , as well as the related adjoint gauge index and the struc-
ture constants fbc

a, must also have been declared following the syntax of Section 3.1.2 and
Section 3.1.3. Finally, the coupling constant has to be added to the list of parameters, as
presented in Section 3.1.4.

Then, we associate the symbol LAM to the superfield Λ of Eq. (3.4.7). Its implementation
in FeynRules reads

LAM[a_] := -I ncc[theta,si[mu],eps1bar] V[mu, a] +

ncc[theta,theta] ncc[eps1bar,lambdabar[a]];

where as in the beginning of this section, we employ the predefined spinor eps1 for the trans-
formation parameters and the ncc environment to handle the canonical form of the superspace
expressions. The variation under a gauge transformation is finally computed as

deltag := -I (LAM[a]-HC[LAM[a]]) - g f[b,c,a] PHIV[b] (LAM[c]+HC[LAM[c]])

assuming that the vector superfield, the structure constants and the coupling strength related
the gauge group are represented by the symbols PHIV, f[a,b,c] and g. Expanding this ex-
pression in terms of the Grassmann coordinates,

GrassmannExpand[deltag]

one gets

δgΦ
a
V = − θσµε̄vaµ + θ̄σ̄µεvaµ − iθ ·θλ̄a ·ε̄+ iθ̄ ·θ̄λa ·ε− gfbcaθ̄ ·θ̄θσµνεvbµvcν

+ igfbc
aθ ·θθ̄σ̄µν ε̄vbµvcν +

1

2
gfbc

avcµ
[
εσµλ̄b + λbσµε̄

] (3.4.8)

Merging this result with the normalization of the fields introduced in Eq. (2.3.17) and the
variations of Eq. (3.4.4) and Eq. (3.4.5), one obtains

Ca = Ca′ = χaα = χa′α = χ̄aα̇ = χ̄a′α̇ = fa = fa′ = fa† = fa′† = 0 , (3.4.9)

which effectively restores the Wess-Zumino gauge. In addition, the variation of the components
of the vector supermultiplet of Eq. (3.4.5) are now covariant with respect to gauge transforma-
tions,

λaα → λa′α = λaα − i(σµνε)α F aµν + iεαD
a ,

λ̄aα̇ → λ̄a′α̇ = λ̄aα̇ + i(ε̄σ̄µν)α̇F
a
µν − iε̄α̇Da ,

vaµ → va′µ = vaµ − iλaσµε̄+ iεσµλ̄
a ,

Da → Da′ = Da +Dµ

[
λaσµε̄+ εσµλ̄a

]
,

(3.4.10)

where F aµν is the standard non-abelian field strength tensor and Dµλ
a and Dµλ̄

a the covariant
derivatives in the adjoint representation given in Eq. (2.4.34).

We achieve this section by considering the variations of the chiral superfield of Section 3.4.1
under a joint supersymmetric and gauge transformation. At the infinitesimal level, Eq. (2.4.45)
reads

δgΦ = −2igΛaTaΦ . (3.4.11)

This can be implemented in FeynRules as
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dgphi[i_] := -2 I g LAM[a] T[a,i,j] PHI[j]

where we assume that the superfield Φ lies in a representation of the gauge group spanned by
the matrices Ta

11. Extracting the scalar, fermionic and auxiliary coefficients of the chiral super-
field δgΦ by means of the functions XXXXComponent and introducing appropriate normalization
factors, one gets

δgz = 0 ,

δgψα = −
√

2g
(
σµε̄

)
α
vaµ
(
Taz
)
,

δgF = 2ig
(
Taz
)
λ̄a ·ε̄−

√
2g
(
Taψ

)
σµε̄vaµ .

(3.4.12)

Combining these results with those of Eq. (3.4.1), the variations of the component fields of a
chiral superfield under the composition of a gauge and a supersymmetric transformation are
now gauge covariant,

δεz =
√

2ε·ψ ,

δεψα = −
√

2εαF − i
√

2
(
σµε̄

)
α
Dµz ,

δεF = − i
√

2Dµ

[
ψσµε̄

]
+ 2ig

(
Taz
)
λ̄a ·ε̄ ,

(3.4.13)

which recovers well-known textbook results. We recall that the covariant derivatives of the
scalar and fermionic fields, automatically expanded in FeynRules, are given by Eq. (2.4.58).

3.5 Non-renormalizable supersymmetric model building

In this section, we give an additional example to illustrate the power of FeynRules for
superspace calculations by computing the Kähler potential of Eq. (2.4.6). We start with the
declaration of two sets of indices, denoted by II and JS, related to chiral and antichiral super-
fields, respectively,

IndexRange[Index[II]] = Range[12]; IndexRange[Index[JS]] = Range[12];

where the ranges of these indices are arbitrary since irrelevant for the following. We then
include in M$ClassesDescription two sets of component fields associated with these indices,

W[1] == {ClassName->psiL, Chirality->Left, SelfConjugate->False,

Indices->{Index[II]}}

W[2] == {ClassName->psiR, Chirality->Left, SelfConjugate->False,

Indices->{Index[JS]}}

S[1] == {ClassName->phiL, SelfConjugate->False, Indices->{Index[II]}}

S[2] == {ClassName->phiR, SelfConjugate->False, Indices->{Index[JS]}}

S[3] == {ClassName->FL, SelfConjugate->False, Unphysical->True,

Indices->{Index[II]}}

S[4] == {ClassName->FR, SelfConjugate->False, Unphysical->True,

Indices->{Index[JS]}}

and we omit the declaration of the corresponding chiral and antichiral superfields Φi and Φ†i∗
as not necessary for our scope. Since these fields are all members of chiral (and not antichiral)

11The superfield Φ now carries gauge indices. We omit all details about the corresponding modifications of
the model file for brevity. Information can be found in the previous sections.
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supermultiplets, the Hermitian conjugate of the fields carrying a starry index JS have to be
further used.

The Kähler potential is defined from the left-handed and right-handed chiral superfields
W I(Φ) and WI(Φ

†) of Eq. (2.4.5). These two superfields are declared in the M$Superfields

list,

CSF[1] == { ClassName->WISF, Chirality->Left, Weyl->psWL, Scalar->phWL,

Auxiliary->FWL}

CSF[2] == { ClassName->WISFbar, Chirality->Right, Weyl->psWR, Scalar->phWR,

Auxiliary->FWR}

where their component fields have been declared in M$ClassesDescription,

W[3] == {ClassName->psWL, Chirality->Left, SelfConjugate->False}

W[4] == {ClassName->psWR, Chirality->Right, SelfConjugate->False}

S[5] == {ClassName->phWL, SelfConjugate->False}

S[6] == {ClassName->phWR, SelfConjugate->False}

S[7] == {ClassName->FWL, SelfConjugate->False, Unphysical->True}

S[8] == {ClassName->FWR, SelfConjugate->False, Unphysical->True}

To get the correct expansion of the Kähler potential in terms of the Grassmann variables,
these fields have to be further replaced by the relevant expressions. These replacement rules
require the declarations as parameters of the functions of the scalar fields W I and WI and their
derivatives. They are included in the M$Parameters list,

WI == { TeX->Superscript[W,"I"] }

DWI == { TeX->Superscript[W,"I"], Indices->{Index[II]} }

DDWI == { TeX->Superscript[W,"I"], Indices->{Index[II], Index[II]}}

WIbar == { TeX->Subscript[W,"I"] }

DWIbar == { TeX->Subscript[W,"I"], Indices->{Index[JS]} }

DDWIbar == { TeX->Subscript[W,"I"], Indices->{Index[JS], Index[JS]}}

Consequently, the replacement rules for the component fields associated with the chiral super-
field W I , being implemented following a standard Mathematica syntax, read

rules := {

del[del[phWL,mu_],mu_] :> Module[{ii,jj}, DDWI[ii,jj] del[phiL[ii],mu] *

del[phiL[jj], mu] + DWI[ii] del[del[phiL[ii],mu],mu]],

del[phWL,mu_] :> Module[{ii}, DWI[ii] del[ phiL[ii], mu]],

phWL -> WI,

del[psWL[sp_], mu_] :> Module[{ii,jj}, del[psiL[sp,ii],mu] DWI[ii] +

psiL[sp,ii] del[phiL[jj],mu] DDWI[ii,jj]],

psWL[sp_] :> Module[{ii}, psiL[sp,ii] DWI[ii]],

FWL :> Module[{ii,jj}, FL[ii] DWI[ii] + 1/2 ncc[psiL[ii],psiL[jj]] *

DDWI[ii,jj]]

}

The rules associated with the antichiral superfield WI being similar, they are omitted from the
present document for brevity12.

We are now ready to compute the Kähler potential, by simply issuing in a Mathematica
session

12We however remind, as stated above, to employ Hermitian conjugate fields in the right-hand side of the
rules.
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kahler = GrassmannExpand[WISFbar WISF];

kahler = Tonc[kahler]/.rules;

kahler = Expand[kahler];

The first command above gives a rather long expression not yet depending on the Kähler
potential and its derivatives. We choose to get back to the nc environment by means of the Tonc
function (see Section 3.3.1) before applying the replacement rules in the second command. This
allows to avoid the Mathematica Dot environment, explicitly removed by the Tonc method,
which could lead to expansion issues when replacing the fermionic components of the WI and
W I superfields by their correct expressions.

In order to map the products of derivatives of the (scalar) function W I and WI , a second
set of standard Mathematica replacement rules has to be applied on the result,

{WI WIbar->K[{},{}], WIbar*DDWI[i__]->K[{i},{}], WIbar*DWI[i__]->K[{i},{}],

WI*DDWIbar[i__]->K[{},{i}], WI*DWIbar[i__]->K[{},{i}],

DDWIbar[j__]*DDWI[i__]->K[{i},{j}], DWIbar[j__]*DDWI[i__]->K[{i},{j}],

DDWIbar[j__]*DWI[i__]->K[{i},{j}], DWIbar[j__]*DWI[i__]->K[{i},{j}]}

In the commands above, we have introduced a function K taking two lists as arguments, the
first one being related to derivation operations with respect to the chiral fields and the second
one to those associated with the antichiral fields. It can be checked that the results match the
one presented in Eq. (2.4.6), after having expanded all the covariant derivatives included in
this equation as given by Eq. (2.4.10) and employed the definitions of Eq. (2.4.7). Moreover,
the Mathematica output readability can be improved by adding the formatting rule

Format[K[{ii___},{jj___}]]:=Subsuperscript[K, StringJoin@@(ToString/@{ii}),

StringJoin@@(ToString/@{jj})]
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Chapter 4

Supersymmetry breaking

Since not a single superpartner with the mass of its Standard Model counterpart has been
observed up to now, supersymmetry must be broken. We present in this chapter the main
features of supersymmetry breaking and detail the most studied mechanisms.

4.1 Supersymmetry breaking: general features

4.1.1 Motivations for softly broken supersymmetric theories

For many years, the Standard Model of particle physics [1, 2, 3, 4, 5, 6, 7, 8, 9, 10] has passed
impressively all experimental tests. Only the mechanism of electroweak symmetry breaking and
the one of generation of mass have for a long time remained unsolved questions. Those two
issues are however presently addressed by the general-purpose experiments ATLAS and CMS
at the LHC, since both experiments have observed a new neutral scalar particle that seems
compatible with a Standard-Model-like Higgs boson [11, 12]. However, despite of the success
of the Standard Model, many fundamental questions remain unanswered.

One of the most infamous conceptual problem of the Standard Model lies in the non-
explained large hierarchy between the electroweak scale and the Planck scale. The latter lying
orders of magnitude away from the weak scale, the mass of any fundamental scalar field, and
in particular, the one of the new state observed by the ATLAS and CMS experiments, is found
to be drastically affected by quantum corrections. Furthermore, many questions arise from
the complicated structure of the SU(3)c × SU(2)L ×U(1)Y Standard Model gauge group. For
instance, there is no fundamental reason for the chosen representation of the matter fields
and this choice additionally implies the non-unification of the gauge coupling constants at high
energies. Moreover, the Standard Model does not provide a mechanism for neutrino oscillations
or a candidate particle to account for the presence of dark matter in the universe. As last
examples, one can also state that it also does not motivate the non-vanishing cosmological
constant, does not provide an explanation for the strong CP -problem and does not include
gravity.

Over the last decades, large classes of theories have been proposed in order to extend the
Standard Model and address one or several of its open issues. Among all these new physics
theories, we focus in this work on supersymmetry, a particularly appealing extension of the
Standard Model as theoretically well-motivated (see Chapter 2). Supersymmetry is known to
solve the hierarchy problem by the introduction of the superpartners of the Standard Model
degrees of freedom. Their presence also leads to a modification of the renormalization group
equations driving the evolution of the gauge coupling constants between two energy scales,



76 Chapter 4 - Supersymmetry breaking

allowing for supersymmetry to tackle the problem of the unification of the gauge couplings at
high energies. Many supersymmetric models contain, in addition to gauge symmetries, extra
discrete symmetries that typically render the lightest supersymmetric particle stable, which
can then be seen as a viable dark matter candidate. Finally, local supersymmetry, also known
as supergravity, provides a possible way to include gravity next to the other interactions.

Even if supersymmetry is very attractive both from the theoretical and phenomenological
points of view, we have shown in Section 2.2.2 that all the components of a given supermultiplet
have the same mass. However, not a single supersymmetric partner of the Standard Model
particles has been observed so far, especially at the LHC [42, 43, 179]. In particular, no hint
for a scalar electron with a 511 keV mass or for a very light scalar quark of a few MeV has
been found. Therefore, supersymmetry cannot be an exact symmetry of nature and building
phenomenologically viable supersymmetric models requires to break supersymmetry at low
energies. In order to remain a viable solution to the hierarchy problem, this breaking is required
to be soft, yielding supersymmetric masses around the TeV scale that are thus reachable at the
LHC.

We dedicate the rest of this section to a presentation of the general properties of super-
symmetry breaking, while three of the most studied mechanisms implying soft supersymmetry
breaking are briefly reviewed in Section 4.2. For all those mechanisms, supersymmetry breaking
generally occurs at a higher scale where some organizing relations among the model parameters
hold. In contrast, the current particle physics experimental program is designed to probe a
much lower scale, the electroweak scale, so that associated phenomenological works require to
evolve those parameters down to the electroweak scale. This evolution is controlled by highly
coupled differential equations, the supersymmetric renormalization group equations, that we
present in Section 4.3.

4.1.2 The Goldstone theorem for supersymmetry

As for any symmetry, supersymmetry is spontaneously broken under the condition that the
vacuum state |Ω〉 is not invariant under supersymmetry transformations. In other words, the
action of the supercharges on the vacuum state obeys to

Qα|Ω〉 6= 0 and Q̄α̇|Ω〉 6= 0 . (4.1.1)

From the energy operator P 0 and the superalgebra of Eq. (2.1.37), one can derive a constraint
on the energy E of the vacuum state,

〈Ω|E|Ω〉 = 〈Ω|P 0|Ω〉 =
1

4

〈
Ω
∣∣∣{Q1, Q

†
1

}
+
{
Q2, Q

†
2

}∣∣∣Ω〉
=

1

4

[∣∣∣∣Q1|Ω〉
∣∣∣∣+

∣∣∣∣Q2|Ω〉
∣∣∣∣+

∣∣∣∣Q†1|Ω〉∣∣∣∣+
∣∣∣∣Q†2|Ω〉∣∣∣∣] 6= 0 ,

(4.1.2)

so that E is non-vanishing on the basis of Eq. (4.1.1). Moreover, a norm being positively
defined, the energy, being equal to the sum of four norms, is thus positive too.

Considering the vacuum state, the Hamiltonian P 0, as the Lagrangian L, is reduced to
the scalar potential V . Therefore, the vacuum expectation value of the potential is positively
defined, 〈V 〉 > 0, as shown in Eq. (4.1.2) and the scalar potential gets a non-trivial minimum.
To investigate under which conditions this minimum is reached, we start from the solutions of
the equations of motion for the auxiliary fields given in Eq. (2.4.67). In the limit of a renor-
malizable theory1, these solutions become, after accounting for Eq. (2.4.68) and the properties

1From now on and in the rest of this document, we only focus on renormalizable theories, unless stated
otherwise.
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of the Kähler metric of Eq. (2.4.8),

F i = W ?i , F †i = Wi and Da = gφ†i
(
T aφ

)i
. (4.1.3)

In our theoretical setup, we construct a generic supersymmetric theory describing the dynamics
of a set of chiral superfield {Φi} in interaction. The scalar, fermionic and auxiliary component
fields of these superfields are denoted by φi, ψi and F i, respectively, as in Chapter 2. More-
over, we also recall our conventions for the shorthand notations employed for the first-order
derivatives of the superpotential W (and those of the Hermitian conjugate function W ?) that
appear in Eq. (4.1.3),

Wi ≡
∂W (φ)

∂φi
and W ?i ≡ ∂W ?(φ†)

∂φ†i
. (4.1.4)

Finally, the matrices Ta, on which depend the solutions of the equations of motion for the
D-fields, are representation matrices of the gauge group associated with the representation in
which the scalar fields φi and φ†i lie, and as usual, the coupling constant of the gauge group is
denoted by g. Inserting Eq. (4.1.3) in the Lagrangian of Eq. (2.4.71), the scalar potential V
can be rewritten exclusively in terms of the auxiliary fields,

V = F iF †i +
1

2
DaDa . (4.1.5)

As stated above, the vacuum expectation value of the scalar potential is positive, 〈V 〉 > 0.
From the results of Eq. (4.1.5), supersymmetry is thus broken in the case at least one of the
auxiliary fields gets a non-vanishing vacuum expectation value.

The minimization conditions for the scalar potential imply that the first-order derivatives
of V with respect to the scalar fields vanish at the minimum,

0 =

〈
∂V

∂φj

〉
=

〈
F i
∂F †i
∂φj

+Da∂D
a

∂φj

〉
=
〈
F iWij + gDa(φ†Ta)j

〉
∀j , (4.1.6)

where the equalities are derived after inserting the solutions of the equations of motion for the
auxiliary fields of Eq. (4.1.3) in the expression of the scalar potential of Eq. (4.1.5) . Additional
information can be obtained from the fact that superpotential is a gauge-invariant quantity.
Consequently, its variation under a gauge transformation vanishes,

0 = δωW
? = W ?iδωφ

†
i = F i

[
igωa(φ†Ta)i

]
, (4.1.7)

where ωa are the transformation parameters. In order to derive this last result, we have used
the equation of motions for the auxiliary F -field and we recall that, at the infinitesimal level,
the scalar fields transform as

φi → φi − igωa
(
Taφ

)i
and φ†i → φ†i + igωa

(
φ†Ta

)
i
. (4.1.8)

The two conditions of Eq. (4.1.6) and Eq. (4.1.7) can be collected into a single matrix equation
characterizing the vacuum state,(

〈Wij〉 〈gφ†k(Ta)
k
j〉

〈gφ†k(Ta)
k
i〉 0

)(
〈F i〉
〈Da〉

)
=

(
0

0

)
. (4.1.9)
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We now investigate the fermionic sector, and in particular the mass matrices resulting from
the spontaneous breaking of supersymmetry. The interaction terms of the Lagrangian yielding
fermionic mass terms, that we denote by Lψint, can be extracted from Eq. (2.4.71),

Lψint = −1

2
Wijψ

i ·ψj −
√

2igφ†i (Ta)
i
jψ

j ·λa + h.c. . (4.1.10)

Shifting the scalar fields with respect to their vacuum expectation values then generates the
mass terms

Lψmass = −1

2

(
ψj

√
2iλa

)α( 〈Wij〉 〈gφ†k(Tb)
k
j〉

〈gφ†k(Ta)
k
i〉 0

)(
ψi√
2iλb

)
α

+ h.c. . (4.1.11)

Using the minimization conditions of Eq. (4.1.9), we observe that the fermionic field defined by

|ψG〉 =

√
2

2
〈F †i 〉 |ψ

i〉+
i

2
〈Da〉 |λa〉 (4.1.12)

is massless.

The prediction of the existence of such a massless field, dubbed a goldstino, consists of the
Goldstone theorem for supersymmetry. When supersymmetry is spontaneously broken, the
scalar potential is minimum for a configuration in which at least one of the auxiliary fields gets
a non-vanishing vacuum expectation value 〈F i〉 or 〈Da〉 and the particle spectrum consequently
contains a massless fermionic state ψG defined by Eq. (4.1.12) [39, 94].

4.1.3 Properties of the goldstino field

As explained in the previous section, spontaneous supersymmetry breaking predicts the
existence of a massless (Majorana) fermion, the goldstino. The interactions of such a field
with the rest of the particle spectrum can be derived from the conservation of the Nœther
current. We recall that the current is defined from the variation of the Lagrangian L under a
supersymmetry transformation, as shown in Eq. (2.1.5),

δεL = ∂µK
µ = ∂µ

[
∂L

∂
(
∂µX

)δεX] , (4.1.13)

where the quantity Kµ is obtained after directly varying the fields appearing in the Lagrangian
and where the Majorana fermion (ε, ε̄) denotes the transformation parameters. As in Chapter
2, the second equality is obtained on the basis of Euler-Lagrange equations, a sum over all the
fields X of the theory being understood. Consequently, the supercurrent (Jµ, J̄µ), defined as

ε·Jµ + ε̄·J̄µ =
∂L

∂
(
∂µX

)δεX −Kµ , (4.1.14)

is a conserved quantity.

In Chapter 2, we have derived supersymmetric Lagrangians both in terms of superfields and
component fields and have shown that, in terms of superfields, a supersymmetric Lagrangian
can generically be written as a sum of five terms,

L =
[
Φ†ie

−2gV Φi
]
θ2θ̄2

+
1

16g2

[
Wα
aW

a
α

]
θ2

+
1

16g2

[
W

a
α̇W

α̇
a

]
θ̄2

+
[
W (Φ)

]
θ2

+
[
W ?(Φ†)

]
θ̄2
, (4.1.15)
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where the subscripts indicate which coefficients of the expansion in terms of the Grassmann
variables have to be selected. We recall that in this expression, the (generic) coupling constant
of the gauge group is denoted by g and we consider a theory describing the dynamics of a set
of chiral superfields {Φi}. We have also associated with the gauge group of the theory a set of
vector superfields {V a} lying in its adjoint representation. The related Lagrangian terms, i.e.,
the second and third terms of Eq. (4.1.15), rely on the superfield strength tensors built from
the vector superfields V a, the spinorial superfields W a

α and W
a
α̇ defined by Eq. (2.4.30).

From the variation laws of the different component fields of a general superfield, as collected
in Eq. (3.4.2), as well as from those of a chiral superfield shown in Eq. (3.4.1), the variation of
the Lagrangian above under a supersymmetry transformation of parameters (ε, ε̄) reads

δεL = − i

2
εσµ∂µ

[
Φ†ie

−2gV Φi
]
θ2θ̄
− i

2
ε̄σ̄µ∂µ

[
Φ†ie

−2gV Φi
]
θθ̄2

− iεσµ∂µ
[
W ?(Φ†) +

1

16g2
W

a
α̇W

α̇
a

]
θ̄
− iε̄σ̄µ∂µ

[
W (Φ) +

1

16g2
Wα
aW

a
α

]
θ
.

(4.1.16)

Expanding the superfields in terms of their component fields and selecting the proper coefficients
of the series in the Grassmann variables, one finds, after inserting the solutions of the equations
of motion for the auxiliary fields,

δεL = ε·∂µ
[√

2

2
Dνφ

†
iσ
µσ̄νψi −

√
2i

2
σµψ̄iW

?i − 1

2
gφ†i
(
Taφ

)i
σµλ̄a − i

4
σµσ̄νσρλ̄aF

a
νρ

−
√

2

4
∂ν
[
φ†iσ

µσ̄νψi
]]

+ ε̄·∂µ
[√

2

2
Dνφ

iσ̄µσνψ̄i −
√

2i

2
σ̄µψiWi

+
1

2
g
(
φ†Ta

)
i
φiσ̄µλa − i

4
σ̄µσν σ̄ρλaF

a
νρ −

√
2

4
∂ν
[
φiσ̄µσνψ̄i

]]
.

(4.1.17)

To compute this last result, we have performed two integrations by parts (explicitly including
all total derivatives) and introduced the gauge covariant derivatives of the scalar fields given in
Eq. (2.4.64). One derives from this expression the quantity Kµ of Eq. (4.1.13) and Eq. (4.1.14),

Kµ
α =

√
2

2
Dνφ

†
i

(
σµσ̄νψi

)
α
−
√

2i

2

(
σµψ̄i

)
α
W ?i − 1

2
gφ†i
(
Taφ

)i(
σµλ̄a

)
α

− i

4

(
σµσ̄νσρλ̄a

)
α
F aνρ −

√
2

4
∂ν

[
φ†i
(
σµσ̄νψi

)
α

]
.

(4.1.18)

To achieve the calculation of the supercurrent, it is also necessary to compute the first term
of the right-hand side of Eq. (4.1.14). To this aim, it is enough to select the derivative terms
of the supersymmetric Lagrangian of Eq. (2.4.72),

L = − 1

4
∂µ
(
φ†i∂

µφi + ∂µφ†iφ
i
)

+Dµφ†iDµφ
i +

i

2

[
ψiσµDµψ̄i −Dµψ

iσµψ̄i
]

− 1

4
F aµνF

µν
a +

i

2

[
λaσµDµλ̄a −Dµλ

aσµλ̄a

]
,

(4.1.19)

and perform the derivation of this expression with respect to the first-order derivatives of the
fields. We have included in this Lagrangian the total derivative that was originally originally
present (see, e.g., Eq.(2.4.61)) and then omitted in the computations of Chapter 2. From the
variations of the fields computed in Eq. (3.4.12) and Eq. (3.4.13), one gets, after inserting again
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the solutions of the equations of motion for the auxiliary fields,

∂L
∂
(
∂µX

)δX = ε·
[√

2Dµφ
†
iψ

i −
√

2

4
∂µ(φ†iψ

i) +

√
2i

2
σµψ̄iW

?i +

√
2

2
Dνφ

†
iσ
ν σ̄µψi

− iσν λ̄aFµνa +
1

2
gφ†i
(
Taφ

)i
σµλ̄a − i

4
σρσ̄νσµλ̄aF

a
νρ

]
+ ε̄·

[√
2Dµφ

iψ̄i

−
√

2

4
∂µ(φiψ̄i) +

√
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σ̄µψiWi +

√
2

2
Dνφ

iσ̄νσµψ̄i − iσ̄νλaFµνa

− 1

2
g
(
φ†Ta

)
i
φiσ̄µλa − i

4
σ̄ρσν σ̄µλaF

a
νρ

]
.

(4.1.20)

The supercurrent is finally given, collecting the two contributions of Eq. (4.1.18) and Eq. (4.1.20)
and employing the definition of Eq. (4.1.14), by

Jµα =
√

2Dνφ
†
i

(
σν σ̄µψi

)
α

+
√

2i
(
σµψ̄i

)
α
W ?i + gφ†Taφ

(
σµλ̄a

)
α
− i

2

(
σρσ̄νσµλ̄a

)
α
F aνρ ,

(4.1.21)
where we have made use of the identities of Eq. (A.3.5) and Eq. (A.3.7). This result agrees with
those of the pioneering works of Ref. [95] and Ref. [96]. As stated in Chapter 2, the conserved
supercurrent is always defined up to a quantity κµ that fulfills the relation ∂µκ

µ = 0. From the
computations above, this quantity is found to be

κµα =

√
2

4
∂ν

[
φ†i
(
σµσ̄νψi

)
α

]
−
√

2

4
∂µ
[
φ†iψ

i
α

]
. (4.1.22)

These calculations can also be performed automatically by employing the superspace module
of FeynRules. The routine allowing for the extraction of the supercurrent in the case of
any supersymmetric model exactly follows the approach described above [79]. To compute
the supercurrent associated with a given model implementation, it is enough to type in a
Mathematica session

SuperCurrent[lv,lc,lw,sp,lor]

where the variables lv, lc and lw contain the Lagrangian terms related to the gauge sector
(the second and third terms in Eq. (4.1.15)), those associated with the chiral content of the
theory (the first term of Eq. (4.1.15)) and those related to the interaction terms driven from
the superpotential (the last two terms of Eq. (4.1.15)). Following the syntax presented above,
each of the three quantities represented by the symbols lv, lc and lw must be given as a full
series in the Grassmann variables. Finally, the symbols sp and lor stand for the spin and
Lorentz indices attached to the supercurrent.

Once extracted, the supercurrent can be further employed in the building of Lagrangians,
deriving the supercurrent being the first step to the construction of an effective action describing
the interactions of the goldstino field.

For the sake of the example, we assume that only the auxiliary component of one single
chiral supermultiplet acquires a vacuum expectation value. In other words, one single chiral
supermultiplet is responsible for supersymmetry breaking. The general case can however be
easily deduced from Eq. (4.1.12). According to our simplification assumption, this equation
shows that the goldstino field is the fermionic component of the supermultiplet that leads to the
breaking of supersymmetry. We therefore denote it by (φG, ψG, FG). After shifting the auxiliary
field with respect to its vacuum expectation value, FG → vF /

√
2 + F ′G, the supercurrent can

be rewritten as
Jµ = ivF

(
σµψ̄G

)
α

+ J µα . (4.1.23)



4.1 Supersymmetry breaking: general features 81

However, current conservation enforces that ∂µJ
µ = 0, or equivalently

ivF
(
σµ∂µψ̄G

)
α

+ ∂µJ µα = 0 . (4.1.24)

This equation can be seen as the equations of motion for the goldstino field, so that the
associated (effective) Lagrangian reads, after introducing standard normalization [97, 98],

LG =
i

2
(ψGσ

µ∂µψ̄G − ∂µψGσµψ̄G) +
1

2vF
ψG ·∂µJ µ +

1

2vF
ψ̄G ·∂µJ̄ µ . (4.1.25)

It is important to note that this goldstino Lagrangian does not depend on the supersymmetry-
breaking mechanism itself, but only on supercurrent conservation. Therefore, the form of LG
given above is a very general result. One can check that similar Lagrangians are obtained in
the case supersymmetry is broken via the vacuum expectation value of a D-term, or through
a linear combination of several F -terms and D-terms.

From these considerations, pioneering mechanisms for supersymmetry breaking have been
proposed based on either a spontaneous supersymmetry breaking via a D-term, or through a
F -term. From the names of the authors of such mechanisms, they are known as the Fayet-
Iliopoulos [94, 139] and the O’Raifeartaigh mechanisms [180], respectively. However, they have
been found to be not phenomenologically viable as they both predict superpartners lighter than
their Standard Model counterparts, which contradicts the experimental (non-)observations. We
therefore refer to the literature for more details about these supersymmetry-breaking models
and only focus, in Section 4.2, on viable supersymmetry-breaking scenarios commonly used for
phenomenological and experimental studies.

4.1.4 The supertrace constraint

As briefly mentioned at the end of Section 4.1.3, neither F -term-induced nor D-term in-
duced supersymmetry-breaking mechanisms are satisfactory. In this section, we focus on the
derivation of an important constraint on viable supersymmetry-breaking mechanisms which
arises from the existence of a (tree-level) sum rule on the model particle masses [99]. This rule
is obtained from inspecting the traces of the scalar, fermion and vector squared mass matrices
and strongly limits the possibilities for designing realistic supersymmetry-breaking models.

The squared scalar mass matrix M2
0 can be deduced from the second-order derivatives of

the scalar potential. It reads, in the (φi, φ†j) basis,

M2
0 =〈W ?kjWki+g

2
[
T ajiφ

†Taφ+
(
φ†T a

)
i

(
Taφ

)j]
W ?kijWk + g2

(
T aφ

)j(
Taφ

)i
W ?kWkij + g2

(
φ†T a

)
i

(
φ†Ta

)
j

W ?kiWkj+g
2
[
T aijφ

†Taφ+
(
φ†T a

)
j

(
Taφ

)i]
〉 .

(4.1.26)

The trace of this matrix is thus given by

Tr
[
M2

0

]
= 2

〈
∂2V

∂φi∂φ†i

〉
= 2〈W ?kiWki〉+ 2g2

〈
φ†T aTaφ

〉
+ 2g2

〈
φ†T aφ

〉
Tr
[
Ta
]
. (4.1.27)

We now turn to the vectorial field masses. The corresponding squared mass matrix arises
from Lagrangian terms including gauge covariant derivatives of the scalar fields. After having
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shifted these scalar fields by their vacuum expectation values, one gets terms bilinear in the
vector fields, so that the associated squared mass matrix reads

M2
1 =

〈(
2g2
(
φ†Ta

)
i

(
T bφ

)i)〉
, (4.1.28)

the trace of such a matrix being given by

Tr
[
M2

1

]
= 2g2

〈
φ†T aTaφ

〉
. (4.1.29)

Finally, considering the fermion sector, one has two contributions to their mass matrix. The
first one arises from the supersymmetric masses included in the superpotential and the second
one is related to the gaugino-fermion-scalar interactions included in the Kähler potential, as
shown in Eq. (4.1.11). The trace of the square of this matrix can then be computed as

Tr
[
M2

1/2

]
= Tr

[
M†1/2M1/2

]
= 〈W ?kiWki〉+ 4g2

〈
φ†TaT

aφ
〉
. (4.1.30)

Collecting the results of Eq. (4.1.27), Eq. (4.1.29) and Eq. (4.1.30), one deduces the super-
trace formula

sTr
[
M2

]
=

∑
`=0,1/2,1

(−)2`(2`+ 1)Tr
[
M2

`

]
= 2g2

〈
φ†T aφ

〉
Tr
[
Ta
]
. (4.1.31)

This sum rule is very difficult to accommodate when building phenomenologically viable models
for supersymmetry breaking. Accounting for the masses of the Standard Model particles, it
indeed imposes that some superparticles are always unacceptably light. The strategy to evade
this rule is to break supersymmetry either radiatively or via non-renormalizable interactions.

In general, the breaking of supersymmetry is assumed to occur in a hidden sector of particles
that have no or reduced couplings to the visible sector. The latter consists of the Standard
Model particles, together with their superpartners. Among the most popular mechanisms, one
finds gravity-mediated supersymmetry breaking [100, 101, 102, 103, 104, 105, 106, 107, 108,
109, 110, 111, 112, 113, 114], gauge-mediated supersymmetry breaking [115, 116, 117, 118, 119,
120, 121, 122, 123, 124, 125] and anomaly-mediated supersymmetry breaking [126, 127, 128,
129, 130, 131, 132, 133]. We review the main properties of those three mechanisms in the
next sections. Other mechanisms, such as, e.g., gaugino-mediated supersymmetry breaking,
have however been proposed more recently and now receive a sensible attention. They are not
discussed in this work.

4.2 Examples of soft supersymmetry-breaking mechanisms

4.2.1 Supergravity: general features

In this section, we briefly review how gravity-mediated supersymmetry breaking arises. We
refer to Ref. [134] for technical details and only describe, in the following, the main features of
this mechanism since a deep and detailed study of supergravity theories is clearly going beyond
the scope of this work.

To construct supergravity theories, one must add the gravity effects which matter and
vector supermultiplets are sensitive to through a coupling to the gravitation supermultiplet.
In Section 2.2.3, we have shown that the degrees of freedom included in the latter consist
of the graviton field and the spin 3/2 gravitino field. The derivation of these gravity-related
interactions relies on a local extension of supersymmetry. Similarly to global supersymmetry,
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Lagrangians are more easily constructed by employing the superspace formalism. However, the
superspace structure of supergravity slightly differs from the one used in global supersymmetry
that has been presented in Section 2.3.

In general relativity, the spacetime is curved and the standard Minkowski spacetime is
only recovered locally, when considering reference frames where gravity effects are eliminated.
Similarly, in supergravity theories, the superspace is curved and at each superspace point, we
consider a (different) reference frame where gravity is eliminated. In addition, care must be
taken with the choice of this frame so that fields with spins higher than two, naturally arising
in the general case, are eliminated [181]. This procedure allows to recover locally a flat tangent
superspace at each point.

These flat and curved superspaces are connected by the supervierbein, i.e., the supersym-
metric version of the vierbein of general relativity which allows to convert flat quantities to their
curved counterpart. Moreover, the superconnection allows to define covariant superderivatives
DM accounting for the curvature of the space. These superderivatives are related to the torsion
and curvature (superfield) tensors TMN

P and RMNPQ, the indices M , N , P and Q generically
denoting Lorentz (µ) and spin (α, α̇) indices. They help to write (anti)commutation relations
among superderivatives [

DM ,DN
]
|M ||N |

= TMN
PDP −

1

2
RMNαβJ

βα , (4.2.1)

where we have introduced the graded commutator [·, ·]grading which consists of an anticommu-
tator for two fermionic quantities and a commutator otherwise. More generally, the gradings
of the spin and Lorentz indices are defined as |µ| = 0 and |α| = |α̇| = 1. Finally, the underlined
index α denotes a generic index being either a left-handed spin index α or a right-handed spin
index α̇, and the operators Jαβ and Jα̇β̇ are the generators of the Lorentz algebra in the two
two-component spinorial representations.

Imposing well-chosen constraints on the elements of the torsion tensor allows to recover,
when taking the flat limit of Eq. (4.2.1), the superalgebra of Eq. (2.1.37) [163, 182]. Further-
more, by means of the (supersymmetric) Bianchi identities,

0 = (−)|M1||M3|
[
DM1 ,

[
DM2 ,DM3

]
|M2||M3|]

]
|M1|(|M2|+|M3|)

+ (−)|M2||M1|
[
DM2 ,

[
DM3 ,DM1

]
|M3||M1|]

]
|M2|(|M3|+|M1|)

+ (−)|M3||M2|
[
DM3 ,

[
DM1 ,DM2

]
|M1||M2|]

]
|M3|(|M1|+|M2|)

,

(4.2.2)

one can show that all the elements of the torsion and the curvature tensors can be entirely
defined from three basic superfields, a scalar chiral superfield R, a real vectorial superfield
Gµ and a chiral superfield with three left-handed spin indices W(αβγ) symmetric under the

exchange of two indices, together with its antichiral Hermitian-conjugate equivalent W (α̇β̇γ̇).
The lowest order coefficients of the expansion of those superfields in terms of the Grassmann

variables, together with the lowest order components of the supervierbein, are the key ingredi-
ents allowing to construct chiral and vector superfields in curved superspace. In other words,
gravity effects in local supersymmetry can be entirely modeled by means of a reduced set of
component fields, identified to the graviton and the gravitino fields as well as one supplementing
complex scalar and one extra real vectorial auxiliary fields. As for chiral and vector superfields
(see Section 2.3.3 and Section 2.3.4), the auxiliary fields of the gravity supermultiplet allow to
recover a same number of fermionic and bosonic degrees of freedom when considering off-shell
fields.
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In supergravity, expanding chiral and vector superfields in terms of the Grassmann variables
consists of a non-trivial task since the Grassmann variables are local and thus depend on the
superspace point under consideration. However, the building of Lagrangians can be facilitated
by introducing a hybrid system of Grassmann variables, Θ and Θ̄, depending both on curved and
flat indices [163]. The price to pay is the introduction of a more complicated invariant measure,
the capacity E , a superfield that the expansion however only depends on the components of
the gravity supermultiplet.

Skipping all technical details, the supergravity Lagrangian generalizing the action presented
in Eq. (2.4.62) can be written, under a fully chiral form, as

L =
3

8κ2

∫
d2Θ E

[
D̄·D̄ − 8R

]
e−

1
3
κ2K(Φ,Φ†e−2gV ) +

∫
d2ΘEW (Φ)

+
1

16g2

∫
d2Θ Ehab(Φ)W aαW b

α + h.c. ,

(4.2.3)

where the parameter κ stands for the inverse of the Planck mass. In this expression, the
functions K, W , h are the curved versions of the Kähler potential, the superpotential and
the gauge kinetic function, respectively. We also stress that the chiral superfields Φ and the
superfield strength tensors W a

α are now curved quantities, in contrast to their flat counterparts
introduced in Chapter 2 and used in Eq. (2.4.62).

Extracting the expression of this Lagrangian after expanding the superfields in terms of the
Grassmann variables is rather tedious [134, 163]. Furthermore, at the end of this procedure,
kinetic terms are obtained in the unconventional Brans-Dicke form [183]. In order to recover
standard normalizations, some factors have to be absorbed in the fields. This normalization
procedure relies on the symmetries of the theory. Since the Weyl supergroup is the symmetry
group of the (curved) superalgebra [184, 185, 186], a super-Weyl transformation can be em-
ployed to restore standard normalizations. This is similar to the Weyl rescaling of the vierbein
inferred by the Weyl group in general relativity [163].

Standard normalizations can also be recovered by introducing Weyl compensators Φ̃ which
render the action of Eq. (4.2.3) superconformal [133, 187, 188],

L =
3

8κ2

∫
d2Θ E

[
D̄·D̄ − 8R

][
Φ̃Φ̃†e−

1
3
κ2K(Φ,Φ†e−2gV )

]
+

∫
d2ΘEΦ̃3W (Φ)

+
1

16g2

∫
d2Θ Ehab(Φ)W aαW b

α + h.c. .

(4.2.4)

Fixing appropriately the lowest-order coefficient of the compensator superfield Φ̃ allows to get
standard normalizations for the kinetic and gauge interaction terms.

Since we focus on the mediation of supersymmetry breaking through gravitational interac-
tions, we omit the complete expression of the Lagrangian L, irrelevant for our purposes, and
only consider the scalar potential V . Its form generalizes the one that can be extracted from
Eq. (2.4.62) so that gravity effects are now incorporated. After having eliminated the auxiliary
fields, the scalar potential reads, skipping again all technical details,

V =
1

8

(
R{h−1}

)ab[
Ki(Taφ)i + (φ†Ta)

i∗φ†i∗
][
Kj(Tbφ)j + (φ†Tb)

j∗φ†j∗
]

+ κ2eG
[
Gi(G−1)ii∗Gi

∗ − 3
]
,

(4.2.5)

where G is the generalized Kähler potential that unifies the superpotential W and the Kähler
potential K as

G = κ2K + log
∣∣W ∣∣2 . (4.2.6)
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The first and second order derivatives of the generalized Kähler potential included in Eq. (4.2.5)
follow the notation conventions introduced in Chapter 2 for the Kähler potential (see Eq. (2.4.7))
and the superpotential (see Eq. (2.4.13)),

Gi =
∂G
∂φi

= κ2Ki +
Wi

W
, Gi∗ =

∂G
∂φ†i∗

= κ2Ki∗ +
W ?i∗

W ?
,

Gi∗ i =
∂2G

∂φi∂φ†i∗
=κ2Ki∗

i .

(4.2.7)

4.2.2 Gravity-mediated supersymmetry breaking

In this section, we employ the supergravity framework presented in Section 4.2.1 in order
to break supersymmetry by means of gravity effects. Although this could be achieved in sev-
eral ways, we choose to focus on a minimal approach, following the framework of Ref. [189].
As mentioned in Section 4.1.4, supersymmetry breaking occurs in a hidden sector. We con-
sequently introduce a gauge singlet supermultiplet Z ≡ (z, ψz, Fz) that is the only relevant
part of the hidden sector. In contrast, the set of chiral superfields {Φi ≡ (φi, ψi, F i)} denotes
the superfield content of the visible sector. In this setup, supersymmetry is broken when the
auxiliary component of Z gets a vacuum expectation value. In order to mediate supersymme-
try breaking to the visible sector, both sectors are coupled via superpotential and/or Kähler
interactions. In the minimal version of supergravity theories, the Kähler potential is chosen as
in the renormalizable case,

K = φ†iφ
i + z†z , (4.2.8)

while the superpotential reads

W = Wv(φ) +
µ

κ
(z + β) , (4.2.9)

both quantities being expressed as polynomial functions of the scalar degrees of freedom. In
the expressions above, we have split the K and W functions into terms depending exclusively
on the visible sector and terms related only to the hidden sector. In particular, the quantity Wv

denotes the superpotential interactions of the visible sector and we assume that the (a priori)
free parameters of the model related to the hidden sector, µ and β, are real, for simplicity.

After having eliminated the auxiliary Fz field by inserting back into the Lagrangian the
solution of its equations of motion, the vacuum state corresponds to a field configuration where
only the scalar component of the hidden superfield, i.e., the field φz, gets an expectation value
vz/
√

2. The vacuum expectation value of the scalar potential is then given by

〈V 〉 = µ2e
v2z

2m2
p

([
mp +

vz√
2mp

( vz√
2

+ β
)]2
− 3
[ vz√

2
+ β

]2
)
, (4.2.10)

after having reintroduced the Planck mass mp = 1/κ and after omitting all terms arising from
the gauge sector. The potential lies at a minimum under two conditions. On the one hand, the
first-order derivative of 〈V 〉 with respect to vz must vanish. On the other hand, its second-order
derivative must be positive. Further imposing that 〈V 〉 = 0, or in other words asking for a
vanishing cosmological constant, one derives the relations

vz = ±
(√

2(
√

3− 1)mp

)
and β = ±

(
(2−

√
3)mp

)
. (4.2.11)

Considering the case where both vz and β are positive real numbers, we now study the
particle spectrum resulting from supersymmetry breaking. We start from the scalar potential
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of Eq. (4.2.5) and shift the scalar component of the hidden sector supermultiplet by its vacuum
expectation value,

z → 1√
2

[
vz + <{z}+ i={z}

]
, (4.2.12)

where we have also split the shifted complex field into its scalar and pseudoscalar components.
In the limit of a large Planck mass, i.e., when κ→ 0 or mp →∞, the terms quadratic in <{z}
and ={z} included in Eq. (4.2.5) read

V (z) ≈ e2(2−
√

3)µ2
[√

3<{z}2 +
(
2−
√

3
)
={z}2

]
, (4.2.13)

after simplifying the results by means of Eq. (4.2.11). The complex scalar state of the supermul-
tiplet Z, responsible for supersymmetry breaking, becomes thus massive, and one furthermore
observes a mass splitting among its scalar and pseudoscalar components.

From the form of the superpotential of Eq. (4.2.9), it can be shown, starting from the
complete supergravity Lagrangian, that the fermionic component of the hidden supermultiplet
also becomes massive. This could be surprizing as this field is expected to be the goldstino
as predicted by Eq. (4.1.12). However, this last equation is only valid for the case of global
supersymmetry. In the context of local supersymmetry, the goldstino field can be massive and
will be identified with the longitudinal polarizations of the (massive) gravitino field (see below).
The entire field content of the hidden sector consists thus, after supersymmetry breaking, of
one massive fermionic field ψz identified with the goldstino field and two massive real scalar
fields, <{z} and ={z}.

Next, we turn to the chiral content of the visible sector. Collecting the leading terms of the
expansion of the scalar potential in terms of mp, one gets, omitting all terms independent of

the scalar fields φi and φ†i ,

V (φ, φ†) ≈ e2(2−
√

3)
[
µ2φ†iφ

i +WviW
?i
v

]
+ e2−

√
3µ
[(
−
√

3Wv + φiWvi + h.c.
)]
. (4.2.14)

This last expression is again obtained after shifting the field z by its vacuum expectation
value. We have also introduced the quantities Wvi and W ?i

v as the first-order derivatives of the
parts of the superpotential related to the visible sector. The results of Eq. (4.2.14) show that
supersymmetry breaking has lead to the generation of scalar mass terms as well as of multiscalar
interactions. Moreover the form of the superpotential is such that no new fermionic mass terms
are generated additionally to the supersymmetric masses possibly included in Wv.

Getting back to the globally supersymmetric Lagrangian of Eq. (2.4.63), one observes that
the gauge kinetic function also couples to the gaugino fields when one inspects the terms of the
fifth line, provided that we account for the solutions of the equations of motion for the auxiliary
F -fields of Eq. (2.4.67). Those Lagrangian terms are still present for local supersymmetry and
are not even modified by gravity effects,

Lino =
1

4
F ihabiλ

a ·λb +
1

4
F †i∗h

?i∗
ab λ̄

a ·λ̄b . (4.2.15)

In contrast, the solutions of the equations of motion for the F -fields, which are originally given
by Eq. (2.4.67) in global supersymmetry, are modified as soon as matter and gauge fields are
coupled to gravity,

F i = κ2(G−1)ii∗e
1
2
GGi∗ + . . . , (4.2.16)

where the dots stand for additional terms irrelevant for our purposes. Gaugino mass terms
arise after inserting this last relation in Eq. (4.2.15) and shifting the scalar component of
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the supermultiplet Z by its vacuum expectation value. For a model where the gauge kinetic
function is given by

hab = αz δab , (4.2.17)

the parameter α being taken real for simplicity, supersymmetry breaking subsequently generates
gaugino mass terms of the form

L(λ)
mass =

√
3

4
e2−
√

3 µmp α
[
λa ·λa + λ̄a ·λ̄a

]
. (4.2.18)

In order to improve the readability of all the mass and interaction terms generated by
gravity-mediated supersymmetry breaking, it is useful to introduce the gravitino mass m3/2.
Initially massless, the gravitino field also acquires a mass after supersymmetry breaking. This
can be seen by starting from the Lagrangian terms coupling the gravitino field to the generalized
Kähler potential,

Lgravitino = − i
2
κ2e

1
2
Gψµσ

µνψν + h.c. , (4.2.19)

where ψµ stands for the Rarita-Schwinger gravitino field. After shifting the scalar field z with
respect to its vacuum expectation value, a mass term is generated,

L(ψ)
mass = − i

2
e2−
√

3µψµσ
µνψν + h.c. , (4.2.20)

the gravitino mass being thus

m3/2 = e2−
√

3µ . (4.2.21)

To summarize the effects of gravity-mediated supersymmetry breaking on the fields of the
visible sector, we now assume that the superpotential interactions of the visible sector Wv are
renormalizable and thus given by Eq. (2.4.69),

Wv =
1

6
λijkφ

iφjφk +
1

2
µijφ

iφj + ξiφ
i , (4.2.22)

λ, µ and ξ being free parameters of the model. Collecting the results from Eq. (4.2.14) and
Eq. (4.2.18), the supersymmetry-breaking Lagrangian terms that have been generated are all
soft, i.e., the related coupling strengths have strictly positive mass dimensions,

Lsoft = − 1

2
m1/2

[
λa ·λa + λ̄a ·λ̄a

]
−m2

0φ
†
iφ
i

−
[

1

6
A0 λijkφ

iφjφk +
1

2
B0 µijφ

iφj + C0 ξiφ
i + h.c.

]
.

(4.2.23)

In the equation above, we have introduced the universal gaugino and scalar masses m1/2 and
m0, as well as the universal trilinear coupling A0. These three universal parameters are however
not independent and can all be rewritten in terms of the gravitino mass given in Eq. (4.2.21),

m1/2 =
√

3
2 αm3/2mp , m0 = m3/2 ,

C0 = (1−
√

3)m3/2 , B0 = (2−
√

3)m3/2 , A0 = (3−
√

3)m3/2 .
(4.2.24)

The universality of those parameters is driven by our choices for the Kähler potential, the
gauge kinetic function and the superpotential. The model presented in this section consists
of the so-called Polonyi model [189] with the simplest parametrization of the hidden sector.
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Among other rather popular choices, one finds dilaton-dominated models [190, 191, 192] or
no-scale models [193]. They all lead to a supersymmetry-breaking Lagrangian similar to the
one presented in Eq. (4.2.23), with however different relations among the soft parameters.

Constructing phenomenologically models viable with respect to the current experimental
bounds on supersymmetric masses, i.e., with superpartners of about 1 TeV, implies that the
gravitino mass is of about 1 TeV too. The gravitino, initially massless, has absorbed the
goldstino field after supersymmetry breaking so that it gets two helicity ±1/2 components
and becomes massive. This is called the super-Brout-Englert-Higgs mechanism [106, 194], the
supersymmetric analog of the Brout-Englert-Higgs mechanism in non-supersymmetric quantum
field theories.

The universality feature of Eq. (4.2.24) has inspired the so-called constrained versions of
supersymmetric models. In this case, the soft supersymmetry-breaking Lagrangian is still given
by Eq. (4.2.23), the soft parameters are taken universal and independent.

4.2.3 Gauge-mediated supersymmetry breaking

In contrast to gravity-mediated supersymmetry breaking which is inferred by non-renormali-
zable interactions, gauge-mediated supersymmetry breaking is a mechanism that can be entirely
expressed in terms of renormalizable loop effects and standard gauge interactions [119, 120, 121,
122, 123, 124]. As for supergravity, supersymmetry breaking still occurs in a hidden sector.
The latter contains, in its minimal version, a gauge singlet chiral supermultiplet Z ≡ (z, ψz, Fz)
that both the scalar and the auxiliary components acquire vacuum expectation values,

〈Z〉 =
1√
2

[
vz − θ ·θ v2

F

]
. (4.2.25)

In order to mediate supersymmetry breaking to the visible sector, one introduces several
messenger fields, organized in two sets of chiral supermultiplets Φi and Φ̄i lying in (non-trivial)
complex conjugate representations of the gauge group. Contrary to the fields of the visible
sector that are not connected to the hidden sector by any mean, the messenger fields are allowed
to couple to the hidden sector through interactions driven by the superpotential. For simplicity,
we consider, in the rest of this section, that the messenger sector consists of one single pair of
messenger superfields Φ and Φ̄. The generalization to a fully generic setup goes along the same
lines of what is presented below and is omitted as minimal gauge-mediated supersymmetry-
breaking scenarios are sufficient for depicting the main features of a spontaneous breaking of
supersymmetry by gauge interactions. The messengers are coupled to the hidden sector through
superpotential interactions,

Wmes = λΦ̄ΦZ , (4.2.26)

where λ is a free parameter of the model.
Since the messenger superfields lie in non-trivial conjugate representations of the gauge

group, they also communicate with the visible sector by means of ordinary gauge interactions
that are included in the Kähler potential. Focusing on the hidden and messenger sectors, the
Kähler potential is given by

K(Φ, Φ̄) = Φ†e−2gV Φ + Φ̄†e−2gV ′Φ̄ + Z†Z , (4.2.27)

where we have adopted the simplest renormalizable form for the function K, as given in
Eq. (2.4.70). In Eq. (4.2.27), we denote respectively by V (′) and g the vector superfield and
coupling constant associated with the gauge group of the model (the prime denoting different
representations of the gauge group).
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Multiscalar interaction terms are included in both the Lagrangian related to the superpo-
tential of Eq. (4.2.26) and in the one associated with the Kähler potential of Eq. (4.2.27),

Lscal. = F †F + F̄ †F̄ + F †zFz − λ
[
Fzφ̄φ+ zF̄φ+ zφ̄F

]
+ h.c. . (4.2.28)

In our notations, the fields φ and φ̄ are the scalar components of the messenger supermultiplets
Φ and Φ̄ while F and F̄ are their auxiliary components, respectively. After the components
of the superfield Z get their vacuum expectation values as in Eq. (4.2.25), mass terms are
generated from this interaction Lagrangian Lscal.. Solving the equations of motion for the
auxiliary fields and inserting back the solutions into the Lagrangian, Lscal. can then be rewritten
as

Lscal. = −1

2

∣∣λvz∣∣2φ†φ− 1

2

∣∣λvz∣∣2φ̄φ̄† +
1√
2
λv2

F φ̄φ+
1√
2
λ∗v2∗

F φ
†φ̄† + . . . , (4.2.29)

where the dots stand for trilinear and quartic terms. In the (φ, φ̄†) basis, the squared mass
matrix is thus given by

M2
mes =

(
1
2

∣∣λvz∣∣2 − 1√
2
λv2

F

− 1√
2
λ∗v2∗

F
1
2

∣∣λvz∣∣2
)
. (4.2.30)

Consequently, the scalar components of the pairs of messenger superfields Φ and Φ̄, initially
massless, mix to two mass eigenstates defined by

φ1 =
1√
2

[
λv2

F∣∣λv2
F

∣∣φ− φ̄†
]

and φ2 =
1√
2

[
λv2

F∣∣λv2
F

∣∣φ+ φ̄†
]
, (4.2.31)

the masses being given by

m2
1 =

1

2

∣∣λvz∣∣2 − 1√
2

∣∣λv2
F

∣∣ and m2
2 =

1

2

∣∣λvz∣∣2 +
1√
2

∣∣λv2
F

∣∣ . (4.2.32)

We now turn to the fermionic fields of the hidden and messenger sectors. The interaction
Lagrangian terms derived from the superpotential contain the Yukawa interactions

− λ
[
z ψΦ̄ ·ψΦ + φ ψz ·ψΦ̄ + φ̄ ψΦ ·ψz

]
+ h.c. , (4.2.33)

where ψΦ and ψΦ̄ are the fermionic components of the messenger superfields Φ and Φ̄, re-
spectively, and we recall that the field ψz denotes the fermionic component of the superfield Z
of the hidden sector. Shifting the scalar field z by its vacuum expectation value as shown in
Eq. (4.2.25), one observes that supersymmetry breaking has rendered the messenger fermions
massive,

m2
ψ =

1

2

∣∣λvz∣∣2 , (4.2.34)

whilst the ψz fermionic field stays massless and can be identified with the goldstino field, in
agreement with Eq. (4.1.12).

From Eq. (4.2.32) and Eq. (4.2.34), it can be seen that the effects of supersymmetry breaking
on the messenger sector is to split its spectrum apart if vF 6= 0. Since this condition is
also necessary to ensure supersymmetry breaking, it is however always fulfilled. One of the
messenger scalar mass eigenstate has thus become lighter than the fermionic messenger field
while the other ones is now heavier.

Supersymmetry breaking is subsequently communicated to the visible sector through ra-
diative corrections. Both the messengers and the fields of the visible sector of the theory are
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Figure 4.1: Virtual contributions to gaugino self-energies leading to radiatively-induced gaugino
masses. In the notations employed in this figure, Ψλ stands for the Majorana gaugino field, Ψ
for the Dirac messenger field and φk for the two scalar messenger fields, with k = 1, 2.

sensitive to the gauge interactions. In particular, the Lagrangian of Eq. (2.4.71) includes terms
coupling the scalar and fermionic components of a specific chiral supermultiplet of the theory
to the gaugino field λa. This feature holds both for the visible and the messenger sectors and
is the key for understanding the radiative generation of mass terms for the visible sector fields.
Focusing on the messenger superfields lying in complex conjugate representations R and R̄ of
the gauge group that are specified by the Hermitian matrices Ta and T̄a = −T ta, respectively,
the relevant interactions read

L2 = −i
√

2g
[
φ†T aψΦ ·λa − λa ·ψΦ̄T

aφ̄†
]

+ h.c. . (4.2.35)

In order to more easily compute the gaugino mass terms generated by such interactions, we
rewrite this Lagrangian, currently expressed in terms of two-component Weyl fermions, in terms
of a four-component Majorana field and a four-component Dirac field

Ψλ =

(
iλ
−iλ̄

)
and Ψ =

(
ψΦ

ψΦ̄

)
. (4.2.36)

Usual Feynman rules can therefore be extracted and standard Feynman diagram techniques
with four-component spinors employed in order to calculate radiatively-induced mass terms.
The Lagrangian L2 is rewritten, in four-component notations and after the rotation of the
scalar messenger fields φ and φ̄† to the physical basis (φ1, φ2), as

L4 = −
√

2g
2∑

k=1

[
φ†kRk1TaΨ̄

a
λPLΨ− Ψ̄PLΨa

λTaR
∗
k2φk

]
+ h.c. , (4.2.37)

where the relation between mass eigenstates and gauge eigenstates, together with the definition
of the elements of the mixing matrix R, can be obtained from Eq. (4.2.31),

R =
1√
2


λv2F∣∣λv2F ∣∣ −1

λv2F∣∣λv2F ∣∣ 1

 . (4.2.38)

In addition, we have also introduced the left-handed and right-handed chirality projectors PL
and PR acting on four-component spinors.

At the first order, the (unrenormalized) gaugino propagator −iΣ receives contributions from
the one-loop diagrams presented in Figure 4.1. This propagator can always be rewritten by
splitting its scalar and vectorial pieces ΣS and ΣV ,

− iΣab(p) = −iδab
[
ΣV (p2)/p+ ΣS(p2)PL + Σ∗S(p2)PR

]
, (4.2.39)
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where pµ stands for the gaugino four-momentum and a and b for adjoint gauge indices attached
to the external legs. Evaluated on-shell, the quantities ΣS and ΣV allow to derive the quantum
corrections to the gaugino mass δmλ,

δmλ = −mλΣV (m2
λ)−<

{
ΣS(m2

λ)
}

= −<
{

ΣS(0)
}
. (4.2.40)

We recall that for the second equality, we have employed the fact that the gaugino field is mass-
less at tree-level. Computing the loop-diagrams of Figure 4.1 using standard loop-computation
techniques, the self-energy corrections can be written in terms of two-point Passarino-Veltman
functions B0(0;m2

k,m
2
ψ) with k = 1, 2 [195],

δmλ = −
g2mψ

4π2
τR

2∑
k=1

[
<
{
R∗k2Rk1

}
B0(0;m2

k,m
2
ψ)

]
. (4.2.41)

In this expression, we account for the fact that both scalar messenger states propagate in the
quantum loops. In addition, products of representation matrices of the gauge group have been
simplified by means of the relation

Tr
[
TaTb

]
= τRδab , (4.2.42)

where the group invariant τR is the Dynkin index related to the representation R. Inserting
the analytical expressions for the elements of the mixing matrix of Eq. (4.2.38), the values of
the messenger masses of Eq. (4.2.32) and Eq. (4.2.34) and computing explicitly the Passarino-
Veltman integrals, one obtains [122, 123, 124]

δmλ =
g2

8π2
τRΛ

[M2
mes + ΛMmes

Λ2
log

Mmes + Λ

Mmes
+
M2

mes − ΛMmes

Λ2
log

Mmes − Λ

Mmes

]
. (4.2.43)

In this expression, we have introduced the supersymmetry-breaking scale Λ standing for the
ratio of the vacuum expectation values of the scalar and auxiliary components of the superfield
Z and the messenger scale Mmes being equal to the mass of the fermionic messenger field,

Λ =
vF
vz

and Mmes = mψ =
1

2

∣∣λvz∣∣2 . (4.2.44)

To summarize, the splitting of the messenger spectrum has lead to radiatively induced
gaugino masses. In other words, supersymmetry breaking has been successfully transferred to
the visible sector by means of standard gauge interactions.

Similarly, masses for the scalar fields of the visible sector can also be generated by quantum
corrections, but this time at the two-loop level, as shown in Figure 4.2. The relevant loop dia-
grams involve, as for the gaugino case, standard gauge interactions depicted in the Lagrangian
of Eq. (2.4.72) that apply both for the scalar fields of the visible sector and the messenger fields.
Quantum corrections to the squared mass of a massless scalar field ϕ of the visible sector are
derived from the expression of the scalar propagator −iΠ evaluated on-shell

− iΠmn(p) = −iΠ(p)δmn ⇒ δm2
ϕ = Π(0) , (4.2.45)

where m and n are gauge indices related to the representation of the gauge group in which the
field ϕ lies. After an omitted (for brevity) computation, these two-loop quantum corrections
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Figure 4.2: Virtual contributions to the self-energies of the scalar fields of the visible sector
that lead to radiatively-induced masses. In the notation conventions of this figure, ϕ stands
for a generic scalar field of the visible sector, v and Ψλ for the gauge boson and gaugino
field associated with the model gauge group, and φk and Ψ for the scalar and four-component
fermionic messenger fields, respectively.

are evaluated as

δm2
ϕ =

g4

128π4
τRCR

[(
M2

mes+ΛMmes

)(
log

Mmes+Λ

Mmes
−2Li2

Λ

Mmes+Λ
+

1

2
Li2

2Λ

Mmes+Λ

)
+
(
M2

mes−ΛMmes

)(
log

Mmes−Λ

Mmes
−2Li2

Λ

Λ−Mmes
+

1

2
Li2

2Λ

Λ−Mmes

)]
,

(4.2.46)
where CR is the Casimir invariant associated to the representation R,(

T aTa
)m

n = CR δmn . (4.2.47)

The originally massless scalar fields have hence been rendered massive.

In gravity-mediated supersymmetry breaking, multiscalar soft interactions have been gener-
ated as illustrated in the Lagrangian of Eq. (4.2.23). The same kind of supersymmetry-breaking
interactions are also induced by gauge-mediation. However, they arise, as for the scalar masses,
at the two-loop level but can, in contrast to the mass terms, be approximately neglected at the
messenger scale. The supersymmetry-breaking Lagrangian hence reads, collecting the terms
related to the visible sector,

Lsoft = − 1

2
mλa

[
λa ·λa + λ̄a ·λ̄a

]
−m2

ϕiϕ
†
iϕ

i . (4.2.48)

The gaugino and scalar masses mλa and mφi are deduced from Eq. (4.2.43) and Eq. (4.2.46), re-
spectively, and multiscalar interactions are only generated when evolving the soft supersymmetry-
breaking parameters down to the electroweak scale.
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4.2.4 Anomaly-mediated supersymmetry breaking

In this section, we present a mechanism where supersymmetry breaking is mediated to
the visible sector through quantum loop effects related to anomalous rescaling violations [126,
127, 128]. This mechanism has the virtue to operate as soon as we have a hidden sector in
the theory by means of several sources of anomalies and possibly competes with other sources
of supersymmetry breaking. We take here the example of supergravity where supersymmetry
breaking is also mediated by Weyl anomalies, although their contribution is strongly suppressed
with respect to gravity effects.

In order to underline the effects of anomaly-mediated supersymmetry breaking, we start
from the supergravity Lagrangian of Eq. (4.2.3) and replace the capacity E by the superfield
product E〈Φ〉3, introducing a spurious superfield Φ2. The vacuum expectation value of the
latter is explicitly given by 〈

Φ
〉

= 1 +Maux θ ·θ , (4.2.49)

so that 〈Φ〉 can be employed as a tool to select the lowest-order component of the supergravity
multiplet included in the supervierbein,

E = e
〈
Φ3
〉

+ . . . (4.2.50)

where higher spin states are contained in the dots. This computation artifact allows us to
factorize out the pure gravity Lagrangian and only focus on the chiral and gauge content of
the theory. The spurious superfield is hence used to rewrite the first term of the Lagrangian
of Eq. (4.2.3) under an eight-dimensional integral upon the superspace coordinates. This uses
a recasting of the kinetic and interaction terms included in the Kähler potential, neglecting
gravitational contributions involving non-scalar states of the gravitation supermultiplet, where
the relevant terms are made proportional to 〈ΦΦ†〉 [188, 196]. Inserting the spurious superfield
〈Φ〉 into the other terms of the supergravity Lagrangian, the latter can be rewritten as

L =
3e

2κ2

∫
d2Θ d2Θ̄

〈
ΦΦ†

〉
e−

1
3
κ2K(Φ,Φ†e−2gV ) + e

∫
d2Θ

〈
Φ3
〉
W (Φ)

+
e

16g2

∫
d2Θ hab(Φ)W aαW b

α + h.c.+ . . . ,

(4.2.51)

where the superfield Φ represents in a generic fashion the chiral content of the theory, Wα the
superfield strength tensor associated with the gauge group and the dots stand for the omitted
terms related to the gravity supermultiplet. We moreover assume that all the three fundamental
functions, i.e., the Kähler potential K, the superpotential W and the gauge kinetic function
h, are independent of the spurious superfield Φ and can be written as sums of two terms, one
of them depending exclusively on the superfields of the visible sector and the other one being
only related to the hidden sector where supersymmetry breaking occurs. The same Lagrangian
could also have been obtained by employing the Weyl compensator formalism for the rescaling.
In this case, it is sufficient to replace the compensator superfield appearing in the Lagrangian
of Eq. (4.2.4) by its vacuum expectation value given by Eq. (4.2.49).

Inspecting the Lagrangian of Eq. (4.2.51), we observe that the super-Yang-Mills part of
the Lagrangian (i.e., the term of the second line of this equation) does not couple to the
spurious superfield 〈Φ〉. This is not surprising as the gauge sector is invariant under super-
Weyl transformations. However, this symmetry is anomalous and broken via quantum loop

2It can be noted that a superfield defined as the product of a capacity by a chiral superfield still verifies the
properties of a capacity [134, 163] and can therefore safely be used as a superspace integral invariant measure.
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effects [129, 130, 131, 132, 133]. Canceling this anomaly by appropriate counterterms balancing
the effects of the relevant loop-diagrams yields a shift of the gauge kinetic function,

hab(Φ)→ hab(Φ)− 2 b0 δab 〈log(Φ)〉 , (4.2.52)

where b0 stands for the one-loop coefficient of the gauge beta function βg

βg = −b0g3 + . . . . (4.2.53)

After evaluating the integral upon Θ in the super-Yang-Mills Lagrangian, the shift of Eq. (4.2.52)
generates a non-vanishing gaugino mass mλ,

mλ =
βg
g
Maux . (4.2.54)

This consists of a strong prediction of anomaly-mediated supersymmetry-breaking scenarios as
this last equation means that the different gaugino masses appear as the ratio of the corre-
sponding gauge beta functions when the gauge group is a semi-simple group.

As briefly mentioned above, there are other ways to generate anomalous mass terms for
the gaugino fields, but they can all be considered as results of the violation of the super-Weyl
invariance. We can associate a cutoff scale ΛUV to these effects, related to a hidden sector
embedding some mechanism for anomaly cancellation. In the case of supergravity, this scale is
naturally the Planck scale. Renormalizable physics, i.e., physics related to the visible sector, is
however independent of the nature of the cutoff. Therefore, the previous results of Eq. (4.2.54)
can be safely generalized. To illustrate this statement, we introduce a renormalization scale µR
and turn to the study of anomaly-induced supersymmetry-breaking terms in the general case.

After renormalization, the Wilsonian effective Lagrangian obtained after integrating out all
the modes lying above ΛUV (and thus included in the hidden sector) is given by

L =

∫
d2θ d2θ̄ Zij

[
µR

ΛUV〈Φ〉
,

µR
ΛUV〈Φ†〉

]
Φ†ie

−2gV Φj +

∫
d2θ W (Φ)

+
1

16g2

∫
d2θ τab

[
µR

ΛUV〈Φ〉

]
W aαW b

α + h.c. .

(4.2.55)

This last expression can be computed by starting from Eq. (4.2.51), then performing a Taylor
expansion of the exponential and finally evaluating the results in the flat space limit,

Θ→ θ , Θ̄→ θ̄ and e→ 1 . (4.2.56)

The tree-level dependence in the spurious superfield is shifted away by the superfield redefini-
tions

Φ〈Φ〉 → Φ , (4.2.57)

so that the dependence in 〈Φ〉 now only occurs through loop-effects embedded into the functions
Z and τ . In other words, there is no tree-level communication of supersymmetry breaking.
In order to write such a form for the Lagrangian, we have assumed that the superpotential
is trilinear and homogeneous in the chiral superfields of the visible sector3, as it originally
multiplies a third power of the spurious superfield and there is no more dependence on 〈Φ〉 in

3Taking the superpotential as a trilinear and homogeneous function of the chiral superfields of the visible
sector renders it R-symmetric. This symmetry, being anomalous, is employed in the following to investigate the
structure of the generated soft supersymmetry-breaking terms.
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the superpotential Lagrangian of Eq. (4.2.55). The generation of superpotential mass and linear
terms is however still possible dynamically, once supersymmetry is broken [126, 197, 198, 199].
Moreover, the absence of renormalization effects in the superpotential term of Eq. (4.2.55) is
justified by the supersymmetric non-renormalization theorems [28, 24, 96, 200, 201, 202, 203].
To summarize, the spurious superfield, and in particular its vacuum expectation value 〈Φ〉,
are the only quantities encompassing the effects of the hidden sector which left in the effective
Lagrangian.

The form of the functions Z and τ , as well as the one of their arguments can be obtained
by means of the classical R-symmetry of the Lagrangian. Before the rescaling of Eq. (4.2.57),
the tree-level Lagrangian is manifestly R-symmetric after assigning a vanishing R-charge to the
chiral superfields Φ and a R-charge of 2/3 for the spurious superfield, since the superpotential
has been chosen as a trilinear and homogeneous function of the chiral superfields. At the one-
loop level, the situation is however highly different. Firstly, counterterms that depend on a
cutoff scale ΛUV must be added to the theory so that the one-loop ultraviolet divergences are
compensated. Secondly, the rescaling of the matter fields does not allow to fully eliminate the
dependence in 〈Φ〉 issued from the loop diagrams but only the tree-level one. It has been found
that the latter always appears through a product with the cutoff scale [126, 133, 204], so that
the holomorphic function τ only depends on the product ΛUV〈Φ〉, while the function Z depends
in addition on the conjugate quantity ΛUV〈Φ†〉. After the rescaling, all chiral superfields Φ
get a R-charge of 2/3, as shown by Eq. (4.2.57). Since the R-symmetry is (formally) exact,
the function Z is enforced to depend on the spurious superfield only through a R-invariant
products of Φ and Φ†,

Zij

[
µR

ΛUV〈Φ〉
,

µR
ΛUV〈Φ†〉

]
→ Zij

[
µR

ΛUV〈|Φ|〉

]
. (4.2.58)

Turning off the effects of the hidden sector, i.e., fixing 〈Φ〉 to unity, the R-symmetry
becomes explicitly broken in the gauge sector, a consequence of the well-known anomalies
of the R-symmetry. Curing these anomalies by means of appropriate counterterms therefore
implies a shift of the function τ that restores the R-symmetry. The anomalies impose in this
way the form of the function τ , which is found to be similar to Eq. (4.2.52),

τab

[
µR

ΛUV〈Φ〉

]
= hab + 2b0δab log

µR
ΛUV〈Φ〉

. (4.2.59)

This shows that gaugino mass term at a scale µR are obtained according to renormalization
group running from the cutoff scale ΛUV〈Φ〉 to µR, the results of Eq. (4.2.52) being retrieved
after Taylor-expanding the logarithm of the spurion superfield.

We have so far proved that super-Weyl anomalies are responsible for generating gaugino
mass terms. Other soft supersymmetry-breaking terms can also be generated by anomalies.
To underline such effects, one proceeds with the computation of the Taylor expansion of the
wave function Z associated with the chiral superfield Φ with respect to Maux. Understanding
superfield indices, one finds

logZ

[
µR

ΛUV〈|Φ|〉

]
= log

µR
ΛUV

− 1

2
γ(g, y)Maux θ ·θ −

1

2
γ(g, y)M∗aux θ̄ ·θ̄

+
1

4

∣∣Maux

∣∣2[∂γ(g, y)

∂β
βg +

∂γ(g, y)

∂y
βy

]
θ ·θ θ̄ ·θ̄ ,

(4.2.60)

where we have introduced the anomalous dimension of the superfield Φ,

γ(g, y) =
∂ logZ

∂ logµR
, (4.2.61)
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and the beta functions

βg =
∂g

∂ logµR
and βy =

∂y

∂ logµR
. (4.2.62)

In our notations, the quantity y generically denotes any superpotential coupling and g stands
for the gauge coupling constant. As far as mass terms are concerned, the lower-order coefficients
of the Grassmann expansion of logZ can be rescaled away4,

exp

[
1

2
log

µR
ΛUV

− 1

2
γ(g, y)Maux θ ·θ

]
〈Φ〉 → 〈Φ〉 , (4.2.63)

so that after integration upon the Grassmann variables, the first term of the Lagrangian of
Eq. (4.2.55) contains a scalar mass term, the related mass parameter m2

φ evaluated at the
renormalization scale µR reading

m2
φ(µR) = −1

4

∣∣Maux

∣∣2[∂γ
∂β

βg +
∂γ

∂y
βy

]
. (4.2.64)

Scalar masses hence arise at the two-loop level, in contrast to the gaugino masses which are
induced by one-loop effects shown in Eq. (4.2.54), since the leading contributions to the scalar
masses are derived from the knowledge of coefficients of the anomalous dimension and the beta
functions already computed at the one-loop order. Schematically, they can be written as

γ(g, y) = γgg
2 + γyy

2 , βg = −b0g3 and βy = y
(
yyy

2 + ygg
2
)
, (4.2.65)

where γg is always positive and real while the other parameters could be positive or negative
real numbers. In particular, γy is negative for infrared-free gauge theories, so that some scalar
masses can become tachyonic if no other source of supersymmetry breaking allows for balancing
the negative effects.

The shift of Eq. (4.2.63) also induces effects in the superpotential Lagrangian, i.e., in the
second term of Eq. (4.2.55). Recalling that the superpotential only consists of trilinear interac-
tion terms, this shift leads to supersymmetry-breaking trilinear scalar interactions. Denoting
generically by yijk a superpotential interaction that couples the superfields Φi, Φj and Φk, the
associated soft supersymmetry-breaking coupling strength Aijk is hence given by

Aijk =
1

2
yijk

[
γi + γj + γk

]
Maux , (4.2.66)

where γi, γj and γk are the anomalous dimensions related to the superfields Φi, Φj and Φk,
respectively.

Collecting all the results derived above, the soft supersymmetry-breaking Lagrangian in-
duced by anomalies can be written as

Lsoft = − 1

2
mλ

[
λa ·λa + λ̄a ·λ̄a

]
−m2

φi φ
†
iφ
i −
[1

6
Aijkφ

iφjφk + h.c.
]
, (4.2.67)

where the gaugino masses are given by Eq. (4.2.54), the scalar masses by Eq. (4.2.64) and the
trilinear couplings by Eq. (4.2.66). In addition, the form of these soft terms is renormalization-
group invariant and therefore holds at any scale. This consequently entails large predictivity
for anomaly-mediated supersymmetry-breaking scenarios, with fixed mass ratios and distinctive
signatures [205, 206, 207, 208, 209].

4This rescaling is also anomalous, but these new effects are of higher-order and can thus be safely neglected.
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4.3 Renormalization group equations for supersymmetry

In the three supersymmetry-breaking scenarios introduced in Section 4.2.2, Section 4.2.3 and
Section 4.2.4, supersymmetry breaking occurs at a high energy-scale. In order to investigate
the related phenomenology, but at the electroweak scale, the generated soft terms must be
subsequently run down. Assuming a renormalizable (softly-broken) supersymmetric theory
and only focusing on the visible sector, the supersymmetric pieces of the action are given as in
Eq. (2.4.70),

S =

∫
d4x d2θ d2θ̄ Φ†e−2gV Φ +

∫
d4x d2θ W (Φ) +

∫
d4x d2θ̄ W ?(Φ†)

+
1

16g2

∫
d4x d2θ W aαWaα +

1

16g2

∫
d4x d2θ̄ W

a
α̇W

α̇
a ,

(4.3.1)

where we have chosen the gauge kinetic function and the Kähler potential in a minimal way,
as given by Eq. (2.4.68). We recall that in our conventions, the Lagrangian above describes
the dynamics of a set of matter supermultiplets that are represented by chiral superfields Φ.
These superfields lie in given representations of a gauge group G with which we associate the
coupling constant g and the vector superfield V . Finally, kinetic and gauge interaction terms
for the components of the superfield V are derived from the sum of the squares of the superfield
strength tensors Wα and W α̇, as usual.

For a renormalizable theory, the superpotential W is a gauge-invariant function at most
trilinear in the chiral content of the theory, as given in Eq. (2.4.69),

W (Φ) =
1

6
λijkΦ

iΦjΦk +
1

2
µijΦ

iΦj + ξiΦ
i , (4.3.2)

where λ, µ and ξ are free parameters of the model.

In addition to the supersymmetric Lagrangian, one also needs to consider supersymmetry-
breaking soft terms generically written as

Lsoft = −1

6
aijkφ

iφjφk − 1

2
bijφ

iφj − ciφi −
1

2
Mλ·λ− 1

2
φ†i (m

2)ijφ
j + h.c., (4.3.3)

where the parameters a, b, c denote the interaction strengths of the supersymmetry-breaking
multiscalar interactions, M the gaugino masses andm2 the squared mass matrix associated with
the scalar fields of the theory. In the Lagrangian above, the scalar components of the matter
supermultiplets are denoted by φ while the gaugino component of the vector supermultiplet V
is represented by λ.

These parameters are related to the supersymmetry-breaking mechanism and are in prin-
ciple known at the (high) scale where supersymmetry breaking occurs. The derivation of the
values of those parameters at the electroweak scale, relevant for, e.g., collider phenomenology,
is driven by supersymmetric renormalization group equations. These equations link the low-
energy parameters to their high-energy counterparts. Although the number of free parameters
can be quite large, some organizing principles in general hold at the supersymmetry-breaking
scale so that we end up with a few input parameters at the high scale.

The supersymmetric renormalization group equations have been known at the one-loop
level [210, 211] and two-loop level for a long time [212, 213, 214, 215, 216] and are generically
written as

d

dt
x = βx with βx =

1

16π2
β(1)
x +

1

(16π2)2
β(2)
x + . . . , (4.3.4)
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where x stands for any parameter and βx for the associated beta function. This function

is thus calculated perturbatively, β
(1)
x and β

(2)
x being the one-loop and two-loop coefficients,

respectively.

Starting with the gauge sector, the first coefficients of the β-functions of the gauge coupling
constant g and of the gaugino mass parameter M read

β(1)
g = g3

[
τ − 3CG

]
and β

(1)
M = 2g2M

[
τ − 3CG

]
, (4.3.5)

whilst the two-loop coefficients are given, in the DR renormalization scheme, by

β(2)
g = g5

[
− 6C2

G + 2CGτ + 4τRCR

]
− g3λ∗ijkλijkCk/dG ,

β
(2)
M = 4g4M

[
− 6C2

G + 2CGτ + 4τRCR

]
+ 2g2λijk

[
a∗ijk −Mλ∗ijk

]
Ck/dG .

(4.3.6)

Considering a chiral superfield lying in a representation R of the gauge group, we denote by
CR the quadratic Casimir invariant associated with this representation. Similarly, CG is the
quadratic Casimir invariant relative to the adjoint representation and Ck corresponds to the
Casimir invariant associated with the representation in which the chiral superfield Φk lies. In
addition, we have also introduced τ as the total Dynkin index of the gauge group, i.e., the
Dynkin index summed over all the chiral content of the model, accounting for the superfield
multiplicity5. Moreover, the quantity CRτR contains an implicit summation. It refers to a sum
of the Dynkin indices over all the chiral superfields of the model, weighted by the corresponding
quadratic Casimir invariants. Finally, the dimension of the gauge group is denoted by dG.

On the basis of the supersymmetric non-renormalization theorems [24, 28, 96, 200, 201,
202, 203], the evolution of the superpotential parameters is entirely driven by the anomalous
dimensions of the fields (see Section 4.2.4). The first and second coefficients of the β-functions
of the linear, bilinear and trilinear interaction parameters ξ, µ and λ are then given by

β
(n)
ξi

= ξp (γ(n))pi ,

β(n)
µij = µip (γ(n))pj + µpj (γ(n))pi ,

β
(n)
λijk

= λijp (γ(n))pk + λipk (γ(n))pj + λpjk (γ(n))pi ,

(4.3.7)

respectively, with n = 1 or 2. The first two coefficients of the anomalous dimensions γ appearing
in these beta functions are given by

(γ(1))j i =
1

2
λipqλ

∗jpq − 2δj ig
2Ci ,

(γ(2))j i = g2λipqλ
∗jpq
[
2Cp−Ci

]
− 1

2
λimnλ

∗npqλpqrλ
∗mrj+2δj ig

4Ci

[
τ+2Ci−3CG

]
.

(4.3.8)

We now turn to the evolution of the supersymmetry-breaking parameters. The first co-
efficients of the beta functions related to the linear, bilinear and trilinear scalar interactions

5In the case of an abelian group, we define τ as the sum of the squared charges over the whole chiral content
of the theory, accounting for the multiplicity of each superfield.
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read

β(1)
ci =

1

2
λipqλ

∗rpqcr+λ
∗rpqaipqξr+µirλ

∗rpqbpq+2λipq(m
2)qrµ

∗pr+aipqb
∗pq ,

β
(1)
bij

=
1

2
bipλ

∗pqrλqrj+
1

2
λijrλ

∗rpqbpq+µipλ
∗pqraqrj−2g2Ci

[
bij−2Mµij

]
+

1

2
bjpλ

∗pqrλqri+
1

2
λjirλ

∗rpqbpq+µjpλ
∗pqraqri−2g2Cj

[
bji−2Mµji

]
,

β(1)
aijk

=
1

2
aijrλ

∗rpqλpqk+λijrλ
∗rpqapqk−2g2Ck

[
aijk−2Mλijk

]
+

1

2
akjrλ

∗rpqλpqi+λkjrλ
∗rpqapqi−2g2Ci

[
akji−2Mλkji

]
+

1

2
aikrλ

∗rpqλpqj+λikrλ
∗rpqapqj−2g2Cj

[
aikj−2Mλikj

]
,

(4.3.9)

while the second coefficients of these beta functions are given by

β(2)
ci = 4g2Cq

[(
aipq−λipqM

)(
λ∗rpqξr+b

∗pq)+ 1

2
λipqλ

∗rpqcr−λ∗rpq
(
µpqM−bpq

)
µir

+
(
λipq(m

2)pr+λirp(m
2)pq+2λirq|M |2−airqM∗

)
µ∗rq

]
−
[
λipqatrs + aipqλtrs

]
λ∗qrsλ∗kptξk −

1

2
λipqλ

∗qrsλtrsλ
∗kptck

−
[
aqstµpk + λqstbpk

]
λ∗kstλ∗rpqµir −

[
λipqarst + aipqλrst

]
λ∗qstb∗pr

−
[(
λikq(m

2)kpλrst+λipq(m
2)krλkst+2λipq(m

2)tkλrst+λipk(m
2)kqλrst

)
λ∗qst

+
(
λipqarst − aipqλrst

)
a∗qst

]
µ∗pr ,

β
(2)
bij

= g2λ∗rpq
{

2Cpλijr
(
bpq−µpqM

)
+
(
2Cp−Ci

)[
birλpqj+2µir

(
apqj−λpqjM

)]}
+ 2g4

(
bij−4µijM

)(
Ciτ+2C2

i −3CGCi
)
− 1

2

[
bipλqkj+bqkλijp

]
λstrλ

∗pqrλ∗stk

−
[1

2
λijsµtrapqk+µis

(
akpqλtrj+λkpqatrj

)]
λ∗pqrλ∗stk + (i↔ j) ,

β(2)
aijk

= − λ∗smnλ∗pqr
[1

2
aijsλnpqλmrk + λijs

(
λnpqamrk + anpqλmrk

)]
+ g2

(
2Cp − Ck

)
λ∗rpq

[
aijrλpqk + 2λijr

(
apqk −Mλpqk

)]
+ 2g4

(
aijk − 4Mλijk

)(
Ckτ + 2C2

k − 3CGCk
)

+ (k ↔ i) + (k ↔ j) .

(4.3.10)

Finally, we achieve this section by providing the first two coefficients of the beta function
associated to the scalar mass parameters,

β
(1)

(m2)ij
=

1

2
λ∗ipqλpqr(m

2)rj +
1

2
λjpqλ

∗pqr(m2)ir + 2λ∗ipqλjpr(m
2)rq + ajpqa

∗ipq

− 8δijMM †g2Ci + 2g2(Ta)
i
jTr
[
T am2

]
,

(4.3.11)
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and

β
(2)

(m2)ij
= δijg

4

[
MM †

(
24τCi+48C2

i −72CGCi

)
+ 8Ci

(
Tr
[
τRm

2
]
−CGMM †

)]
− 2g2(Ta)

i
j

(
T am2

)r
sλ
∗spqλrpq + 8g4(Ta)

i
jTr
[
T aCRm

2
]

+ g2
(
Cp+Cq−Ci

)[
(m2)isλ

∗spqλjpq+λ
∗ipqλspq(m

2)sj+4λ∗ipqλjps(m
2)sq

+ 2a∗ipq
(
ajpq − λjpqM

)
− 2λ∗ipq

(
ajpqM

† − 2λjpqMM †
)]

− λ∗ism
[
λjnm

(
(m2)rsλ

∗npqλrpq+(m2)nrλ
∗rpqλspq

)
+λjnr(m

2)nsλ
∗pqrλpqm

+ 2λjsn(m2)rqλ
∗npqλmpr

]
−
[
a∗ismλ∗npq+λjsnampq

][
ajsnλmpq+λjsnampq

]
− 1

2
λpqnλ

∗pqr
[
(m2)isλ

∗smnλmrj + (m2)sjλsmrλ
∗mni

]
.

(4.3.12)

The terms depending explicitly on the representation matrices of the gauge group vanish identi-
cally for non-abelian groups. We recall that in the abelian case, these matrices must be read as
squared abelian charges. Moreover, the Casimir invariant CR and Dynkin index τR appearing
in some of these terms is associated with the representation of the relevant fields in the traces.



Chapter 5

The Minimal Supersymmetric
Standard Model

In Chapter 2 and Chapter 4, we have shown how to construct any softly-broken super-
symmetric field theory from very basic principles. In this chapter, we apply all the concepts
that have been introduced so far in order to build the simplest phenomenologically relevant
supersymmetric model, namely the Minimal Supersymmetric Standard Model or MSSM. We
start with a detailed description of the construction of the model itself in Section 5.1, including
details on the most popular choices for breaking supersymmetry in that framework and then
detail the main features of the model in Section 5.2. One of the drawbacks of the MSSM, simi-
larly to large classes of beyond the Standard Model theories, consists of its very large parameter
space and the subsequent difficulties in designing non-experimentally excluded benchmark sce-
narios which implies to account for strong constraints from many experimental data. In this
prospect, we study in Section 5.3 several low-energy electroweak and flavor observables in the
context of the MSSM and dedicate Section 5.4 to the investigation of its cosmological aspects.
We next address the more recent direct constraints extracted from the Large Hadron Collider
data in Section 5.5, including the observation of a 125 GeV state compatible with the Standard
Model Higgs boson [11, 12] and finally shortly motivate the needs to go beyond the MSSM in
Section 5.6.

5.1 Construction of the model

5.1.1 Field content

The Minimal Supersymmetric Standard Model is the simplest supersymmetric model ex-
tending the Standard Model of particle physics [31, 32]. It results from the straightforward
supersymmetrization of the Standard Model with the same gauge interactions, based on the
semi-simple gauge group SU(3)c × SU(2)L × U(1)Y . Because of their quantum numbers, the
Standard Model particles cannot be gathered into N = 1 representations of the Poincaré su-
peralgebra (see Section 2.2.3). It is consequently necessary to embed each of the Standard
Model degrees of freedom within a chiral or vector supermultiplet, supplementing it with one
new state.

The matter sector of the theory1 consists of three generations of six chiral supermultiplets
containing the Standard Model quarks and leptons, together with their squark and slepton

1By the terminology matter sector, we refer to quark and lepton supermultiplets.
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Supermultiplet
Standard Model

fermion
Superpartner Representation

QiL qiL =

(
uiL
diL

)
q̃iL =

(
ũiL
d̃iL

)
(3˜,2˜, 1

6)

U iR uicR ũi†R (3̄˜,1˜,−2
3)

Di
R dicR d̃i†R (3̄˜,1˜, 1

3)

LiL `iL =

(
νiL
eiL

)
˜̀i
L =

(
ν̃iL
ẽiL

)
(1˜,2˜,−1

2)

EiR eicR ẽi†R (1˜,1˜, 1)

N i
R νicR ν̃i†R (1˜,1˜, 0)

Table 5.1: The MSSM matter sector resulting from the supersymmetrization of the Standard
Model quark and lepton fields. The representations under SU(3)c × SU(2)L × U(1)Y are
provided in the last column of the table and the superscript c denotes charge conjugation.

superpartners. The corresponding superfields and their representations under the MSSM gauge
group read

QiL = (3˜,2˜, 1

6
) , U iR = (3̄˜,1˜,−2

3
) , Di

R = (3̄˜,1˜, 1

3
) ,

LiL = (1˜,2˜,−1

2
) , EiR = (1˜,1˜, 1) , N i

R = (1˜,1˜, 0) ,

(5.1.1)

where i = 1, 2, 3 stands for a generation index and where the right-handed neutrino super-
fields NR are included for completeness. In our notations, we have employed the hypercharge
quantum numbers as ‘representations’ for the U(1)Y subgroup. The physical component fields
embedded into these superfields are detailed in Table 5.1. Usually, four-component spinorial
representations of the Poincaré algebra are employed to describe (massive) quarks and leptons.
Denoting such a four-component spinor Ψ by

Ψ =

(
χα
ξ̄α̇

)
, (5.1.2)

allows us to put an emphasis on its two-component fermionic content. This field combines a
left-handed Weyl fermion χ and a right-handed Weyl fermion ξ̄. However, only left-handed
Weyl fermions can be employed to construct supersymmetric theories. This issue is cured by
means of the charge conjugate Dirac field Ψc,

Ψc = CΨ̄t =

(
ξα
χ̄α̇

)
, (5.1.3)
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Supermultiplets Scalar fields Higgsino fields Representation

HD Hd =

(
H0
d

H−d

)
H̃d =

(
H̃0
d

H̃−d

)
(1˜,2˜,−1

2)

HU Hu =

(
H+
u

H0
u

)
H̃u =

(
H̃+
u

H̃0
u

)
(1˜,2˜, 1

2)

Table 5.2: The Higgs sector of the Minimal Supersymmetric Standard Model. The represen-
tations under the MSSM gauge group SU(3)c × SU(2)L × U(1)Y are indicated, together with
the components of the two Higgs supermultiplets.

Supermultiplet Gauge boson Gaugino field Representation

VB Bµ B̃ (1˜,1˜, 0)

VW Wµ W̃ (1˜,3˜, 0)

VG gµ g̃ (8˜,1˜, 0)

Table 5.3: The gauge sector of the Minimal Supersymmetric Standard Model. The represen-
tations under the MSSM gauge group SU(3)c × SU(2)L × U(1)Y are indicated, together with
the components fields of the gauge supermultiplets.

where C is the charge-conjugation operator. To supersymmetrize a non-supersymmetric theory
with Dirac fermions by employing left-handed chiral superfields, the left-handed components
of both the Dirac fields and their charge-conjugate counterparts are hence employed. In the
example of the MSSM, it means that the superfields lying in the fundamental representation 2˜ of
SU(2)L (QL and LL) are built upon the left-handed component of the Standard Model quarks
and leptons while those being singlet of SU(2)L (UR, DR, ER and NR) are based on the left-
handed component of the conjugate fields. As shown in Table 5.1, the scalar components of the
chiral supermultiplets are introduced accordingly, employing conjugate fields where relevant.

In contrast to the Standard Model, the Higgs sector of the MSSM contains two chiral
supermultiplets HD and HU . Since the superpotential is an holomorphic function of the chiral
superfields (see Section 2.4.1), two SU(2)L doublets are necessary to give mass to both up-type
and down-type particles. Moreover, two supermultiplets with opposite hypercharge quantum
numbers are necessary to cancel the chiral anomalies resulting from the fermionic components
of HU and HD, dubbed higgsinos. A good choice for their representation under the MSSM
gauge group is thus

HD = (1˜,2˜,−1

2
) , HU = (1˜,2˜, 1

2
) , (5.1.4)

where in this way, the superfield HU couples to up-type particles whilst HD couples to down-
type particles. The component fields are collected in Table 5.2.

We finally turn to the gauge sector of the model which contains one vector superfield for
each of the direct factors of the gauge group. These superfields lie in the corresponding adjoint
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representation and are singlets under all the other gauge symmetries,

SU(3)c ↔ VG = (8˜,1˜, 0) ,

SU(2)L ↔ VW = (1˜,3˜, 0) ,

U(1)Y ↔ VB = (1˜,1˜, 0) .

(5.1.5)

As shown in Table 5.3, these supermultiplets contain, in addition to the Standard Model gauge
bosons, their fermionic partners dubbed gauginos.

5.1.2 Supersymmetry-conserving Lagrangian

As shown in Eq. (2.4.70), kinetic and gauge interaction terms for the chiral and vector
superfields of the theory are entirely fixed by gauge invariance and supersymmetry. For the
MSSM vector superfield content of Table 5.3, they read

Lvector =

[
1

4
Wα
BWBα +

1

16g2
w

Wα
WkW

k
Wα +

1

16g2
s

Wα
GaW

a
Gα

]
θ·θ

+ h.c. , (5.1.6)

where we recall that the notation [ . ]θ·θ indicates that only the θ ·θ-component of the expansion
of the superfield lying inside the squared brackets must be kept. The Lagrangian Lvector

depends, as presented in Chapter 2, on the superfield strength tensors defined by Eq. (2.4.19)
and Eq. (2.4.30),

WBα = − 1

4
D̄ ·D̄DαVB ,

WWα = − 1

4
D̄ ·D̄e2gwVWDαe

−2gwVW ,

WGα = − 1

4
D̄ ·D̄e2gsVGDαe

−2gsVG .

(5.1.7)

In these expressions, we have contracted the adjoint indices of the vector superfields associated
with SU(2)L and SU(3)c. with the fundamental representation matrices 1

2σk and Ta of these
two groups, so that we define VW = V k

W
1
2σk and VG = V a

GTa. Moreover, we have also introduced
the gauge coupling constants gw and gs and for further references, we denote the hypercharge
coupling constant by gy. In Eq. (5.1.7), we hence employ the superfields

WWα = W k
Wα

1

2
σk and WGα = W a

GαTa , (5.1.8)

that can be used to further extract the quantities included in the Lagrangian of Eq. (5.1.6).
Gauge interaction and kinetic terms for the chiral superfields of Table 5.1 and Table 5.2 are

given, according to Eq. (2.4.70), by

Lchiral =

[
Q†L

(
e−

1
3
gyVBe−2gwVW e−2gsVG

)
QL + U †R

(
e

4
3
gyVBe−2gsV ′G

)
UR+

D†R

(
e−

2
3
gyVBe−2gsV ′G

)
DR + L†L

(
egyVBe−2gwVW

)
LL + E†R

(
e−2gyVB

)
ER+

N †RNR +H†D

(
egyVBe−2gwVW

)
HD +H†U

(
e−gyVBe−2gwVW

)
HU

]
θ·θθ̄·θ̄

,

(5.1.9)

where all indices are understood and where the notation [ . ]θ·θθ̄·θ̄ indicates that only the
θ ·θθ̄ · θ̄-component of the expansion of the superfield lying inside the squared brackets has to
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be kept. Concerning the SU(3)c exponential factors, we have introduced the antifundamental
representation matrices T̄a within V ′G = V a

GT̄a = −V a
GT

t
a since the superfields UR and DR lie in

the 3̄˜ representation of the QCD gauge group.
Superpotential interactions contain the Yukawa couplings generating quark and lepton

masses. According to the quantum numbers of the MSSM chiral superfields (see Table 5.1
and Table 5.2), additional terms can be added and the most general superpotential is written
as

WMSSM = (yu)ij U
i
R QjL ·HU − (yd)ij D

i
R QjL ·HD + (yν)ij N

i
R LjL ·HU −

(ye)ij E
i
R LjL ·HD + µ HU ·HD + (mν)ij N

i
RN

j
R +WRPV ,

(5.1.10)

where yu, yd, yν and yl denote the 3 × 3 Yukawa matrices in flavor space, µ the Higgs off-
diagonal mass-mixing parameter and mν the 3× 3 (right-handed) neutrino mass matrix. The
dot products stand for SU(2) invariant products, defined, for two generic chiral superfields Φ
and Φ′, by

Φ·Φ′ = εk` ΦkΦ
′` , (5.1.11)

where k and ` are fundamental SU(2)L indices and ε12 = −ε12 = 1. In the last term of the
superpotential of Eq. (5.1.10), we have included the so-called R-parity violating interactions,

WRPV =
1

2
λijkL

i
L ·L

j
LE

k
R + λ′ijkL

i
L ·Q

j
LD

k
R +

1

2
λ′′ijkU

i
RD

j
RD

k
R − κiLiL ·HU . (5.1.12)

The lepton-Higgs mixing parameter κ is a three-dimensional vector in generation space, while
the Yukawa-like parameters λ, λ′ and λ′′ are 3× 3× 3 tensors of this space. These interactions
explicitly violate either the lepton number L or the baryon number B and lead to disastrous
phenomenological consequences. Therefore, it is desirable to forbid them. This is achieved by
imposing a discrete symmetry, dubbed R-parity [217], defined by

R = (−1)3B+L and R = (−1)3B+L+2S , (5.1.13)

at the superfield and component field level, respectively, S standing for the spin. Following
standard conventions for constructing the minimal version of a supersymmetric theory based
upon the Standard Model, R-parity conservation is imposed so that the interactions induced
by WRPV are not allowed. We will come back to R-parity violation in Section 6.1.1.

Still in the aim of constructing a minimal model, the right-handed neutrino is assumed
decoupled so that the MSSM superpotential finally reduces to

WMSSM = (yu)ijU
i
R QjL ·HU − (yd)ijD

i
R QjL ·HD + (ye)ijE

i
R LjL ·HD + µHU ·HD . (5.1.14)

The corresponding interaction terms are obtained by extracting the θ ·θ-component of this
quantity,

LW =
[
WMSSM

]
θ·θ

+ h.c. . (5.1.15)

Collecting the results of Eq. (5.1.6), Eq. (5.1.9), Eq. (5.1.14) and Eq. (5.1.15), the super-
symmetric part of the MSSM Lagrangian is summarized by

LMSSM,susy = Lvector + Lchiral + LW . (5.1.16)

The expansion of this Lagrangian in terms of the component fields being straightforward, we
refer to Eq. (2.4.72) without providing any further detail.
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5.1.3 Supersymmetry-breaking Lagrangian

Realistic supersymmetric theories are theories where supersymmetry is spontaneously bro-
ken. The Lagrangian density therefore respects supersymmetry invariance, but the vacuum
state does not. As mentioned in Chapter 4, supersymmetry breaking is assumed to occur
at some high-energy scale. It is then mediated to the visible sector of the model by some
mechanisms which generate soft mass and interaction terms. The specific way in which those
mechanisms work is however not addressed in this section (see Chapter 4), and we rather choose
to adopt a phenomenological point of view at low energy and supplement to the Lagrangian of
Eq. (5.1.16) all possible soft terms breaking supersymmetry explicitly [218],

Lsoft =
1

2

[
M1B̃ ·B̃ +M2W̃ ·W̃ +M3g̃ ·g̃ + h.c.

]
− (m2

Q̃
)ij q̃

†
Liq̃

j
L − (m2

Ũ
)ij ũRiũ

j†
R

− (m2
D̃

)ij d̃Rid̃
j†
R − (m2

L̃
)ij ˜̀
†
Li

˜̀j
L − (m2

Ẽ
)ij ẽRiẽ

j†
R −m

2
HuH

†
uHu −m2

Hd
H†dHd

−
[
(Tu)ij ũ

i†
R q̃

j
L ·Hu − (Td)ij d̃

i†
R q̃

j
L ·Hd − (Te)ij ẽ

i†
R

˜̀j
L ·Hd + bHu ·Hd + h.c.

]
.

(5.1.17)

The first bracket of Eq. (5.1.17) contains gaugino mass terms. The sign of these terms may seem
a priori surprising. However, a phase is further absorbed in field redefinitions (see Section 5.1.4)
so that one eventually gets mass terms with the correct sign. The next seven terms of Lsoft

consist of scalar mass terms, where the parameters mQ̃, mL̃, mũ, md̃ and mẽ are 3 × 3
Hermitian matrices in flavor space and mHu and mHd are Higgs mass parameters. Finally, the
remaining soft terms are bilinear and trilinear scalar interactions, where Tu, Td, and Te are
3× 3 matrices in generation space and b is the strength of the supersymmetry-breaking Higgs
off-diagonal mixing.

The form of the Lagrangian given in Eq. (5.1.17) also holds, in general, at high energy.
In realistic supersymmetry-breaking scenarios, the parameters are however deduced from a
reduced set of key parameters related to the supersymmetry-breaking mechanism (see, e.g.,
the relations of Eq. (4.2.24) for gravity-mediated supersymmetry breaking). The parameters of
the low-energy Lagrangian are then recovered by means of the supersymmetric renormalization
group equations introduced in Section 4.3.

If one allows for R-parity violation, additional soft terms are permitted. Their form is very
similar to the one of the superpotential of Eq. (5.1.12), with extra slepton-Higgs off-diagonal
mass terms. We refer to Section 6.1.1 for more information. In addition, we also recall that all
possible contributions depending on the right-handed sneutrino fields ν̃R have been omitted,
those fields being assumed decoupled.

5.1.4 Electroweak symmetry breaking and particle mixings

The classical Higgs potential is extracted from the Lagrangian derived in the previous
section. In order to simplify its analysis, we first employ an SU(2)L gauge transformation
to rotate away the possible vacuum expectation value of the charged component of one of
the two Higgs doublets. Then, the minimization equations of the scalar potential imply that
the vacuum expectation of the charged component of the second doublet also vanishes, in
agreement with electromagnetism conservation. We concentrate from now on on the terms
depending exclusively on the neutral components of the two Higgs doublets H0

u and H0
d ,

V (H0
d , H

0
u) =

g2
y + g2

w

8

[
H0†
d H

0
d −H0†

u H
0
u

]2
− b
[
H0
dH

0
u +H0†

d H
0†
u

]
+
(
|µ|2 +m2

Hd

)
H0†
d H

0
d +

(
|µ|2 +m2

Hu

)
H0†
u H

0
u ,

(5.1.18)
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where we have redefined the Higgs fields so that the soft parameter b is real and positive. In
order to break spontaneously the electroweak symmetry, the Higgs potential must be bounded
from below. For arbitrary large and different vacuum expectation values vd/

√
2 and vu/

√
2 of

the two fields H0
d and H0

u, the quartic term of Eq. (5.1.18) dominates so that the potential
is always stabilized. However, in the case the two vacuum expectation values are equal, the
quartic terms vanish at the minimum of the potential. Since these terms are issued from the
contributions of the auxiliary D-fields to the scalar potential, these configurations are referred
to as D-flat directions of the Higgs potential. In order to bound the potential from below along
these directions, one asks for the condition

2|µ|2 +m2
Hd

+m2
Hu − 2b > 0 . (5.1.19)

A second condition among the Higgs sector parameters arises by forbidding the trivial
solution vu = vd = 0 to be a minimum of the potential. This is achieved from the associated
Hessian matrix,

M2
H =

(
|µ|2 +m2

Hd
−b

−b |µ|2 +m2
Hu

)
, (5.1.20)

evaluated at vu = vd = 0. If its determinant is negative, then vu = vd = 0 is a saddle point.
Equivalently, this corresponds to(

|µ|2 +m2
Hd

)(
|µ|2 +m2

Hu

)
< b2 . (5.1.21)

Contrary, if the determinant of the M2
H is positive,(

|µ|2 +m2
Hd

)(
|µ|2 +m2

Hu

)
− b2 > 0 . (5.1.22)

From Eq. (5.1.19) and since the Higgs soft mixing parameter b is positive and real, the sums
(|µ|2 + m2

Hd
) and (|µ|2 + m2

Hu
) have the same sign. Consequently, a positive determinant of

M2
H always leads to an unacceptable minimum in vu = vd = 0.

Collecting the previous results, the electroweak symmetry is broken only if the two condi-
tions of Eq. (5.1.19) and Eq. (5.1.21) are satisfied,

2|µ|2 +m2
Hd

+m2
Hu − 2b > 0 and

(
|µ|2 +m2

Hd

)(
|µ|2 +m2

Hu

)
< b2 . (5.1.23)

Supersymmetric renormalization group equations drive the evolution of the Higgs squared mass
parameters m2

Hd
and m2

Hu
between the high scale where supersymmetry is broken down to the

electroweak scale. Due to the strong Yukawa coupling between the superfields HU , Q3
L and

U3
R in the superpotential (related to the mass of the top quark), these equations naturally

push m2
Hu

to be negative or much smaller than m2
Hd

, which helps to satisfy the conditions of
Eq. (5.1.23). In many viable supersymmetry-breaking scenarios, this effect is even sufficient
to guarantee the spontaneous breaking of the electroweak symmetry therefore referred to as
radiative electroweak symmetry breaking.

Finally, all the parameters of the Higgs sector are not independent. The minimization
conditions of the Higgs potential impose its first-order derivatives with respect to the neutral
Higgs fields to vanish at the minimum,

0 =
g2
w + g2

y

8

[
v2
d − v2

u

]
+ |µ|2 +m2

Hd
− bvu

vd
,

0 =
g2
w + g2

y

8

[
v2
u − v2

d

]
+ |µ|2 +m2

Hu − b
vd
vu

.

(5.1.24)
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Two parameters can then be deduced from the knowledge of the others.
After electroweak symmetry breaking, the SU(2)L and U(1)Y vector bosons mix and get

massive, as in the Standard Model. Shifting the neutral scalar Higgs bosons by their vacuum
expectation value,

H0
u →

vu√
2

+ h0
u and H0

d →
vd√

2
+ h0

d , (5.1.25)

where h0
u are h0

d are complex scalar fields, we extract the squared mass matrix of the neutral
electroweak gauge bosons Bµ and W 3

µ from the Higgs kinetic and gauge interaction terms,

LEW = DµH†uDµHu +DµH†dDµHd . (5.1.26)

This matrix reads, in the (Bµ,W 3
µ) basis,

M2
V 0 =

1

4

[
v2
d + v2

u

]( g2
y −gygw

−gygw g2
w

)
, (5.1.27)

and is diagonalized by introducing the photon Aµ and neutral electroweak boson Zµ defined
by the rotation (

Aµ
Zµ

)
=

(
cos θw sin θw
− sin θw cos θw

)(
Bµ
W 3
µ

)
. (5.1.28)

The electroweak mixing angle θw and the masses MA and MZ of the physical states are calcu-
lated as

cos2 θw =
g2
w

g2
w + g2

y

, MA = 0 and MZ =
gw

√
v2
u + v2

d

2 cos θw
. (5.1.29)

Similarly to the Standard Model, the physical charged weak boson states are obtained after
diagonalizing the third generator of SU(2)L in the adjoint representation. The transformation
rules relating the mass and interaction bases and the physical W -boson mass MW are given by

W±µ =
1√
2

(W 1
µ ∓ iW 2

µ) and MW =
gw

√
v2
u + v2

d

2
. (5.1.30)

Before getting back to the Higgs sector, one can emphasize that the relations of Eq. (5.1.29)
allows us to rewrite the minimization conditions of Eq. (5.1.24) as

sin 2β =
2b

2|µ|2 +m2
Hd

+m2
Hu

and M2
Z =

∣∣m2
Hu
−m2

Hd

∣∣∣∣ cos 2β
∣∣ −2|µ|2−m2

Hd
−m2

Hu , (5.1.31)

where we have introduced the ratio of the vacuum expectation values of the neutral Higgs fields,
tanβ = vu/vd. These two equations enlighten the so-called µ-problem of the MSSM [219].
Without fine-tuned cancellations, all the parameters b, |µ|, mHd and mHu must be roughly of
the order of the Z-boson mass. However, µ is a superpotential parameter, not related to the
breaking of the electroweak symmetry, and there is therefore no strong reason to impose its
value to be of the order of the electroweak scale. Furthermore, from a theoretical point of view,
the µ-parameter being the only dimensionful quantity of the superpotential, its natural size can
only be either of the order of the supersymmetry-breaking scale, the only inherent mass scale
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in the setup, or zero when forbidden by a symmetry. Several solutions exist to address this
issue, such as, e.g., the elegant proposal (however not considered in this work) of generating
the µ term dynamically from the vacuum expectation value of a new singlet chiral superfield
as in the so-called Next-to-Minimal Supersymmetric Standard Model [153, 139, 210, 220, 221,
222, 223, 224, 225, 226, 227, 228].

When becoming massive, the W and Z gauge bosons eat three out of the eight real degrees
of freedom included in the two Higgs doublets, i.e., the Goldstone bosons G± and G0 which
become the longitudinal modes of the weak bosons. The five other degrees of freedom mix to
the physical Higgs fields, h0, H0, A0 and H±. The definition of these eight states, as well as
their mass, can be obtained from the diagonalization of the scalar, pseudoscalar and charged
Higgs mass matrices M2

S , M2
P and M2

±, extracted from the full Higgs potential. They read, in

the (<{h0
d},<{h0

u}), (={h0
d},={h0

u}) and (H−†d , H+
u ) bases,

M2
S =

(
M2
Zc

2
β+
(
2|µ|2+m2

Hd
+m2

Hu

)
s2
β −(2|µ|2+m2

Hd
+m2

Hu
+M2

Z)sβcβ

−(2|µ|2+m2
Hd

+m2
Hu

+M2
Z)sβcβ M2

Z sin2 β+
(
2|µ|2+m2

Hd
+m2

Hu

)
c2
β

)
,

M2
P = b

(
tβ 1

1 1
tβ

)
and M2

± =

(
M2
W s

2
β + btβ M2

W sβcβ + b

M2
W sβcβ + b M2

W cos2 β + b
tβ

)
,

(5.1.32)

respectively, after employing Eq. (5.1.24), Eq. (5.1.29) and Eq. (5.1.30) for simplifications. We
have also introduced the shorthand notations sβ = sinβ, cβ = cosβ and tβ = tanβ. After
diagonalizing those matrices, one rewrites the gauge eigenstates H+

u , h0
u, h0

d and H−d in terms
of the mass eigenstates as

h0
u = cosα h0 + sinα H0 + i cosβ A0 + i sinβ G0 ,

h0
d = − sinα h0 + cosα H0 + i sinβ A0 − i cosβ G0 ,

H+
u = cosβ H+ + sinβ G+ ,

H−d = sinβ H− − cosβ G− ,

(5.1.33)

where the neutral Higgs mixing angle α is defined as

tan 2α = tan 2β
2|µ|2+m2

Hd
+m2

Hu
+M2

Z

2|µ|2+m2
Hd

+m2
Hu
−M2

Z

. (5.1.34)

Furthermore, the physical squared masses are the eigenvalues of the three matrices above,

M2
G0 = 0 and M2

A0 = 2|µ|2 +m2
Hd

+m2
Hu ,

M2
G± = 0 and M2

H± = M2
W + 2|µ|2 +m2

Hd
+m2

Hu ,

M2
h0 =

1

2

[
M2
A0 +M2

Z −
√

(M2
A0 −M2

Z)2 + 4M2
A0M

2
Z sin2 2β

]
,

M2
H0 =

1

2

[
M2
A0 +M2

Z +
√

(M2
A0 −M2

Z)2 + 4M2
A0M

2
Z sin2 2β

]
.

(5.1.35)

One observes that the mass of the lightest Higgs field h0 is bounded from above since

Mh0 < MZ

∣∣ cos 2β
∣∣ , (5.1.36)

which contradicts current observations. However, the particle masses are subject to quantum
corrections. The lightest Higgs mass is hence shifted to a higher scale, in particular through
quantum loops of top quarks and squarks.
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In the fermionic sector, the mass matrix of the neutral partners of the gauge and Higgs
bosons reads, in the (iB̃, iW̃ 3, H̃0

d , H̃
0
u) basis,

Mχ̃0 =


M1 0 −MW tan θw cosβ MW tan θw sinβ
0 M2 MW cosβ −MW sinβ

−MW tan θw cosβ MW cosβ 0 −µ
MW tan θw sinβ −MW sinβ −µ 0

 . (5.1.37)

We have obtained this expression after employing Eq. (5.1.29) and Eq. (5.1.30) for simplifica-
tions. Factors of i have been absorbed in gaugino field redefinitions so that the mass matrix
Mχ̃0 is now real. Moreover, since Mχ̃0 is in addition symmetric, it can be diagonalized by
means of a unitary matrix N ,

N∗Mχ̃0N−1 = diag (Mχ̃0
1
,Mχ̃0

2
,Mχ̃0

3
,Mχ̃0

4
) . (5.1.38)

The masses Mχ̃0
1
< Mχ̃0

2
< Mχ̃0

3
< Mχ̃0

4
are the masses of the two-component fields χ0

i , dubbed
neutralinos, related to the gaugino and higgsino interaction eigenstates by

χ0
1

χ0
2

χ0
3

χ0
4

 = N


iB̃

iW̃ 3

H̃0
d

H̃0
u

 . (5.1.39)

Following the second version of the Supersymmetry Les Houches Accord conventions [175], the
eigenvalues of the Mχ̃0 matrix are chosen non-negative and real so that the mixing matrix N
is generally complex2. Their analytical expressions can be written under a relatively compact
form by means of projection operators but we however refer to the literature for further details
[229, 230, 231].

Similarly, the mass matrix of the charged fermionic partners reads, in the (iW̃−, H̃−d ) and

(iW̃+, H̃+
u ) bases,

Mχ̃± =

(
M2

√
2MW sinβ√

2MW cosβ µ

)
, (5.1.40)

after employing Eq. (5.1.30) for simplifications. The charged wino states W̃±µ are defined after
diagonalizing the third generator of SU(2) in the adjoint representation, as for the W -boson
states,

W̃± =
1√
2

(W̃ 1 ∓ iW̃ 2) . (5.1.41)

The matrix Mχ̃± is diagonalized by two unitary matrices U and V so that

U∗Mχ̃±V
−1 = diag(Mχ̃±1

,Mχ̃±2
) , (5.1.42)

where Mχ̃±1
< Mχ̃±2

are the masses of the so-called chargino states. Those two rotations relate

the interaction eigenstates to the physical charginos states χ±i by(
χ+

1

χ+
2

)
= V

(
iW̃+

H̃+
u

)
and

(
χ−1
χ−2

)
= U

(
iW̃−

H̃−d

)
. (5.1.43)

2This contrasts with the original agreement [174] where the mixing matrix N is imposed to be real, so that
one or several of the mass eigenvalues can be negative.
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The computation of V stems from the diagonalization of the Hermitian matrix M †
χ̃±Mχ̃± , so

that one has, from Eq. (5.1.42),

VM †
χ̃±Mχ̃±V

−1 = diag (M2
χ̃±1
,M2

χ̃±2
) . (5.1.44)

This allows to derive the squared chargino masses,

M2
χ̃±1,2

=
1

2

[
|M2|2 + |µ|2 + 2M2

W ∓
√

(|M2|2 + |µ|2 + 2M2
W )2 − 4|µM2 −M2

W s2β|2
]
, (5.1.45)

after having introduced the shorthand notation s2β = sin 2β, and the rotation matrix V reads

V =

(
cos θ+ sin θ+ e

−iφ+

− sin θ+ e
iφ+ cos θ+

)
. (5.1.46)

The phase of the off-diagonal element cannot be eliminated as it is needed to rotate away the
imaginary part of the off-diagonal matrix element in M †

χ̃±Mχ̃± ,

=
[
(M∗2 sinβ + µ cosβ)eiφ+

]
= 0 . (5.1.47)

Moreover, the rotation angle θ+ ∈ [0;π] is uniquely fixed by the two conditions

tan 2θ+ =
2
√

2MW

(
M∗2 sinβ + µ cosβ

)
eiφ+

|M2|2 − |µ|2 + 2M2
W c2β

,

sin 2θ+ =
−2
√

2MW

(
M∗2 sinβ + µ cosβ

)
eiφ+√[

|M2|2 − |µ|2 + 2M2
W c2β

]2
+ 8M2

W

[
(M∗2 sinβ + µ cosβ)eiφ+

]2
,

(5.1.48)

where c2β = cos 2β. Similar relations can be obtained from the rotation matrix U starting from

U∗Mχ̃±M
†
χ̃±U

t = diag (M2
χ̃±1
,M2

χ̃±2
) . (5.1.49)

However, it is more convenient to derive it directly from the knowledge of V by employing

U = diag (
1

Mχ̃±1

,
1

Mχ̃±2

)V ∗M t
χ̃± . (5.1.50)

As in the Standard Model, the diagonalization of the quark sector requires four unitary
matrices Vu, Vd, Uu and Ud, so that

diL →
(
VddL

)i
, dicR →

(
dcRU

†
d

)i
, uiL →

(
VuuL

)i
and uicR →

(
ucRU

†
u

)i
, (5.1.51)

where the generation index i is explicitly indicated and the subscript c stands for charge con-
jugation. In contrast, the diagonalization of the lepton sector proceeds only through three
unitary rotations Ve, Vν and Ue,

eiL →
(
VeeL

)i
, eicR →

(
ecRU

†
e

)i
and νiL →

(
VννL

)i
, (5.1.52)

since the right-handed neutrino fields have been decoupled. Promoting these rotations to the
superfield level, Eq. (5.1.51) and Eq. (5.1.52) lead to a redefinition of the parameters of the
superpotential,

WMSSM = (ŷu)ijU
i
R Q

j
L·HU − (ŷdV †d Vu)ijD

i
R Q

j
L·HD + (ŷe)ijE

i
R L

j
L·HD +µHU ·HD , (5.1.53)



112 Chapter 5 - The Minimal Supersymmetric Standard Model

where the general Yukawa matrices of Eq. (5.1.14) have been replaced by

yu → ŷu = U †uy
uVu , yd → ŷdV †d Vu = U †dy

dVu and ye → ŷe = U †ey
eVe . (5.1.54)

The matrices ŷu, ŷd and ŷe are diagonal and real 3 × 3 matrices in flavor space and the
rotations of Eq. (5.1.51) have been absorbed into two new superfield redefinitions,

Di
L →

(
VCKMDL

)i
=
(
V †uVdDL

)i
and N i

L →
(
VPMNSNL

)i
=
(
V †l VνNL

)i
, (5.1.55)

which corresponds to the supersymmetrization of the well-known Standard Model CKM and
PMNS mixings. In these notations, the superfield DL stands for the down-type component of
the SU(2)L doublet QL while the superfield NL is the up-type component of the doublet LL.
This defines the so-called super-CKM and super-PMNS bases [232].

To prevent the rotation matrices of Eq. (5.1.51) and Eq. (5.1.52) to appear explicitly in the
soft supersymmetry-breaking Lagrangian of Eq. (5.1.17), appropriate redefinitions of the soft
parameters are also performed,

Lsoft =
1

2

[
M1B̃ ·B̃ +M2W̃ ·W̃ +M3g̃ ·g̃ + h.c.

]
−m2

HuH
†
uHu −m2

Hd
H†dHd

− (VCKMm̂2
Q̃
V †CKM)ij q̃

†
Liq̃

j
L − (m̂2

Ũ
)ij ũRiũ

j†
R − (m̂2

D̃
)ij d̃Rid̃

j†
R

− (m̂2
L̃

)ij ˜̀
†
Li

˜̀j
L − (m̂2

Ẽ
)ij ẽRiẽ

j†
R

−
[
(T̂u)ij ũ

i†
R q̃

j
L ·Hu − (T̂dV †CKM)ij d̃

i†
R q̃

j
L ·Hd − (T̂e)ij ẽ

i†
R

˜̀j
L ·Hd + h.c.

]
−
[
bHu ·Hd + h.c.

]
,

(5.1.56)

so that only the rotations of Eq. (5.1.55) have still to be applied to the full Lagrangian. The
trilinear interaction strengths have been redefined according to

Tu → T̂u = U †uT
uVu , Td → T̂dV†CKM = U †dT

dVu and Te → T̂e = U †eT
eVe , (5.1.57)

and the sfermion masses have been replaced by

m2
Q̃
→ VCKMm̂2

Q̃
V †CKM , m2

Ũ
→ m̂2

Ũ
= U †um

2
Ũ
Uu ,

m2
D̃
→ m̂2

D̃
= U †dm

2
D̃
Ud ,m

2
L̃
→ m̂2

L̃
= V †e m2

L̃
Ve , m2

Ẽ
→ m̂2

Ẽ
= U †em

2
Ẽ
Ue .

(5.1.58)

It is important to emphasize that the ‘hatted’ soft parameters are not necessarily diagonal
in flavor space so that in the the super-CKM and super-PMNS bases, fermion and sfermion
fields can be possibly misaligned. Keeping full generalities, the 3 × 3 sneutrino mass matrix
reads, in the (ν̃e, ν̃µ, ν̃τ ) basis,

M2
ν̃ = V †PMNSm2

L̃
VPMNS +

1

2
cos 2βM2

ZI3 , (5.1.59)

where I3 is the three-dimensional identity matrix, while the 6× 6 squark and charged slepton
mass matrices are respectively given, in the (ũL, c̃L, t̃L, ũR, c̃R, t̃R), (d̃L, s̃L, b̃L, d̃R, s̃R, b̃R) and
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(ẽL, µ̃L, τ̃L, ẽR, µ̃R, τ̃R) bases, by

M2
ũ =

VCKMm̂2
Q̃
V †CKM +M2

qu + (1
2 −

2
3s

2
w)c2βM

2
ZI3

vu√
2
T̂u† − 1

tβ
µMqu

vu√
2
T̂u − 1

tβ
µ∗Mqu m̂2

Ũ
+M2

qu + 2
3s

2
wc2βM

2
ZI3

 ,

M2
d̃

=

m̂2
Q̃

+M2
qd
− (1

2 −
1
3s

2
w)c2βM

2
ZI3

vd√
2
T̂d† − tβµMqd

vd√
2
T̂d − tβµ∗Mqd m̂2

D̃
+M2

qd
− 1

3s
2
wc2βM

2
ZI3

 ,

M2
ẽ =

m̂2
L̃

+M2
` − (1

2 − s
2
w)c2βM

2
ZI3

vd√
2
T̂e† − tβµM`

vd√
2
T̂e − tβµ∗M` m̂2

Ẽ
+M2

` − s2
wc2βM

2
ZI3

 .

(5.1.60)

To derive those results, we have employed Eq. (5.1.29), introduced the shorthand notations
sw = sin θw and c2β = cos 2β and defined the (diagonal and real) fermion mass matrices Mqu ,
Mqd and M` by

Mqu =
vuŷ

u

√
2

, Mqd =
vdŷ

d

√
2

, M` =
vdŷ

e

√
2
. (5.1.61)

The four sfermion mass matrices can be diagonalized by means of four additional rotations Ru,
Rd, Re and Rν ,

diag(M2
ũ1 , . . . ,M

2
ũ6) = RuM2

ũR
u† , diag(M2

d̃1
, . . . ,M2

d̃6
) = RdM2

d̃
Rd† ,

diag(M2
ẽ1 , . . . ,M

2
ẽ6) = ReM2

ẽR
u† , diag(M2

ν̃1 ,M
2
ν̃2 ,M

2
ν̃3) = RνM2

ν̃R
ν† .

(5.1.62)

By convention, the states are mass-ordered from the lightest to the heaviest, Mf̃1
< . . . < Mf̃6

for f = u, d and e and Mν̃1 < Mν̃2 < Mν̃3 and the physical mass eigenstates are related to
their gauge counterparts (in the super-CKM and super-PMNS bases) by

ũ1

ũ2

ũ3

ũ4

ũ5

ũ6

 = Ru



ũL
c̃L
t̃L
ũR
c̃R
t̃R

 ,



d̃1

d̃2

d̃3

d̃4

d̃5

d̃6


= Rd



d̃L
s̃L
b̃L
d̃R
s̃R
b̃R


,



ẽ1

ẽ2

ẽ3

ẽ4

ẽ5

ẽ6

 = Re



ẽL
µ̃L
τ̃L
ẽR
µ̃R
τ̃R

 ,

ν̃1

ν̃2

ν̃3

 = Rν

ν̃eν̃µ
ν̃τ

 .

(5.1.63)

Finally, the four-component spinor representations ψ of the fermionic fields are related to
the two-component ones by

ψiu =

(
uiL
ūcRi

)
, ψid =

(
uiL
d̄cRi

)
, ψie =

(
eiL
ēcRi

)
, ψiν =

(
νiL
ν̄cRi

)
,

ψiχ0 =

(
χ0
i

χ̄0i

)
, ψiχ± =

(
χ±i
χ̄∓i

)
, ψg̃ =

(
ig̃
−ig̃

)
.

(5.1.64)

We have now achieved the derivation of the MSSM particle spectrum, together with the
associated mass matrices, at tree-level. Loop corrections are mandatory to compute an accurate
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enough particle spectrum. One-loop contributions to the mass matrices are known for almost
two decades and the associated analytical results can be found in Ref. [233], Ref. [234] and
Ref. [235]. We omit their complete expressions from the present manuscript for brevity but
will use them when addressing the generation of realistic supersymmetric spectra in the rest of
this section.

5.1.5 Supersymmetry-breaking models in the MSSM framework

The supersymmetry-breaking Lagrangian of Eq. (5.1.56) contain 105 masses, phases and
mixing angles that cannot be rotated away by field redefinitions [236]. Most of them are
however strongly constrained by the experiment as they imply new sources of flavor violation
and/or CP violation. When non-vanishing or non-drastically reduced, these parameters could
enhance the rates of several observables related to K0− K̄0, D0− D̄0 and B0− B̄0 oscillations,
flavor-changing decays of kaons, D-mesons, B-mesons, muons and taus, etc..

This clearly restricts the class of phenomenologically viable supersymmetry-breaking sce-
narios that can be constructed. We choose to focus, in this section, on the minimal version of
the three classes of models presented in Section 4.2, i.e., gravity-mediated, gauge-mediated and
anomaly-mediated supersymmetry-breaking theories. In those scenarios, organizing principles
relate all the model free parameters to a reduced set of quantities and impose no additional
flavor and CP violation with respect to those already included in the CKM and PMNS mix-
ings. Deviations from this assumption will be shortly discussed in Section 5.3, following a
phenomenological approach where some of the off-diagonal parameters of the sfermion mass
matrices are taken, at low energy, arbitrary [135, 136, 137].

The first class of supersymmetry-breaking models investigated in this work are inspired
from gravity-mediated supersymmetry-breaking theories, as introduced in Section 4.2.2, and are
commonly called constrained MSSM (cMSSM) scenarios. First, one assumes that all the model
parameters are real, with the exception of the elements of the CKM matrix. Moreover, the
PMNS matrix is taken equal to the identity 3× 3 matrix I3. Next, on the basis of Eq. (4.2.24),
all the free parameters included in the soft Lagrangian of Eq. (5.1.56) are defined, at a high
scale, in terms of three parameters, the universal scalar mass m0, the universal gaugino mass
m1/2 and the universal trilinear couplings A0,

M1 = M2 = M3 = m1/2 ,

m̂2
Q̃

= m̂2
Ũ

= m̂2
D̃

= m̂2
L̃

= m̂2
Ẽ

= m2
0 I3 , m2

Hu = m2
Hd

= m2
0 ,

T̂u = ŷuA0 , T̂d = ŷdA0 , T̂e = ŷeA0 .

(5.1.65)

These relations hold at a high-scale being usually taken as the scale where the three gauge
couplings of the model unify and the values of the Yukawa couplings at the high scale are
derived, using the supersymmetric renormalization group equations, from the knowledge of the
Standard Model fermion masses. Moreover, concerning the Higgs sector parameters, the values
of the off-diagonal Higgs mixing parameters µ and b are indirectly fixed by the minimization
conditions of Eq. (5.1.24) or Eq. (5.1.31) and the electroweak input parameters. The elec-
troweak symmetry being broken at low-energy, the values of µ2 and b at the high scale are
deduced by employing again the supersymmetric renormalization group equations.

It is however necessary to specify the ratio of the vacuum expectation values of the two
neutral Higgs fields (at low-energy) as well as the sign of µ since both these quantities cannot
be extracted from the knowledge of the other parameters of the model. This leaves a total of
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four free parameters and a sign,

m0 , m1/2 , A0 , tanβ =
vu
vd

and sign
(
µ
)
, (5.1.66)

supplementing the Standard Model input parameters.
The second class of supersymmetric scenarios for the MSSM which have been studied in this

work are scenarios where the spontaneous breaking of supersymmetry is induced by gauge inter-
actions. As presented in Section 4.2.3, the source of supersymmetry breaking is parametrized
through a gauge singlet superfield whose both the scalar and auxiliary components acquire
vacuum expectation values. This singlet superfield communicates to the visible sector of the
MSSM (described in Section 5.1.1) by means of superpotential couplings to messenger fields. In
realistic gauge-mediated supersymmetry-breaking models, the messenger sector is taken more
general than in Section 4.2.3 and consists of Nq and N` pairs of colored and non-colored mes-
senger superfields, being respectively charged and singlet under the QCD gauge group. This
freedom in choosing independently Nq and N` allows to study various model configurations. We
adopt here minimal benchmark scenarios where Nq = N` and where additionally, the messenger
sector is embedded in complete representations of SU(5).

The soft Lagrangian terms at the messenger scale are derived from Eq. (4.2.48) and read

Lsoft =
1

2

[
M1B̃ ·B̃ +M2W̃ ·W̃ +M3g̃ ·g̃ + h.c.

]
− (m̂2

Q̃
)ij q̃

†
Liq̃

j
L − (m̂2

Ũ
)ij ũRiũ

j†
R

− (m̂2
D̃

)ij d̃Rid̃
j†
R − (m̂2

L̃
)ij ˜̀
†
Li

˜̀j
L − (m̂2

Ẽ
)ij ẽRiẽ

j†
R −m

2
HuH

†
uHu −m2

Hd
H†dHd ,

(5.1.67)

where all the mass parameters are given by Eq. (4.2.43) and Eq. (4.2.46). Gauge interactions
being flavor-blind, new flavor and CP violating effects are naturally suppressed so that the
soft scalar mass matrices are diagonal and real in flavor space with a good approximation.
Moreover, as for the considered cMSSM scenarios, we also assume VPMNS = I3. Supersymmetric
renormalization group equations are then employed to derive the values of the model parameters
at the electroweak scale. Although absent at the high scale, trilinear couplings at low energy
are generated when run down so that the supersymmetry-breaking Lagrangian at the TeV scale
is given by Eq. (5.1.17).

Comments on the superpotential and Higgs parameters similar to those mentioned in the
context of the CMSSM holding, the free parameters of the MSSM with gauge-mediated super-
symmetry breaking are

Λ , Mmes , Nq = N` , tanβ =
vu
vd

and sign
(
µ
)
, (5.1.68)

in addition to the Standard Model inputs. In contrast to gravity-mediated scenarios where the
gravitino mass is related to the other soft parameters, it has to be included, in the setup above,
as an extra input. Moreover, its mass being given by the ratio of the supersymmetry-breaking
scale and the Planck mass, the gravitino is expected to be the lightest supersymmetric particle.
The value of this mass could induce, in particular, a long lifetime for the next-to-lightest
supersymmetric particle, leading to collider signatures with displaced vertices.

Finally, the last class of supersymmetry-breaking scenarios investigated in this work focuses
on supersymmetry breaking by anomalies. According to the results of Section 4.2.4, the soft
terms given by Eq. (5.1.56) are derived from Eq. (4.2.54), Eq. (4.2.64) and Eq. (4.2.66). These
equations being renormalization group invariant, they hold at any scale. Again, we assume that
the PMNS matrix is equal to the identity matrix and that flavor and CP violation are only
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possible through CKM mixing. Therefore, the parameters appearing in Eq. (5.1.56) have to be
read as flavor-diagonal and real. Moreover, the values of µ and b are obtained after imposing, as
above, a correct electroweak symmetry breaking. The input parameters of the model consists
thus in the auxiliary mass Maux, the ratio of the Higgs vacuum expectation values tanβ and
the sign of the µ-parameter.

This very simple setup however unfortunately leads to tachyonic slepton fields because of
the form of the related anomalous dimensions, QED being an infrared-free theory. This problem
must be cured in order to have a phenomenologically viable model and several solutions have
been proposed [126, 199, 237, 238, 239, 240, 241, 242, 243, 244, 245, 246]. We adopt here the
phenomenological approach of assuming non-negligible contributions to the scalar soft masses,
induced, e.g., by gravity-mediated supersymmetry breaking. This renders all squared masses
positive at the weak scale and allows to construct viable theories. The free parameters of the
model consist thus of

Maux , m0 , tanβ =
vu
vd

and sign
(
µ
)
, (5.1.69)

in addition to the Standard Model inputs.

5.2 Main phenomenological features of the MSSM

5.2.1 The hierarchy or the fine-tuning problem

Despite its success, it seems very likely that the Standard Model has to be extended at
the TeV scale. The main motivation lies in the so-called hierarchy problem, or equivalently the
fine-tuning problem, related to the relative order of magnitude between the Planck scale and the
electroweak scale [39]. In the Standard Model, successful spontaneous electroweak symmetry
breaking implies the existence of a Higgs boson whose mass Mh has been found to be of about
125 GeV. However, scalar fields receive enormous contributions from quantum corrections so
that the Standard Model parameters must be fine-tuned up to the 16th digit in order to maintain
the Higgs-boson mass within the O(100) GeV range. Retaining only the dominant top quark,
Z-boson, W -boson and Higgs-boson loop diagrams and cutting off the loop-integral momentum
integration at a scale ΛUV, the quantum corrections to the Higgs-boson mass are calculated as

δM2
h =

3Λ2
UV

8π2v2

[
M2
h + 2M2

W +M2
Z − 4M2

t

]
, (5.2.1)

where v is the Higgs-boson vacuum expectation value and MZ , MW and Mt the masses of the
Z-boson, W -boson and top quark. The cut-off scale ΛUV can be seen as the scale where new
physics appears and where the Standard Model is known not to be valid anymore and is thus
believed to be of the order of the Grand Unification or of the Planck scale.

To illustrate how the hierarchy problem is cured in supersymmetry, we take the example
of the lightest Higgs boson of the MSSM. The results presented below can however be safely
generalized to the case of any softly broken supersymmetric theory and for any of its scalar
degrees of freedom. We start from the Lagrangian of Eq. (2.4.72), adapt it to the MSSM field
content (including the diagonalization of the mass spectrum) and convert the Weyl fermions
into Dirac fermions as shown in Eq. (5.1.64). The Feynman rule describing the interaction of
the lightest Higgs boson h0 with a fermion-antifermion pair fkf̄k

3 can then be extracted and
reads, considering all particles as incoming to the vertex,

3We recall that in the super-CKM and super-PMNS bases, the Yukawa matrices are diagonal.
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h0

fk

fk
-

− i√
2

(ŷf )kkXα .

The color and spin structures being trivial, they are understood. Moreover, the index k denote
the (non-summed) generation index attached to the fermion field fk. We have also introduced
the quantity Xα = cosα for up-type quarks and Xα = − sinα for down-type quarks and
charged lepton. This interaction induces quantum corrections to the lightest Higgs boson mass
illustrated by the Feynman diagram of left panel of Figure 5.1, which gives,

− iΠ(p) = −
iNc(ŷ

f )2
kkX

2
α

16π2

[
A0(M2

f )−
(1

2
p2 − 2M2

f

)
B0(p;M2

f ,M
2
f )
]
, (5.2.2)

after inserting the Feynman rule above and introducing standard Passarino-Veltman inte-
grals [195]. We have denoted the mass of the fermion f by Mf and the factor Nc accounts
for its representation under the QCD gauge group, being Nc = 3 for quarks and Nc = 1
for leptons. The Passarino-Veltman functions appearing above diverge in four dimensions so
that we introduce an explicit cut-off scale ΛUV � Mf to regulate the integration over of the
loop momentum. The computation of the two integrals A0(M2

f ) and B0(p;M2
f ,M

2
f ) is then

straightforward and they read, in the limit of a large scale ΛUV,

A0(M2
f ) =

∫
(q2<Λ2

UV)

d4q

iπ2

1

q2 −M2
f

= −
[
Λ2

UV +M2
f log

M2
f

Λ2
UV

]
+O

( 1

ΛUV

)
,

B0(p;M2
f ,M

2
f ) =

∫
(q2<Λ2

UV)

d4q

iπ2

1[
q2 −M2

f

][
(q + p)2 −M2

f

] = − log
M2
f

Λ2
UV

+O(
1

ΛUV
) .

(5.2.3)

We deduce the corresponding quantum corrections to the mass of the lightest MSSM Higgs
boson from the evaluation of the propagator of Eq. (5.2.2) for an on-shell Higgs boson (see
Section 4.2.3), i.e., for p2 = M2

h0 . One gets, after summing over all fermion species,

δ1M
2
h0 =

1

16π2

∑
f,k

[
Nc(ŷ

f )2
kkX

2
α

[
− 2Λ2

UV + (2M2
h0 − 6M2

f ) log
M2
f

Λ2
UV

]]
+O(

1

ΛUV
) . (5.2.4)

Consequently, these corrections drive the lightest Higgs-boson squared mass by about 30 orders
of magnitude above the squared electroweak scale for a cut-off scale of the order of the Planck
mass or of the Grand Unification scale. Moreover, the naive option of lowering ΛUV to an
appropriate scale ensuring a Higgs-boson mass of about 100 GeV is excluded since this in
general implies the failure of either unitarity or causality [247].

In the MSSM, each of the Standard Model fermions has a scalar partner which the couplings
to the lightest Higgs boson h0 are driven by supersymmetry. These new states, absent in the
Standard Model, also contribute to δM2

h0 and regularize the quadratic dependence on ΛUV of
Eq. (5.2.4). From the Lagrangian of Eq. (2.4.72), one can derive the Feynman rule associated

with the three-point interaction of a h0 particle with a sfermion pair f̃if̃
†
j ,
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Figure 5.1: Fermion and sfermion loop-contributions to the lightest MSSM Higgs boson self-
energies.

h0

  ̃fi

  ̃fj
 +

−i√
2
Cfij ≡

−i√
2

{∑
k

[
(ŷf )2

kkYα
(
Rf∗ikR

f
jk + Rf∗i(k+3)R

f
j(k+3)

)
+

(ŷf )kk
(
ZαR

f∗
i(k+3)R

f
jk + Z∗αR

f∗
ikR

f
j(k+3)

)]
+

Xα

∑
k,l

[(
(T̂f )lkR

f∗
ikR

f
j(l+3) + (T̂f )∗lkR

f∗
i(k+3)R

f
jl

)]}
,

all particles incoming to the vertex. The color structure is again understood and we have
introduced the shorthand notations Yα =

√
2vuXα (

√
2vdXα) and Zα = µ sinα (−µ cosα)

for up-type squarks (down-type squarks and charged sleptons). Moreover, in the expression
above, we do not follow the Einstein summation conventions for the generation indices k and
l. This interaction contributes to the quantum corrections to the lightest MSSM Higgs-boson
mass, as illustrated by the loop diagram of the middle panel of Figure 5.1, the corresponding
unrenormalized propagator reading, after summing over all possible internal sfermion fields,

− iΠ(p) =
iNc

32π2

∑
f

6∑
i,j=1

[∣∣Cfij∣∣2B0(p;M2
f̃i
,M2

f̃j
)
]
. (5.2.5)

Introducing again a cut-off scale ΛUV for regularizing the integration over the loop momentum
in the Passarino-Veltman function B0(p;M2

f̃i
,M2

f̃j
), one gets

B0(p;M2
f̃i
,M2

f̃j
) =

∫
(q2<Λ2

UV)

d4q

iπ2

1[
q2 −M2

f̃i

][
(q + p)2 −M2

f̃j

]
=

1

2

[
log

M2
f̃i

Λ2
UV

+ log
M2
f̃j

Λ2
UV

]
+O(

1

ΛUV
) ,

(5.2.6)

so that the associated contributions to the one-loop corrections to the lightest Higgs mass are

δ2M
2
h0 = − Nc

64π2

∑
f

6∑
i,j=1

[∣∣Cfij∣∣2( log
M2
f̃i

Λ2
UV

+ log
M2
f̃j

Λ2
UV

)]
+O(

1

ΛUV
) . (5.2.7)

This result illustrates that soft supersymmetry-breaking terms (T̂ f ) contribute at most loga-
rithmically to the scalar field mass corrections and are then not dangerous with this respect.

Finally, the Lagrangian also contains four-point interactions among the lightest Higgs boson
and the scalar partners of the Standard Model particles, the corresponding interaction strength
being again related to the Yukawa couplings by supersymmetry. The relevant Feynman rule
reads,
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h0

h0

  ̃fi

  ̃fj
 +

−iX2
α

∑
k

[
(ŷf )2

kk

(
Rf∗ikR

f
jk +Rf∗i(k+3)R

f
j(k+3)

)]
,

all particles being again incoming to the vertex and the color structure understood. As above,
the Einstein summation conventions do not apply to the generation index k, and the matrices
Rf denote the 6× 6 sfermion mixing matrices introduced in Eq. (5.1.63). This interaction con-
tributes to the lightest Higgs boson mass quantum corrections through the diagram presented
in the right panel of Figure 5.1. Evaluating this diagram after summing over all the scalar
partners of the Standard Model fermions, we obtain the unrenormalized propagator

− iΠ(p) =
iNc

16π2

∑
f,k

6∑
i=1

[
X2
α(ŷf )2

kk

(
Rf∗ikR

f
ik +Rf∗i(k+3)R

f
i(k+3)

)
A0(M2

f̃i
)
]
. (5.2.8)

The associated contribution to the lightest MSSM Higgs boson mass is then deduced after
employing the unitarity properties of the sfermion mixing matrices and Eq. (5.2.3) for the
calculation of the Passarino-Veltman function,

δ3M
2
h0 =

∑
f,k

{
NcX

2
α(ŷf )2

kk

16π2

[
2Λ2

UV +

6∑
i=1

(
Rf∗ikR

f
ik +Rf∗i(k+3)R

f
i(k+3)

)
M2
f̃i

log
M2
f̃i

Λ2
UV

]}
+O(

1

ΛUV
) .

(5.2.9)

Confronting this last equation to Eq. (5.2.4), the quadratic divergences cancel out, which
is a strong prediction for any softly-broken supersymmetric theory. Supersymmetry associates
with each fermionic loop diagram contributing to scalar mass corrections (e.g., left panel of
Figure 5.1) a scalar loop (e.g., right panel of the figure). The coupling strengths being related
by supersymmetry, the sum of the two contributions makes all quadratic divergences cancel. In
addition, soft supersymmetry breaking leads to contributions that are at most logarithmically
divergent and thus do not reintroduce the hierarchy problem.

Another important aspect of Eq. (5.2.9) is that it predicts the scale of the masses of the
scalar superpartners strongly coupling to the Higgs bosons. In order to have a Higgs mass lying
in the O(100) GeV range, the superpartners of the Standard Model top quark must hence lie
around the TeV scale so that the term in M2

f̃i
is not too large.

Similar results hold when considering gauge boson and gaugino loops. Therefore, the
searches for the superpartners of the Standard Model particles at the LHC, which is cur-
rently exploring the TeV scale, is one of the hottest topic of the present experimental program
in particle physics. These results can be generalized for any scalar degree of freedom of a
softly-broken supersymmetric theory and are still valid at any loop level since Supersymmetry
in fact implies a net cancellation of the quadratic divergences at all orders.

5.2.2 Gauge coupling unification

Another good motivation for the existence of supersymmetry as a symmetry of Nature lies
in the unification of the gauge interactions at high energies, as predicted by several supersym-
metric models. The superpartners modify the various beta functions of the model gauge group,
as shown in Eq. (4.3.5) and Eq. (4.3.6). Consequently, it can be shown that this implies a
consistent unification of the gauge coupling at high energies [33, 34, 35, 36, 37, 38].
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Figure 5.2: One-loop renormalization group evolution, as a function of the energy scale Q, of
the inverse hypercharge (α−1

y ), weak (α−1
w ) and strong (α−1

s ) gauge couplings in the Standard
Model (left) and in the MSSM (right).

Starting from Eq. (4.3.5), the one-loop renormalization group equations for the hypercharge,
weak and strong gauge coupling strengths gy, gw and gs are given, when applied to the MSSM
case, by

d

dt
gy =

33

80π2
g3
y ,

d

dt
gw =

1

16π2
g3
w and

d

dt
gs = − 3

16π2
g3
s . (5.2.10)

The evolution variable is taken as t = log(Q/Q0), where Q0 is the scale at which the associated
boundary conditions are imposed. Since the experimental measurements at the Z-boson scale
allows for extracting very precisely the gauge couplings, Q0 is in general chosen equal to MZ .
In contrast, in the Standard Model, the gauge couplings evolve according to

d

dt
gy =

41

160π2
g3
y ,

d

dt
gw = − 19

96π2
g3
w and

d

dt
gs = − 7

16π2
g3
s . (5.2.11)

In the two series of equations above, the normalization of the hypercharge coupling gy has been
chosen as predicted by the grand unification of the MSSM (or Standard Model) gauge group
into SU(5) or SO(10). In this setup, the electromagnetic coupling constant e is related to the
hypercharge and weak coupling constants through the sine and cosine of the weak mixing angle
θw,

e = gw sin θw =

√
3

5
gy cos θw . (5.2.12)

This specific choice for the normalization of gy is adequate to ensure that Tr(TaTb) = 1/2δab
for any pair Ta and Tb of generators of SU(5) or SO(10) in the fundamental representation,
including the hypercharge operator. Fixing the boundary conditions at the Z-pole as

MZ = 91.1876 GeV , sin θ2
w = 0.23361 , α−1 =

4π

e2
= 127.934 and αs = 0.118 , (5.2.13)

we show in Figure 5.2 the evolution of the three gauge coupling constants with the energy.
The Standard Model predictions of Eq. (5.2.11) are given in the left panel of the figure, while
the MSSM results driven by the differential equations of Eq. (5.2.10) are presented in its right
panel. In the MSSM, the three gauge couplings appear to unify at a scale of the order of
2 · 1016 GeV, in contrast to the Standard Model where no unification occurs. This value for
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the unification scale can be possibly seen as a hint favoring grand unified theories, which in
general accommodate gauge coupling unification below the Planck scale.

The results presented in Figure 5.2 do not illustrate directly the evolution of the gauge
coupling strengths gi (with i = y, w and s) but rather exploit the one of the inverse of the
quantities αi = g2

i /(4π). This is motivated by the fact that from Eq. (5.2.10) and Eq. (5.2.11),
the αi coupling constants are found to have the convenient property to run linearly with the
renormalization group scale at the first order.

All these results can be extended to (and hold at) the two-loop level after also possibly
including mass thresholds for the superpartners [248]. In this section, we however restrict
ourselves to an illustration of the main phenomenological features of the MSSM and rather refer
to public packages such as SPheno [249, 250], SuSpect [251] or SoftSusy [252, 253, 254]
concerning results beyond the one-loop level.

5.2.3 Consequences of R-parity conservation

Imposing the conservation of R-parity, whose associated quantum number is obtained
from Eq. (5.1.13), has important phenomenological consequences. First, the superpartners
(sfermions, gauginos and higgsinos) are R-parity odd particles,

R(H̃u) = R(H̃d) = R(B̃) = R(W̃ ) = R(g̃) = −1 ,

R(q̃L) = R(ũR) = R(d̃R) = R(˜̀
L) = R(ẽR) = −1 ,

(5.2.14)

flavor indices being understood, while the particles of the Standard Model sector (quarks and
leptons, gauge and Higgs bosons) are R-parity even states,

R(Hu) = R(Hd) = R(B) = R(W ) = R(g) = +1 ,

R(qL) = R(uR) = R(dR) = R(`L) = R(eR) = +1 .
(5.2.15)

Next, the exact conservation of R-parity implies that no particle mixing occurs between the
Standard Model particles and their superpartners, as already shown in Section 5.1.4. In con-
trast, R-parity violating superpotential contributions such as the bilinear term of Eq. (5.1.12)
leads to important mixings among the neutral particles of the spectrum (neutrinos and neu-
tralinos; sneutrinos and neutral Higgs bosons) as well as among their charged counterparts
(charged leptons and charginos; charged Higgs bosons and charged sleptons).

Furthermore, R-parity conservation imposes that each interaction vertex always involves
an even number of R-parity-odd particles. Consequently, each superparticle always decays into
an odd number of other, lighter, superparticles. The lightest supersymmetric particle is thus
stable since all possible decay channels are kinematically closed. In addition, if this state is
electrically and color neutral, it can be seen as an attractive candidate to explain the presence
of non-baryonic dark matter in the universe [40, 41].

From the point of view of collider experiments, supersymmetric particles are always pro-
duced in pairs and each of the produced particles further decays following a possibly complicated
chain where the latest link consists of the lightest supersymmetric particle, forming cascade
decays [255, 256, 257, 258]. Moreover, once produced (either directly or from the decays of
heavier superparticles), the lightest superpartner escapes the detector invisibly, which brings
us to the typical supersymmetric signatures searched for at colliders, consisting of final states
containing a fair amount of missing transverse energy produced in association with a possibly
large number of jets and charged leptons.
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5.3 Constraints from low-energy and electroweak precision mea-
surements

Apart from direct searches at colliders, supersymmetric scenarios can be indirectly con-
strained by means of numerous low-energy and electroweak precision measurements restricting
the masses and mixings of the superpartners. We dedicate this section to the study of the most
stringent of these constraints and translate their effects in terms of parameter space scans in
the context of the three supersymmetry-breaking scenarios presented in Section (5.1.5), i.e.,
the constrained version of the MSSM with four parameters and a sign (see Eq. (5.1.66)), the
MSSM with gauge-mediated supersymmetry breaking described by four parameters and a sign
(see Eq. (5.1.68)) and the MSSM with anomaly-mediated supersymmetry-breaking modeled by
three parameters and a sign (see Eq. (5.1.69)).

5.3.1 Rare B-meson decays

Flavor physics observables are in general very sensitive to new physics, the associated mea-
surements being one of the most promising ways to indirectly probe beyond the Standard Model
effects. In particular, rare B-meson decays are already loop-suppressed in the Standard Model
so that new physics diagrams are expected to contribute with the same order of magnitude.

The framework traditionally employed to compute theoretical predictions for B-physics
observables consists of a low-energy heavy-quark effective field theory described by the Hamil-
tonian [259]

Heff = −2
√

2GF (VCKM)∗ts (VCKM)tb
∑
i

Ci(µb)Oi(µb) , (5.3.1)

where GF is the Fermi constant. The most relevant effective operators Oi in the context of
calculations related to B-decays depend on the electromagnetic and strong coupling constants
e and gs, on the pole mass of the bottom quark Mb and on the photon and gluon field strength
tensors Fµν and gµν . Introducing in addition the fundamental representation matrices of the
SU(3)c gauge group T a, these operators read, employing four-component notations for the
fermionic fields,

O7 =
eMb

16π2
s̄LγµνbRF

µν , Õ7 =
eMb

16π2
s̄RγµνbLF

µν

O8 =
gsMb

16π2
s̄LγµνT

abRg
µν
a , Õ8 =

gsMb

16π2
s̄RγµνT

abLg
µν
a ,

O9 =
e2

16π2

[
s̄LγµbL

][
¯̀γµ`

]
, O10 =

e2

16π2

[
s̄LγµbL

][
¯̀γµγ5`

]
.

(5.3.2)

In these expressions, we have explicitly indicated, as a subscript, the left-handed (L) or right-
handed (R) chirality of the charm (c), strange (s) and bottom (b) quark fields instead of
employing the chirality projectors PL and PR. Moreover, we generically note a charge lepton
field as `. Getting back to Eq. (5.3.1), the renormalization scale µb is conveniently chosen
of order of the mass of the bottom quark Mb, which ensures that all large logarithmic terms
which could appear in computations based on the HamiltonianHeff are embedded in the Wilson
coefficients Ci.

In order to perform accurate and reliable predictions, a calculation of the Wilson coefficients
beyond the leading order in QCD is mandatory. In the framework of the MSSM, these quantities
are known up to two loops with respect to QCD radiative corrections [260, 261] and up to one
loop when including supersymmetric particles [262, 263, 264, 265, 266, 267, 268, 269]. Under
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that setup, the theoretical uncertainties are under good control and found to be reduced to a
level of about 10% [270, 271]. The MSSM predictions obtained in that way can be confronted
to experimental data in order to extract constraints on the squark, chargino, neutralino and
gluino masses and couplings. More generally, these bounds can be translated in terms of limits
on the reduced set of model parameters associated with the supersymmetry-breaking scenarios.

The inclusive branching ratio BR(b → sγ) has been determined from combined measure-
ments of the BABAR, BELLE, and CLEO experiments [272] and reads

BR(b→ sγ) =
(
3.55± 0.24exp ± 0.23theo

)
× 10−4 , (5.3.3)

where the theoretical uncertainties have been chosen according to the discussions presented in
Ref. [273] and Ref. [274]. Possible contributions arising from supersymmetric diagrams have
however been ignored. For these reasons, the ranges employed in the analysis of this section are
estimated at the 2σ level, both for this observable as well as for any other of the observables
presented below. In the context of a more general version of the MSSM where non-minimal
6×6 squark mixings are allowed (see Eq. (5.1.63)), this measurement represents one of the most
stringent constraints on the second and third generation mixing parameters in many popular
supersymmetry-breaking mechanisms [135, 136, 137]. A second important observable consists
of the b→ sµ+µ− branching fraction, experimentally measured as [272]

BR(b→ sµ+µ−) =
(
2.23± 0.98exp ± 0.11theo

)
× 10−6 , (5.3.4)

where we have taken the theoretical uncertainty from the results presented in Ref. [275]. Finally,
due to very recent experimental data, the B0

s -meson decay rate to a muon-antimuon pair has
also become a strong constraint on new physics, with a branching ratio given by [276],

BR(B0
s → µ+µ−) =

(
3.2+1.5
−1.2

)
× 10−9 , (5.3.5)

where theoretical uncertainties are included in the errors. This measurement performed by the
LHCb collaboration consists of the first evidence for the B0

s → µ+µ− decay. Data has been
found compatible with the Standard Model expectation, the order of magnitude of the branch-
ing fraction being explained by both a loop-suppression and a helicity-suppression associated
with the small muon mass.

Other observables could also be employed to constrain new physics, such as the branch-
ing ratios BR(Bu → τντ ) or BR(B → Dτντ ). However, either their predictions cannot be
computed in an accurate fashion due to the uncertainties on the relevant model parameters,
or the associated experimental analysis is rather complex, which lead to large errors on the
measurements. Therefore, we focus from now on the three B-meson decay constraints given by
Eq. (5.3.3), Eq. (5.3.4) and Eq. (5.3.5).

To compute these observables in the context of the supersymmetry-breaking mechanisms of
Section 5.1.5, our procedure starts at a high-energy scale with the few input parameters given
either in Eq. (5.1.66), Eq. (5.1.68) or Eq. (5.1.69). The soft supersymmetry-breaking terms
at the electroweak scale are then obtained through renormalization group running using the
SPheno package version 3.2.1 [250], which solves the renormalization group equations numeri-
cally to two-loop order (see Section 4.3). This program next extracts the particle spectrum and
mixings at the electroweak scale including one-loop corrections to the mass matrices of matter
and gauge fields [235] and both one-loop and two-loop contributions to the Higgs mass matri-
ces [233, 234, 277, 278, 279, 280, 281]. Finally, it computes several flavor physics observables,
and in particular the branching ratio associated with the inclusive b→ sγ decay [264, 265, 269],
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the one related to the inclusive b → sµ+µ− decay [264, 265, 267] and the exclusive branching
ratio BR(B0

s → µ+µ−) [264, 263, 266].

For the numerical values of the Standard Model parameters, we fix the top quark pole mass
to Mt = 173.5 GeV, the bottom quark mass to Mb(Mb) = 4.2 GeV and the Z-boson mass
to MZ = 91.1876 GeV. The Fermi constant has been taken as GF = 1.16637 ·10−5 GeV−2,
and the strong and electromagnetic coupling constants at the Z-pole as αs(MZ) = 0.1176 and
α(MZ)−1 = 127.934 [176]. Based on LHC searches with about 1 fb−1 of data and on various
sources of indirect constraints, benchmark planes for future searches on supersymmetry at the
LHC have been defined from discussions among the supersymmetry working groups of the
ATLAS and CMS experiments, together the LHC Physics Center at CERN [282]. For cMSSM
scenarios, two (m0,m1/2) planes have been proposed, motivated by the constraints derived from
the measurements of the anomalous magnetic moment of the muon (see Section 5.3.3) and the
rare b → sγ decay. Only models with a positive off-diagonal Higgs mixing parameter µ > 0
and tanβ = 10, A0 = 0 GeV or tanβ = 40, A0 = −500 GeV have been adopted. While flavor
bounds are not likely to strongly constrain regions of the parameter space with a low tanβ
value, loop-induced flavor-changing couplings of the Higgs bosons of the MSSM are enhanced
for large values of tanβ so that important effects are expected in the tanβ = 40 case.

The theoretical predictions associated with the three B-physics observables discussed above
are illustrated, for these two planes, on Figure 5.3 and Figure 5.4, respectively. In the left panel
of the figures, we present theoretical predictions for the inclusive b → sγ branching ratio as
deviations from the central value given in Eq. (5.3.3). In addition, we depict as white areas
parameter space regions either excluded by the experimental limits of Eq. (5.3.3), imposed
at the 2σ-level, or for which there is no low-energy phenomenologically viable solution to the
supersymmetric renormalization group equations.

For the two considered benchmark planes, the low-mass regions, even if attractive from a
collider point of view, are strongly disfavored by indirect constraints derived from the measure-
ment of the b → sγ branching ratio that is compatible with the Standard Model predictions.
For relatively small values of m0 and m1/2, theoretical predictions are never found included
in the 2σ-range deduced from Eq. (5.3.3). Moreover, comparing results for tanβ = 10 and
tanβ = 40, the constraints are found, as expected, enhanced for larger values of tanβ. The
construction of viable, collider-friendly, benchmark scenarios with such a large tanβ value is
therefore challenging. Acceptable choices can however be made in two ways. The first option
consists of keeping the gauginos relatively light (a small universal gaugino mass m1/2) together
with imposing the scalar particles of the model to be heavy (large universal scalar mass m0 of
several TeV). This allows for the heavy scalar propagators to tame the supersymmetric loop-
diagram contributions to the b → sγ predictions, so that they lie well within the 2σ-window
derived from Eq. (5.3.3). The second option consists of fixing m1/2 above one TeV, implying
heavy gauginos that then reduce the supersymmetric effect on the b → sγ predictions for any
value of m0.

The dependence of the B-physics observable on tanβ is also illustrated on Figure 5.3 and
Figure 5.4 in the context of the b → sµ+µ− (central panel) and B0

s → µ+µ− decays (right
panel), where we present the two branching ratios as deviations with respect to the central
value of Eq. (5.3.4) and Eq. (5.3.5), respectively. The regions excluded at the 2σ-level, as well as
those for which there is no solution to the supersymmetric renormalization group equations, are
again shown as white areas. For the case tanβ = 10 and A0 = 0 GeV (Figure 5.3), the effects of
the supersymmetric contributions to these two observables are found to be numerically reduced
due to the low value of tanβ. Additionally, both experimental measurements are suffering from
large uncertainties. Consequently, the constraints on the parameter space are not competitive
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Figure 5.3: Theoretical predictions for the branching ratios associated with the inclusive
b → sγ (left panel) and b → sµ+µ− (central panel) decays as well as with the exclusive
B0
s → µ+µ− decay given in terms of deviations from the central measured values given in

Eq. (5.3.3), Eq. (5.3.4) and Eq. (5.3.5). We present the results in (m0,m1/2)-planes of the
cMSSM for fixed values of tanβ = 10, A0 = 0 GeV and a positive Higgs mixing parameter
µ > 0. The regions depicted in white correspond to excluded regions when applying the bounds
of Eq. (5.3.3), Eq. (5.3.4) and Eq. (5.3.5) at the 2σ-level, or to regions for which there is no
solution to the supersymmetric renormalization group equations.
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Figure 5.4: Same as Figure 5.3 but for fixed values of tanβ = 40, A0 = −500 GeV and a
positive Higgs mixing parameter µ > 0.

with those induced by the b→ sγ observable.

In contrast, for larger values of tanβ, loop-corrections involving the bottom Yukawa cou-
pling are enhanced so that the associated diagrams become as important as those involving the
top Yukawa coupling. Enhancements of several orders of magnitude are in this way possible for
the predictions of the BR(B0

s → µ+µ−) observable [283, 284]. The case tanβ = 40 is illustrated
on Figure 5.4. The constraints derived from the b→ sµ+µ− and B0

s → µ+µ− branching ratios
are found not as restrictive as those induced by the inclusive b→ sγ decay.

We now turn to the investigation of the MSSM with gauge-mediated supersymmetry break-
ing. In Ref. [282], two benchmark (Mmes,Λ) planes have been adopted, with a fixed value of
tanβ = 15 and a positive µ-parameter. The difference between the two planes lies in the num-
ber of messenger fields. In the first case, the model is constructed on the basis of Nq = N` = 1
messenger field while in the second case, it incorporates three sets of messengers (Nq = N` = 3).
These two choices imply two different natures for the next-to-lightest superpartner, the light-
est supersymmetric particle being always the gravitino. The next-to-lightest supersymmetric



126 Chapter 5 - The Minimal Supersymmetric Standard Model

 (TeV)mesM
40 60 80 100 120 140 160 180 200

 (
T

eV
)

Λ

40

60

80

100

120

140

160

180

200

0

0.1

0.2

0.3

0.4

0.5

0.6

 = 1l = N
q

>0,  Nµ=15,  βt

)γ s → BR(b ∆ x 410

 (TeV)mesM
40 60 80 100 120 140 160 180 200

 (
T

eV
)

Λ

40

60

80

100

120

140

160

180

200

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

 = 1l = N
q

>0,  Nµ=15,  βt

)-µ +µ s → BR(b ∆ x 610

 (TeV)mesM
40 60 80 100 120 140 160 180 200

 (
T

eV
)

Λ

40

60

80

100

120

140

160

180

200

0

0.5

1

1.5

2

2.5

 = 1l = N
q

>0,  Nµ=15,  βt

)-µ +µ → 0

s
 BR(B∆ x 910 

Figure 5.5: Same as Figure 5.3 but for gauge-mediated supersymmetry-breaking MSSM sce-
narios. We present (Mmes,Λ) planes with tanβ = 15, Nq = N` = 1 and a positive Higgs mixing
parameter µ > 0.
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Figure 5.6: Same as Figure 5.5 but for Nq = N` = 3.

particle is hence the lightest stau for Nq = N` = 3 and the lightest neutralino for Nq = N` = 1.

The predictions for the three considered B-physics observables are presented on Figure 5.5
and Figure 5.6 for the Nq = N` = 1 and Nq = N` = 3 benchmark planes, respectively. For
the entire scanned regions, one gets agreement between theory and experiment for all three
observables, which is not surprising since gauge-mediated supersymmetry breaking naturally
solves the so-called supersymmetric flavor problem. Supersymmetry is here usually broken
within a few orders of magnitude from the weak scale, whereas the unrelated flavor-breaking
scale can be chosen much higher. Consequently, the important flavor-violating terms included
in the soft supersymmetry-breaking Lagrangian of Eq. (5.1.56) are avoided and one obtains,
after diagonalization of the fermion sector, approximately flavor-conserving scalar mass ma-
trices. Good agreement with measurements of flavor-changing neutral current observables is
therefore foreseen, as shown in Figure 5.5 and Figure 5.6. Finally, the regions with Λ > Mmes

are theoretically excluded as they do not allow for physical solutions of the supersymmetric
renormalization group equations.

In order to study the effect of the constraints derived from rare B-decays on MSSM sce-
narios where supersymmetry is broken via anomalies, we again follow the prescriptions of Ref.
[282]. We adopt a benchmark plane inspired by the anomaly-mediated supersymmetry breaking
benchmark point SPS9 [285]. The ratio of the expectation values of the two neutral Higgs boson
is fixed to tanβ = 10 and a positive sign for the µ-parameter is chosen. The predictions for
the three considered B-physics observables are presented in (m0,Maux) planes, in Figure 5.7,
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Figure 5.7: Same as Figure 5.3 but for anomaly-mediated supersymmetry-breaking MSSM
scenarios. We present (m0,Maux) planes with tanβ = 10 and a positive Higgs mixing parameter
µ > 0.

where we show, as above, their deviations from the central experimental values of Eq. (5.3.3),
Eq. (5.3.4) and Eq. (5.3.5). As for the cMSSM, the low-mass regions with a relatively small m0,
attractive from a collider point of view, are strongly disfavored by data on the b→ sγ branch-
ing ratio, the two other observables not bringing any additional restriction on the parameter
space.

In the following, we turn to the investigation of the constraints induced by B-physics ob-
servables when more general squark mixings, like those given in Eq. (5.1.63), are allowed. We
adopt a phenomenological approach where we assume non-negligible contributions to the off-
diagonal terms of the squark soft mass matrices that we rewrite, in the super-CKM basis,
as

M2
q̃ =



M2
Lq1

∆q1q2
LL ∆q1q3

LL Xq1 ∆q1q2
LR ∆q1q3

LR

∆q1q2∗
LL M2

Lq2
∆q2q3
LL ∆q1q2∗

RL Xq2 ∆q2q3
LR

∆q1q3∗
LL ∆q2q3∗

LL M2
Lq3

∆q1q3∗
RL ∆q2q3∗

RL Xq3

X∗q1 ∆q1q2
RL ∆q1q3

RL M2
Rq1

∆q1q2
RR ∆q1q3

RR

∆q1q2∗
LR X∗q2 ∆q2q3

RL ∆q1q2∗
RR M2

Rq2
∆q2q3
RR

∆q1q3∗
LR ∆q2q3∗

LR X∗q3 ∆q1q3∗
RR ∆q2q3∗

RR M2
Rq3


. (5.3.6)

We have explicitly separated the left-left, left-right, right-left and right-right chiral sectors by
means of horizontal and vertical line and additionally introduced shorthand notations for the
flavor-diagonal elements,

M2
Lui

= (VCKMm̂2
Q̃
V †CKM+M2

qu)ii+(
1

2
− 2

3
s2
w)c2βM

2
Z , M2

Rui
= (m̂2

Ũ
+M2

qu)ii+
2

3
s2
wc2βM

2
Z ,

M2
Ldi

= (m̂2
Q̃

+M2
qd

)ii+(−1

2
+

1

3
s2
w)c2βM

2
Z , M2

Rdi
= (m̂2

D̃
+M2

qd
)ii−

1

3
c2βM

2
Zs

2
w ,

Xui = (
vu√

2
T̂u† − µ

tanβ
Mqu)ii , Xdi = (

vd√
2
T̂d† − µ tanβMqd)

i
i .

(5.3.7)

In these expressions, Einstein summation conventions are not applied on the generation in-
dex i. The off-diagonal parameters of the mass matrices that we denote by ∆ are arbitrary
and in general normalized to the diagonal entries of the soft supersymmetry-breaking mass
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matrices [286],

∆
uiuj
LL = λ

uiuj
LL (m̂2

Q̃
)ii(m̂

2
Q̃

)jj , ∆
didj
LR = λ

didj
LR (m̂2

Q̃
)ii(m̂

2
D̃

)jj , etc. . (5.3.8)

Additional sources of squark flavor violation are then parametrized through the 21 dimen-
sionless (possibly complex) new variables λ

qiqj
ab , recalling that the λLL quantities for both the

up-type and down-type squark sectors are identical. This also implies that both squark mass
matrices cannot be simultaneously diagonal without neglecting the CKM matrix which we cal-
culate using the Wolfenstein parametrization. The corresponding four free parameters are set
to λCKM = 0.2272, ACKM = 0.818, ρ̄CKM = 0.221 and η̄CKM = 0.34 [176].

Extensive studies of the kaon sector, B- and D-meson oscillations, rare decays, and electric
dipole moments suggest that only flavor mixing involving the second and third generations of
squarks can be substantial, and this only in the left-left and right-right chiral sectors [286, 287,
288, 289]. For this reason, we restrict to scenarios where only mixing of the second and third
generation squarks is non-vanishing and that squarks with different chiralities can only mix in
a flavor-conserving way. The only non-zero λ-parameters are thus given by

λL ≡ λctLL, λR ≡ λctRR = λsbRR , (5.3.9)

in addition to λsbLL which is connected to λL through the CKM matrix (see Eq. (5.3.7)). The
equality λR = λctRR = λsbRR has been enforced for simplicity in order to avoid handling too many
free parameters.

We now revisit the previous studied constraints and address the phenomenology of MSSM
scenarios including non-minimal flavor violation when the squark mass matrices are general-
ized by including the two flavor-violating parameters presented in Eq. (5.3.9) at low-energy.
We however do not address the conception itself of fundamental mechanisms leading to non-
vanishing flavor-violating squark mixing terms but provide instead several examples where such
terms arise. In supergravity, they can be induced by non-trivial Kähler interactions. Although
gauge-mediated supersymmetry-breaking scenarios are known to efficiently address the super-
symmetric flavor problem, several possibilities for reintroducing flavor-violating terms have
been pointed out recently [125, 290, 291]. For example, mixing between messenger and matter
fields may lead to important flavor violation in the squark and slepton sectors. In Section 4.2.4,
we have shown that in its simplest form, the mechanism yielding supersymmetry-breaking via
anomalies leads to the problematics of tachyonic sleptons. In Section 5.1.5, we have presented
a phenomenological approach to cure this problem by introducing additional and universal soft
supersymmetry-breaking contributions to the scalar masses. This task could also be achieved in
a non-universal way so that non-minimal flavor violation can be introduced in the theory [137].

In Figure 5.8, Figure 5.9, Figure 5.10 and Figure 5.11, we depict the impact of the λL and
λR parameters of Eq. (5.3.9) on the theoretical predictions for the three considered B-physics
observables in the case of cMSSM scenarios with non-minimal flavor-violation. We adopt two
scenarios, one where second and third generation squark mixing is only allowed in the left-left
chiral sector (λL = 0.15, λR = 0) and one where it is only allowed in the right-right chiral
sector (λR = 0.15, λL = 0). The b→ sγ observable (left panel of the figures) allows us to probe
non-minimally flavor-violating squark mixings in the left-left chiral sector through the effects of
new flavor-violating loop-diagram contributions where lighter squark and (the wino component
of the) neutralino or chargino fields propagate into the loops. Compared with the flavor-
conserving case, larger fractions of the scanned (m0,m1/2) planes are found to be excluded, so
that phenomenologically viable scenarios imply heavier superpartners. In contrast, the b→ sγ
branching ratio is insensitive to non-minimal right-right chiral squark mixings. The possible
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Figure 5.8: Same as in Figure 5.3 (cMSSM, tanβ = 10, A0 = 0 GeV, µ > 0) with λL = 0.15.
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Figure 5.9: Same as in Figure 5.3 (cMSSM, tanβ = 10, A0 = 0 GeV, µ > 0) with λR = 0.15.
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Figure 5.10: Same as in Figure 5.4 (cMSSM, tanβ = 40, A0 = −500 GeV, µ > 0) with
λL = 0.15.

effects of a non-vanishing λR parameter are related to the couplings of the higgsino component
of the chargino and neutralino states and cMSSM scenarios usually imply lighter winos and
heavier higgsinos, the associated λR-dependent contributions to the b → sγ branching ratio
being thus suppressed.

Non-minimal left-left squark chiral mixings also affect predictions for the b → sµ+µ−

branching ratio (middle panels of the figures). All cMSSM regions regions excluded by b →
sµ+µ− branching ratio measurements are however found to be also excluded by the b → sγ
data. Contrary, right-right chiral mixings (right panels of the figures) cannot be probed, for
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Figure 5.11: Same as in Figure 5.4 (cMSSM, tanβ = 40, A0 = −500 GeV, µ > 0) with
λR = 0.15.

the same reason as in the b→ sγ case.

The large uncertainty on the B0
s → µ+µ− branching ratio measurement potentially reduces

the relevance of this observable to constrain squark flavor-violating mixings, in particular when
confronting the constraining power of the b → sγ rare decay (see Figure 5.8, Figure 5.9,
Figure 5.10 and Figure 5.11).

The same effects can be observed for gauge-mediated supersymmetry-breaking scenarios, as
illustrated on Figure 5.12, Figure 5.13, Figure 5.14 and Figure 5.15, and for anomaly-mediated
supersymmetry breaking MSSM scenarios as shown on Figure 5.16 and Figure 5.17. The
theoretical predictions are insensitive to non-minimal flavor-violating right-right chiral mixings
and the b → sγ branching ratio is the only observable capable to restrict the possibilities of
constructing viable scenarios with non-minimal left-left chiral squark mixing.

5.3.2 B-meson oscillations

Weak interactions are responsible for providing different masses to the flavor eigenstates
|B0

q 〉 = |b̄q〉 and |B̄0
q 〉 = |bq̄〉, with q = s or d, as well as mass mixing terms among those states.

Consequently, the light (L) and heavy (H) neutral Bq-meson mass-eigenstates |BL
q 〉 and |BH

q 〉
differ in their masses and in their decay widths. Neglecting CP -violation since it is expected
to be very small [292, 293, 294], the mass eigenstates are also CP -eigenstates, the light |BL

q 〉
state being CP -even and the heavy |BH

q 〉 state CP -odd. The evolution of a state prepared as a
pure flavor eigenstate |B0

q 〉 or |B̄0
q 〉 at a time t = 0 is driven by the time-dependent probabilities

Punmix(t) and Pmix(t) that the flavor remains unchanged or oscillates,

Pmix(t) =
1

2
Γqe
−Γqt

[
1−

∆Γ2
q

4Γ2
q

][
cosh

∆Γq
2
t− cos ∆Mqt

]
,

Punmix(t) =
1

2
Γqe
−Γqt

[
1−

∆Γ2
q

4Γ2
q

][
cosh

∆Γq
2
t+ cos ∆Mqt

]
,

(5.3.10)

respectively. In those expressions, Mq and Γq are the average mass and width of the Bq-mesons
while ∆Mq and ∆Γq are the mass and width differences between the two eigenstates |BL

q 〉 and

|BH
q 〉.
Among all the parameters introduced in Eq. (5.3.10), the mass difference ∆Ms is one of the

key observables restricting the design of phenomenologically viable supersymmetric scenarios.
The B0

s − B̄0
s oscillations have been observed for the first time in 2006 by the CDF and D0
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Figure 5.12: Same as in Figure 5.5 (MSSM with gauge-mediated supersymmetry breaking,
tanβ = 15, Nq = N` = 1, µ > 0) with λL = 0.15.
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Figure 5.13: Same as in Figure 5.5 (MSSM with gauge-mediated supersymmetry breaking,
tanβ = 15, Nq = N` = 1, µ > 0) with λR = 0.15.
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Figure 5.14: Same as in Figure 5.6 (MSSM with gauge-mediated supersymmetry breaking,
tanβ = 15, Nq = N` = 3, µ > 0) with λL = 0.15.
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Figure 5.15: Same as in Figure 5.6 (MSSM with gauge-mediated supersymmetry breaking,
tanβ = 15, Nq = N` = 3, µ > 0) with λR = 0.15.
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Figure 5.16: Same as in Figure 5.7 (MSSM with anomaly-mediated supersymmetry breaking,
tanβ = 10, µ > 0) with λL = 0.15.
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Figure 5.17: Same as in Figure 5.7 (MSSM with anomaly-mediated supersymmetry breaking,
tanβ = 10, µ > 0) with λR = 0.15.
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Figure 5.18: Predicted deviations from the central measured value for the mass difference
between the two Bs-meson mass-eigenstates, as given in Eq. (5.3.11), in the framework of the
cMSSM. We present the results in (m0,m1/2)-planes for fixed values of tanβ = 10, A0 = 0
GeV and a positive Higgs mixing parameter µ > 0. The regions depicted in white correspond
to excluded regions when applying the bounds of Eq. (5.3.11) at the 2σ-level, or to regions
for which there is no solution to the supersymmetric renormalization group equations. Squark
non-minimal flavor-violation is not allowed in the left panel of the figure, while we include non-
vanishing flavor-violating squark mixing parameters λL and λR in its middle and right panels,
respectively (see Eq. (5.3.9)).
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Figure 5.19: Same as in Figure 5.18 but for tanβ = 40, A0 = −500 GeV.

collaborations [295, 296] and the precision on the measurement increases after the LHCb col-
laboration publishes results derived from the latest LHC data [297]. The oscillation frequency,
given by the mass difference ∆Ms, then reads [272]

∆Ms =
(
17.719± 0.043exp ± 3.3theo

)
ps−1 , (5.3.11)

where the theoretical uncertainty of 3.3 ps−1 has been calculated in Ref. [298].
The computation of the associated theoretical predictions are based on the effective Hamil-

tonian of Eq. (5.3.1) and the four-fermion operators

Oq1 =
[
s̄LγµT

aqL
][
q̄Lγ

µTabL
]
, O4 =

[
s̄LγµT

abL
]∑
Q

[
Q̄γµTaQ

]
,

Oq2 =
[
s̄LγµqL

][
q̄Lγ

µbL
]
, O5 =

[
s̄LγµγνγρbL

]∑
Q

[
Q̄γµγνγρQ

]
,

O3 =
[
s̄LγµbL

]∑
Q

[
Q̄γµQ

]
, O6 =

[
s̄LγµγνγρT

abL
]∑
Q

[
Q̄γµγνγρTaQ

]
,

(5.3.12)
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with q = u or c dominantly contributing. The MSSM contributions to these operators have
been calculated at the one-loop level in Ref. [264] and Ref. [266] and these results have been
implemented in the computer code SPheno [250], which we employ to confront theory to data
and constrain the MSSM parameter space.

In the context of the cMSSM, these constraints are translated in terms of scans of (m0,m1/2)
planes at fixed values of tanβ and A0. We refer to Section 5.3.1 for more details on the bench-
mark plane choices, and show, on Figure 5.18 and Figure 5.19, theoretical predictions for the
mass difference ∆Ms associated with the Bs-meson system. These predictions are presented as
deviations from the central value given in Eq. (5.3.11). Regions either excluded after imposing
these constraints at the 2σ-level, or for which there is no solution to the supersymmetric renor-
malization group equations linking high scale to low-energy scale physics, are depicted as white
areas. In the case no squark non-minimal flavor violation is allowed (left panel of the figures),
the large theoretical uncertainty of Eq. (5.3.11) strongly weakens the relevance of ∆Ms as a
constraining observable for the construction of phenomenologically viable scenarios.

This contrasts with the case of scenarios featuring non-minimal flavor-violating mixings
among the second and third generation squarks as defined in Eq. (5.3.9) (see the middle and
right panels of Figure 5.18 and Figure 5.19). The ∆Ms observable is here highly sensitive to
both mixings in the left-left chiral sector and in the right-right chiral sector as expected from
the form of the dominant effective operators, contrary to B-meson rare decays which mainly
probe mixings in the left-left chiral sector. Next, supersymmetric contributions to the B0

s − B̄0
s

oscillations are strongly enhanced in parameter space regions where the value of tanβ is large.
On Figure 5.20 and Figure 5.21, we turn to the case of the MSSM with gauge-mediated

supersymmetry breaking and present (Nmes,Λ) planes at fixed tanβ and number of messenger
fields. The investigated benchmark planes are those already described in Section 5.3.1 with
tanβ = 15 and Nq = N` = 1 or Nq = N` = 3. When flavor is conserved, i.e., when all
λ-parameters of Eq. (5.3.9) are vanishing, good agreement is found between data and theory
for the entire scanned regions after accounting for the large theoretical uncertainties. When
allowing for non-minimal flavor violation, new constraints on the parameter space appear but
are found to be less severe than those induced by rare B-meson decays (see Section 5.3.1).

Finally, we investigate MSSM scenarios with anomaly-mediated supersymmetry breaking
on Figure 5.22, where (m0,Maux) planes at a fixed tanβ = 10 value are presented. B-meson
oscillations are found complementary to B-meson decays to constrain the parameter space in
cases with non-minimal flavor violation in the squark sector, contrary to the MSSM with a
flavor-conserving setup.

5.3.3 The anomalous magnetic moment of the muon

The world average experimental value for the muon anomalous magnetic moment is domi-
nated by data collected by the E821 experiment at Brookhaven [299],

aexp
µ =

(
11659208.0± 6.3

)
× 10−10 . (5.3.13)

Theoretical predictions in the Standard Model include QED contributions up to four loops and
are even analytical up to the three-loop level [300, 301, 302, 303, 304, 305, 306, 307]. In addition,
the leading logarithmic terms of the five-loop results are known [308, 309, 310, 311, 312, 313, 314,
315], as well as both the electroweak [316, 317, 318, 319, 320, 321, 322, 323, 324, 325, 326, 327]
and hadronic contributions [328, 329] up to three loops. Moreover, the associated theoretical
uncertainties are dominated by light-by-light scattering diagrams. The theoretical predictions
hence read [176]

ath
µ =

(
11659184.1± 4.8

)
× 10−10 , (5.3.14)
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Figure 5.20: Same as in Figure 5.18 but for the MSSM with gauge-mediated supersymmetry-
breaking. We present (Mmes,Λ) planes with tanβ = 15, one single series of messenger fields
Nq = N` = 1 and a positive Higgs mixings parameter µ > 0.
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Figure 5.21: Same as in Figure 5.18 but for the MSSM with gauge-mediated supersymmetry-
breaking. We present (Mmes,Λ) planes with tanβ = 15, three series of messenger fields Nq =
N` = 3 and a positive Higgs mixings parameter µ > 0.
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Figure 5.22: Same as in Figure 5.18 but for the MSSM with anomaly-mediated supersymmetry-
breaking. We present (m0,Maux) planes with tanβ = 10 and a positive Higgs mixing parameter
µ > 0.
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which leads to a discrepancy of about 3σ between data and theory,

∆aµ =
(
23.9± 7.92

)
× 10−10 , (5.3.15)

that we assume to be explained by new physics. In the context of supersymmetry, the dom-
inant contributions asusy,1

µ to the anomalous magnetic moment of the muon consist of smuon,
sneutrino, chargino and neutralino loops [330],

asusy,1
µ ' 13× 10−10

(100 GeV

Msusy

)2
tanβ sign(µ) , (5.3.16)

where Msusy is a representative supersymmetry mass scale. This motivates the choice of a
positive off-diagonal mixing µ parameter for all the considered benchmark scenarios as negative
µ-values would increase rather than decrease the discrepancy between data and theory.

We compute below the supersymmetric contributions to the muon anomalous magnetic
moment including up to two-loop diagrams [331, 332, 333] and scan the parameter spaces
associated with the three considered supersymmetry-breaking scenarios. In Figure 5.23, we
show results in the cMSSM and demand that supersymmetry restores the agreement between
theory and data within two standard deviations. We hence present parameter space regions
compliant with this requirement for the two (m0,m1/2) benchmark planes of the previous
sections. Since squarks only contribute to the anomalous magnetic moment of the muon at
the two-loop level, this considerably reduces the dependence of the aµ on squark non-minimal
flavor violation so that the results are independent of the considered λ-parameters.

Comparing with the results of Section 5.3.1 and Section 5.3.2, a significant fraction of the
flavor-conserving cMSSM parameter space is found favored by both the B-physics constraints
and the anomalous magnetic moment of the muon requirement, in particular for the small tanβ
region. Accommodating all constraints when non-minimal flavor violation is allowed becomes
however challenging, as illustrated in the case of moderate left-left and right-right chiral squark
mixings.

The same conclusions hold for MSSM scenarios with gauge-mediated supersymmetry-break-
ing, as shown on Figure 5.24 in which we present (Mmes,Λ) benchmark planes for tanβ = 15
and Nq = N` = 1 (left panel) and Nq = N` = 3 (right panel) messenger fields.

In contrast, it is very difficult to ask predictions of the anomalous magnetic moment of the
muon to be compliant with data in the framework of MSSM scenarios with anomaly-mediated
supersymmetry breaking, as illustrated on Figure 5.25. We show, by presenting theoretical
results in a (m0,Maux) plane with tanβ = 10, that only a very small part of the parameter
space exhibits compatibility with experimental data. Imposing, in addition, constraints from
B-physics (see previous sections) renders the design of viable benchmark scenarios complicated,
as also found by other authors [334, 335]. Predictions for the anomalous magnetic moment of
the muon are however strongly correlated to the slepton sector. The latter being linked to
the way employed to solve the tachyonic slepton problem mentioned in Section 5.1.5, it is
therefore convenient to ignore constraints from the anomalous magnetic moment of the muon
when designing phenomenologically viable scenarios with anomaly-mediated supersymmetry
breaking.

5.3.4 The electroweak ρ-parameter

Supersymmetry, as many extensions of the Standard Model, can be probed by means of
electroweak precision observables such as the ρ0-parameter. The latter is defined by

ρ0 =
M2
W

M2
Z cos θ2

wρ
, (5.3.17)
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Figure 5.23: Supersymmetric contributions to the anomalous magnetic moment of the muon.
Only the regions of the parameter space for which an agreement between the theoretical pre-
dictions and the measurements is found, at a 2σ level, are shown. We present the results in
(m0,m1/2)-planes of the cMSSM for fixed values of tanβ = 10 (40), A0 = 0 GeV (−500 GeV)
and a positive Higgs mixing parameter µ > 0 in the left (right) panel of the figure.
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Figure 5.24: Same as in Figure 5.23 but for the MSSM with gauge-mediated supersymmetry-
breaking. We present, in the left (right) panel of the figure, (Mmes,Λ) planes for tanβ = 15,
one (three) single series of messenger fields Nq = N` = 1 (3) and a positive Higgs mixings
parameter µ > 0.

 (GeV)0m
200 400 600 800 1000 1200 1400

 (
T

eV
)

au
x

M

20

40

60

80

100

120

140

0

5

10

15

20

25

30

35

>0µ=10,  βt

susy
µ x a1010

Figure 5.25: Same as in Figure 5.23 but for the MSSM with anomaly-mediated supersymmetry-
breaking. We present (m0,Maux) planes with tanβ = 10 and a positive Higgs mixing parameter
µ > 0.
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Figure 5.26: Supersymmetric contributions to electroweak precision observables given as
deviations from the measured central value of the ∆ρ quantity defined in Eq. (5.3.18). We
present the results in (m0,m1/2)-planes of the cMSSM with tanβ = 10, A0 = 0 GeV and a
positive Higgs mixing parameter µ > 0. The regions depicted in white correspond to excluded
regions when applying the bounds of Eq. (5.3.19) at the 2σ-level, or to regions for which there
is no solution to the supersymmetric renormalization group equations. Non-vanishing flavor-
violating squark mixing parameters λL and λR are permitted in the middle and right panels
of the figure, respectively (see Eq. (5.3.9)), while flavor violating squark mixing is forbidden in
the left panel.
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Figure 5.27: Same as in Figure 5.26 but for tanβ = 40, A0 = −500 GeV.

where the electroweak mixing angle θw is evaluated at the Z-pole and all loop effects are
embedded into the ρ-parameter. For ρ = ρ0 = 1, one recovers the well-known tree-level
relation among the Z-boson and W -boson masses MZ and MW . Eq. (5.3.17) provides a way
to generalize this tree-level relation at higher orders [336, 337, 338, 339, 340]. In the Standard
Model, the ρ0-parameter is defined as equal to one, following the conventions of the Particle
Data Group [176]. In contrast, for extensions of the Standard Model affecting the weak sector,
ρ0 usually differs from unity, the associated new physics contributions being more conveniently
re-expressed as

∆ρ =
ΣZ(0)

M2
Z

− ΣW (0)

M2
W

, (5.3.18)

where ∆ρ measures the deviation of the ρ0 parameter from unity in terms of the weak vector
boson self-energies at zero-momentum ΣZ(0) and ΣW (0). The ∆ρ quantity is traditionally
employed to evaluate new physics contributions to electroweak precision observables such as
the squared sine of the electroweak mixing angle or the W -boson mass. The latest combined
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Figure 5.28: Same as in Figure 5.26 but for the MSSM with gauge-mediated supersymmetry-
breaking. We present (Mmes,Λ) planes with tanβ = 15, one single series of messenger fields
Nq = N` = 1 and a positive Higgs mixings parameter µ > 0.

 (TeV)mesM
40 60 80 100 120 140 160 180 200

 (
T

eV
)

Λ

40

60

80

100

120

140

160

180

200

0

0.2

0.4

0.6

0.8

1

1.2

1.4

 = 3l = N
q

>0,  Nµ=15,  βt

]ρ ∆ [∆ x 410

 (TeV)mesM
40 60 80 100 120 140 160 180 200

 (
T

eV
)

Λ

40

60

80

100

120

140

160

180

200

0

0.2

0.4

0.6

0.8

1

1.2

1.4

 = 0.15Lλ = 3, l = N
q

>0,  Nµ=15,  βt

]ρ ∆ [∆ x 410

 (TeV)mesM
40 60 80 100 120 140 160 180 200

 (
T

eV
)

Λ

40

60

80

100

120

140

160

180

200

0

0.2

0.4

0.6

0.8

1

1.2

1.4

 = 0.15Rλ = 3, l = N
q

>0,  Nµ=15,  βt

]ρ ∆ [∆ x 410

Figure 5.29: Same as in Figure 5.26 but for the MSSM with gauge-mediated supersymmetry-
breaking. We present (Mmes,Λ) planes with tanβ = 15, three series of messenger fields Nq =
N` = 3 and a positive Higgs mixings parameter µ > 0.

fits of the Z-boson mass, width, pole asymmetry, W -boson and top-quark masses restrict ∆ρ
to be in the range [176]

∆ρ =
(
1.564± 9.381

)
× 10−4 . (5.3.19)

In the context of the Minimal Supersymmetric Standard Model, radiative contributions to
∆ρ are known at the one-loop level [341]. Furthermore, the leading two-loop contributions
involving gluonic loops as well as top and bottom Yukawa couplings have also been recently
calculated [342, 343, 344, 345].

We present, in Figure 5.26 and Figure 5.27, theoretical predictions for the ∆ρ quantity
of Eq. (5.3.18) in the framework of cMSSM scenarios as calculated by the SPheno program.
We scan over the two considered (m0,m1/2) benchmark planes (tanβ = 10, A0 = 0 GeV and
tanβ = 40, A0 = −500 GeV). By design, the ∆ρ parameter is directly sensitive to the mass
splitting among the particles running into the loop-diagrams contributing to the self energies
of the weak gauge bosons ΣZ and ΣW . As shown in the left panel of the figures, the ∆ρ
observable does not allow to extract constraints on the parameter space of the minimal models
with λL = λR = 0. However, when non-minimal flavor violation is included, the situation
changes for the low tanβ region (see the middle and right panels of the figures), the low-mass
regions turning out to be excluded.

In Figure 5.28 and Figure 5.29, we explore MSSM scenarios with gauge-mediated super-
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Figure 5.30: Same as in Figure 5.26 but for the MSSM with anomaly-mediated supersymmetry-
breaking. We present (m0,Maux) planes with tanβ = 10 and a positive Higgs mixing parameter
µ > 0.

symmetry-breaking and show scans of the (Mmes,Λ) planes with tanβ = 15 and respectively
Nq = N` = 1 and Nq = N` = 3, while we address MSSM scenarios with anomaly-mediated
supersymmetry breaking in Figure 5.30 in which we present (m0,Maux) planes for tanβ = 10.
In all cases, almost all the scanned parameter space regions are found compatible with the mea-
surements, so that this observable does not play a major role in constraining the construction
of non-experimentally excluded benchmark scenarios.

5.3.5 Summary

In this section, we have investigated in details the MSSM effects on several low-energy, flavor
and electroweak precision observables. We have considered, as a starting point for this study,
two series of scenarios designed in the context of the cMSSM, two series of scenarios featuring
gauge mediated supersymmetry breaking and one series of scenarios where supersymmetry gets
broken via anomalies. Those scenarios have been chosen after relying on considerations of the
LHC Physics Center at CERN and both the ATLAS and CMS collaborations after analyzing
a fraction of the 2011 LHC data and a large class of indirect constraints on new physics.

Computing for each point predictions for several rare B-meson decays and the frequency
of B-meson oscillations, it has been found that the low mass regions of the parameter space
are in general excluded at the 2σ level in the cMSSM and anomaly-mediated supersymmetry-
breaking cases, in contrast to gauge-mediated supersymmetry-breaking MSSM scenarios where
supersymmetric contributions to those observables are reduced.

We have then started our exploration of non-minimal supersymmetric models and included
non-minimal flavor violation in the squark sector for both left-left and right-right chirality
mixings. We have shown that, especially for large flavor violation in the left-left sector, the
constraints are much stronger than in the flavor-conserving case although large regions of the
parameter space are still allowed by current flavor data.

We have next turned to electroweak constraints and calculated predictions for the anomalous
magnetic moment of the muon. We have observed that there exist a substantial fraction of
the parameter space for which supersymmetric loop diagrams allow to restore the agreement
between theory and data. Contrary, current bounds on the ρ-parameter are not sufficient to
induce any specific constraint at all, like when including non-minimal flavor violation in the
squark sector.
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5.4 Cosmological aspects

5.4.1 General features

Among the most compelling evidences for physics beyond the Standard Model is the pres-
ence of non-baryonic dark matter in the Universe. Its relic density is constrained to be, after
combining seven-year data from WMAP with the latest measurements related to supernovæ,
baryon acoustic oscillations and the Hubble constant [346]4,

ΩCDMh
2 = 0.1126± 0.0036 , (5.4.1)

where h denotes the present Hubble expansion rate in units of 100 km s−1 Mpc−1. This value is
however derived from an interpretation of cosmological data in the context of the six-parameter
vanilla concordance model of cosmology.

In order for new physics theories to be compatible with such an observation, they must
include a suitable dark matter candidate accounting for the quantity of dark matter given in
Eq. (5.4.1). In the context of supersymmetry, we therefore require the lightest superpartner
to be stable, electrically neutral and singlet under the QCD gauge group [40, 41]. Conse-
quently, this motivates R-parity conservation and leaves the MSSM with three possible lightest
supersymmetric particle, the lightest sneutrino, the lightest neutralino and the gravitino. How-
ever, phenomenologically viable scenarios with sneutrino dark matter are difficult to achieve by
combining cosmological and collider constraints. On the one hand, a correct dark matter relic
density can only be obtained if the lightest sneutrino is very light or very heavy, preventing
from a too fast dark matter annihilation into Standard Model particles via Z-boson exchange
diagrams [348, 349, 350]. On the other hand, very light sneutrinos are excluded by the invisible
Z-boson width extracted at LEP [176] and very heavy sneutrinos are excluded by dark matter
direct detection searches [350]. We therefore focus in this work on neutralino and gravitino
dark matter scenarios.

5.4.2 Neutralino dark matter in the constrained MSSM

Being inspired by gravity-mediated supersymmetry-breaking, cMSSM scenarios include a
gravitino field with a mass of the order of the TeV scale (see the relation among the different
superpartner masses in Section (4.2.2)). The gravitino is therefore in general much heavier than
some of the other superpartners and thus not a viable dark matter candidate. We consequently
focus on neutralino dark matter. The energy density of a neutralino of mass Mχ̃0

1
is directly

proportional to its present number density n0,

ΩCDMh
2 =

Mχ̃0
1
n0

ρc
, (5.4.2)

where ρc = 3H2
0/(8πGN) is the critical density of our Universe, GN being the gravitational

constant and H0 the present value of the Hubble expansion parameter [351]. The neutralino
relic abundance ΩCDMh

2 can be evaluated after solving the Boltzmann equation

dn

dt
= −3Hn− 〈σeffv〉

(
n2 − n2

eq

)
. (5.4.3)

The first contribution to the right-hand side of this equation is proportional the time-dependent
Hubble expansion parameter H and describes a dilution of the dark matter density with the

4The recent results of Planck [347] were not available at the time of writing and are thus ignored.
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expansion of the Universe. On different footings, the second contribution is related to annihila-
tions and co-annihilations of dark matter particles into Standard Model fermions and bosons.
This term depends on the dark matter number density in thermal equilibrium neq as well as
on the annihilation and co-annihilation effective cross section σeff multiplied by the relative
particle velocity v. This product is then convoluted with the velocity distribution of the dark
matter candidate to obtain the thermally averaged cross section 〈σeffv〉. Taking into account
a set of N potentially co-annihilating superparticles, heavier than the lightest neutralino and
with masses M1 ≤ · · · ≤MN , the thermally averaged cross section is given by [352, 353]

〈σeffv〉 =
N∑

i,j=0

〈σijvij〉
nieqn

j
eq

n2
eq

, (5.4.4)

where nieq denotes the equilibrium number density of the particle i, the index i = 0 referring
to the lightest neutralino. We have also introduced the cross sections σij associated with the
(co-)annihilation of the particles i and j and their relative velocity vij .

This last equation can be entirely rewritten in terms of the particle masses, the temperature
T and the number of internal degrees of freedom of each particle species gi, or equivalently
their statistical weights accounting for the number of possible combinations of related particle
states,

〈σeffv〉 =
N∑

i,j=0

〈σijvij〉
gigj
g2

eff

[MiMj

M2
χ̃0
1

]3/2
exp

[
−

(Mi +Mj − 2Mχ̃0
1
)

T

]
. (5.4.5)

This expression depends in addition on the effective number of degrees of freedom geff that
can be seen as an appropriate overall normalization factor. The mass differences between the
superpartners hence play a crucial role in the computation of the relic density, the exponential
suppression factor of Eq. (5.4.5) indicating that co-annihilations are only relevant for almost
mass-degenerate superparticles.

In wide regions of the cMSSM parameter space, the annihilation of two neutralino states into
Standard Model particles contributes dominantly to the computation of 〈σeffv〉. However, other
subprocesses could be significant. For instance, it is clear from Eq. (5.4.5) that non-trivial off-
diagonal squark mixings that enhance splittings among the squark mass-eigenstates directly
affect the predictions for the lightest neutralino relic density. In addition, flavor-violating
couplings also imply that new channels could contribute to the effective annihilation and co-
annihilation cross section. For example, annihilations of neutralinos into a charm-antitop or
a top-anticharm quark pair become possible trough squark exchanges when the off-diagonal
element of the squark mass matrices are of the same order as the diagonal ones [354].

In Figure 5.31, we present scans of the two cMSSM (m0,m1/2) benchmark planes already
introduced in Section 5.3 and show theoretical predictions for the neutralino dark matter relic
density. After having firstly computed the particle masses and mixings by means of the SPheno
package version 3.2.1 [250], the spectrum is in a second step exported to the DarkSusy code
version 5.0.5 [355] which calculates the associated neutralino relic density. The regions depicted
in white correspond either to regions for which there is no solution to the supersymmetric
renormalization group equations, to regions where the lightest neutralino is not the lightest
supersymmetric particle or to regions excluded after applying the upper bound of Eq. (5.4.1).
This conservative assumption opens the possibility that either dark matter consists of several
particle species, the lightest neutralino being only one of them, or that an alternative cosmolog-
ical model is employed (see, e.g., Ref. [356, 357, 358, 359, 360, 361]). Regions of the parameter
space compatible with the upper bound of Eq. (5.4.1) are indicated as colored areas, the color
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Figure 5.31: Theoretical predictions for the relic density of the lightest neutralino represented
as deviations from the central value of Eq. (5.4.1). We present the results in (m0,m1/2)-planes
of the cMSSM with tanβ = 10, A0 = 0 GeV (left) and tanβ = 40, A0 = −500 GeV (right)
and a positive Higgs mixing parameter µ > 0 in both case. The regions depicted in white
correspond either to excluded regions when applying the upper bound of Eq. (5.4.1) at the
2σ-level, to regions for which there is no solution to the supersymmetric renormalization group
equations or to regions where the lightest neutralino is not the lightest supersymmetric particle
(and therefore not a viable dark matter candidate).

code being related to larger and larger deviations from the central value of Eq. (5.4.1). The
entire scanned parameter space is found to be almost excluded by cosmological data.

Furthermore, it is important to note that a strict application of both the upper and lower
limits of Eq. (5.4.1) leads to the exclusion of all the scanned parameter space, with the exception
of the frontiers of the colored areas. Consequently, dark matter constraints turn out to be very
hard to accommodate. In this case, allowing for non-minimal flavor violation does not help.
Parameter space regions compliant with the observations are known to be rather insensitive to
non-minimal flavor violation in the squark sector, the dominant diagrams being sub-dominant
for moderate values of the λ-parameters of Eq. (5.3.9) [135]. One exception consists of fixing
the λ-parameters to more extreme values, close to λ = 1, as shown in Ref. [354].

The derivation of Eq. (5.4.1) has strongly relied on the assumption of the underlining
cosmological model. The properties of the early Universe are however relatively unknown
so that alternative cosmological models could be taken into account, such as models with a
modified expansion rate [360, 361] or with a modified entropy content [361, 362]. Therefore,
care must be taken when imposing dark matter constraints on the building of phenomenological
models that could be reasonably evaded or modified.

5.4.3 Gravitino dark matter in gauge-mediated supersymmetry breaking

For MSSM scenarios where supersymmetry is broken through gauge interactions, the natural
dark matter candidate is the gravitino. Depending on its mass, it can account either for cold
(m3/2 & 100 keV), warm (1 keV . m3/2 . 100 keV), or hot (m3/2 . 1 keV) dark matter. Two
different sources contribute to the present gravitino abundance in the Universe,

ΩCDMh
2 = Ωtherm

CDM h2 + Ωnon−therm
CDM h2 . (5.4.6)
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Λ [TeV] Mmes [TeV] Nq = N` tanβ sign(µ) NLSP

E 65 90 1 15 > 0 χ̃0
1

F 30 80 3 15 > 0 τ̃1

Table 5.4: Benchmark MSSM scenarios featuring gauge-mediated supersymmetry breaking.
We indicate, in addition to the value of the parameters of Eq. (5.1.68), the nature of the
next-to-lightest superpartner (NLSP).

The first contribution shows that gravitinos can be thermally produced in the very early Uni-
verse, the associated energy density reading [363, 364, 365]

Ωtherm
CDM h2 ≈

[ m3/2

100 GeV

][ TR
1010 GeV

] 3∑
i=1

{
ωig

2
i

(
1 +

M2
i

3m2
3/2

)
log

ki
gi

}
. (5.4.7)

The thermal contribution to the relic density Ωtherm
CDM involves, in addition to the gravitino mass

m3/2, a dependence on the reheating temperature TR which corresponds to the temperature
of the Universe after inflation. No stringent constraints on TR exist, but values of the order
O(109) GeV and larger are preferred in scenarios that feature leptogenesis to explain the cosmic
baryon asymmetry [366]. The summation included in Eq. (5.4.7) runs over the three gauge
subgroups of the MSSM, i.e., U(1)Y , SU(2)L, and SU(3)c for which the couplings constants
are denoted by gi and the soft mass parameters associated with the three gaugino fields by
Mi. The constants ωi and ki are taken as ωi = 0.018, 0.044, 0.117 and ki = 1.266, 1.312, 1.271
for i = 1, 2, 3, respectively, as in Ref. [364] where these values are derived from a consistent
gauge-invariant finite-temperature calculation of all relevant squared matrix elements yielding
gravitino production.

The second contribution to Eq. (5.4.6) consists of non-thermal production of gravitino
through direct decays of the next-to-lightest supersymmetric particle into its Standard Model
partner, together with a gravitino. The corresponding relic density Ωnon−therm

CDM depends on both
the relic density of the next-to-lightest superparticle and its mass difference with the gravitino,

Ωnon−therm
CDM h2 =

m3/2

MNLSP
Ωtherm

NLSPh
2 . (5.4.8)

The mass of the next-to-lightest superpartner is denoted by MNLSP and its thermal relic density
that would have been computed if it was stable by Ωtherm

NLSPh
2. The would-be thermal relic density

of the next-to-lightest supersymmetric particle Ωtherm
NLSPh

2 is computed by solving the Boltzmann
equation of Eq. (5.4.3) by means of the MicrOMEGAs package [367, 368, 369, 370, 371] since
the DarkSusy program is only adapted for neutralino dark matter. Furthermore, we constrain
the dark matter relic density as in Ref. [136],

0.094 ≤ ΩCDMh
2 ≤ 0.136 (5.4.9)

at the 95% confidence level. These numbers are extracted from three-year WMAP data, instead
of seven-year WMAP data, and a non-minimal, more general, cosmological scenario with eleven
parameters is assumed [372].

From Eq. (5.4.7) and Eq. (5.4.8), one observes that thermal gravitino production dominates
for low values of the gravitino mass m3/2 and/or a high reheating temperature TR. In contrast,
thermal production is found negligible for heavier gravitinos.
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Extra constraints on scenarios with gravitino dark matter arise from the observed abun-
dances of light elements in our Universe, which requires the next-to-lightest supersymmetric
particle to decay fast enough [364]. Its lifetime τNLSP, given by the inverse of the total width,
reads

τNLSP ≈ 6100 s
[ 1 TeV

MNLSP

]5[ m3/2

100GeV

]2
, (5.4.10)

after neglecting any source of flavor violation and chirality mixings among sfermions, the latter
having been found to have only little impact [135]. In order to ensure correct predictions for
the abundances of the light elements as explained by primordial nucleosynthesis, the lifetime of
the next-to-lightest supersymmetric particle has to satisfy the constraint τNLSP . 6000 s [373],
favoring thus scenarios with a light gravitino.

In order to confront predictions for the gravitino relic density after imposing the constraint
of Eq. (5.4.1) at the 2σ level, we select two representative benchmark scenarios among those
included in the planes of Section 5.3. Following the conventions of Ref. [136], these scenarios
are denoted by the letters E and F, and defined in Table 5.4.

The benchmark point E has been chosen in the region both favored by electroweak precision
and flavor data (see Section 5.3). The superparticles are here rather light, the next-to-lightest
supersymmetric particle being the lightest neutralino with a mass of Mχ̃0

1
= 95.4 GeV and the

three lighter charged sleptons have close masses of about 100 GeV. The other sleptons, the
sneutrinos, and the gauginos have moderate masses below 300 GeV, while squarks and gluino
are quite heavy with masses above 700 GeV5.

The point F is also compatible with low-energy and flavor constraints. In this case, the
three lightest sleptons have masses of about 100 GeV, the next-to-lightest supersymmetric
particle being the lightest stau with a mass mτ̃1 = 90.7 GeV. The other sleptons, sneutrinos,
and gauginos are a bit heavier but their masses are kept below 200 GeV. Finally, squarks and
gluino have masses ranging up to 700 GeV.

In Figure 5.32, we confront the predictions for the gravitino relic density after imposing the
constraints of Eq. (5.4.1) and present the results in (m3/2, TR) planes for the two benchmark
scenarios E (left panel) and F (right panel). In both figures, we indicate the upper limit
on the gravitino mass deduced from the lifetime of the next-to-lightest superpartner. The
latter, computed as in Eq. (5.4.10), is asked to be shorter than 6000 seconds. In addition,
the parameter space regions where the gravitino is a warm dark matter candidate, a cold dark
matter candidate and not a suitable dark matter candidate are separated by means of vertical
lines. Concerning the reheating temperature, we indicate the regions favored by leptogenesis,
for which TR & 109 GeV.

The contributions to the gravitino relic density induced by decays of the next-to-lightest
superparticle, Ωnon−therm

CDM h2, are only relevant for scenario E where the relic density of the
lightest neutralino is rather large, Ωtherm

NLSPh
2 = 0.1275. This value lying well within the interval

favored by WMAP three-year data (see Eq. (5.4.9)), a band in the (m3/2, TR) plane around
m3/2 ≈Mχ̃0

1
= 95.4 GeV is found to be favored by the constraints. Concerning the benchmark

point F, the lightest stau is the next-to-lightest superpartner and its annihilation cross section
is large enough so that the corresponding relic density is negligible.

From the results shown in Figure 5.32, it is clear that all cosmological constraints cannot
be fulfilled simultaneously. For instance, constructing a scenario featuring leptogenesis, i.e.,
where the reheating temperature is such that TR & 109 GeV, and predicting a correct value for

5This section is dedicated to the illustration of several cosmological aspects associated with the three
supersymmetry-breaking scenarios investigated in this work. Therefore, we ignore LHC constraints when de-
signing benchmark scenarios and will address them in the next section.
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Figure 5.32: Cosmological constraints on the two MSSM scenarios with gauge-mediated super-
symmetry breaking of Table 5.4 presented as (m3/2, TR) planes. Regions favored by WMAP
data are shown in blue, those predicting a correct lifetime for the next-to-lightest supersym-
metric particle are indicated through a vertical red line and those favored by leptogenesis are
shown by an horizontal green line. Regions where the gravitino consists of a warm (WDM) and
cold (CDM) dark matter candidate are also pointed out, as well as those where the gravitino
is not the lightest supersymmetric particle.

the relic abundance leads to a too long predicted lifetime for the next-to-lightest superpartner
so that light element abundances are spoiled. This property still holds for many other MSSM
benchmark points with gauge-mediated supersymmetry breaking, as shown in Ref. [136]. How-
ever, the reheating temperature constraint, linked to leptogenesis, can in general be relaxed
when building cosmologically viable MSSM scenarios. Mechanisms alternative to thermal lep-
togenesis can be accounted for to explain cosmic baryon asymmetry in the Universe, such as
non-thermal leptogenesis via inflaton decay [374, 375] or Affleck-Dine leptogenesis [376]. We
deduce from our results limits on an acceptable gravitino mass

10−4 GeV . m3/2 . 0.1 GeV , (5.4.11)

which allows for gravitino cold dark matter whose relic density agrees with WMAP data. In
addition, the next-to-lightest superparticle lifetime is kept short enough not to spoil light-
element abundances.

5.4.4 Neutralino dark matter with anomaly-supersymmetry breaking

In MSSM scenarios where supersymmetry is broken through anomalies, the lightest of
the four neutralinos is always the lightest superpartner and therefore a viable dark matter
candidate. In contrast to the cMSSM, renormalization group evolution drives the wino mass
parameter M2 to a value smaller than the one of the two other gaugino mass parameters M1

and M3, dark matter being thus mostly wino-like. However, chargino masses also depend
on the soft parameter M2 so that the mass difference between the lightest neutralino and
the lightest chargino is often of about a few GeV or less. From Eq. (5.4.5), it turns out
that co-annihilations between these states are very efficient and play a significant role in the
computations of predictions for the associated dark matter relic density.
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Maux [TeV] m0 [TeV] tanβ sign(µ) Mχ̃0
1

[GeV] Mχ̃±1
[GeV]

60 1 10 > 0 174.5 174.7

Table 5.5: MSSM benchmark scenario featuring anomaly-mediated supersymmetry breaking.
We indicate the supersymmetry-breaking parameters at the high scale (see Eq. (5.1.69)) and
the masses, after renormalization group running, of the lightest neutralino and the lightest
chargino.

As a result of a large co-annihilation cross sections, the neutralino relic density is usually, in
anomaly-mediated supersymmetry-breaking scenarios, one or two orders of magnitude below
the range given in Eq. (5.4.1) [377, 378]. We illustrate this feature by taking the specific
example of one scenario of the scans of Section 5.3 that we define in Table 5.5. This scenario
is compatible with constraints issued from flavor physics but do not include direct constraints
on the masses of the superpartners (as in Section 5.4.3).

As a generic feature of MSSM scenarios with anomaly-mediated supersymmetry breaking,
the lightest chargino and neutralino masses depend mainly on the auxiliary mass Maux, as
shown in Eq. (4.2.54), and are roughly independent of the universal scalar mass m0 introduced
to solve the tachyonic slepton problem. After renormalization group running, these masses
are found to be Mχ̃0

1
∼ Mχ̃±1

∼ 175 GeV. Moreover, the larger value of the m0 parameter

leads masses above 1 TeV for the scalar superpartners and the gluino. Using the public code
DarkSusy [355], we calculate the neutralino relic density ΩCDMh

2 = 8.57×10−4. As expected,
this value is far too low compared the measurements (see Eq. (5.4.1)).

However, thermal production of neutralinos is not the only mechanism that has to be
considered since in the context of anomaly-mediated supersymmetry breaking, several non-
thermal production modes are possible. They include, for instance, the decay of heavy fields
such as moduli, gravitinos, axions and axinos [378, 379, 380, 381]. In this work, we focus on two
particular choices consisting first of decays of neutral scalar fields, called moduli fields Φ, only
coupling to matter via gravitational interactions and that are necessary for the UV completion
of many phenomenologically-based models for cosmology, and secondly on gravitino fields.

The moduli contributions Ωmod
CDMh

2 to the neutralino relic density can be estimated as [382]

Ωmod
CDMh

2 ≈ 0.1
[ Mχ̃0

1

100 GeV

] [10.75

geff

]1/4 [3 · 10−24 cm3s−1

〈σeffv〉

] [100 TeV

MΦ

]3/2
. (5.4.12)

The quantity Ωmod
CDM depends on, in addition to the mass of the lightest neutralino Mχ̃0

1
, the

mass of the moduli fields MΦ, the effective number of degrees of freedom geff and the thermally
averaged annihilation cross section 〈σeffv〉. We present, in the left panel of Figure 5.33, isolines
in the (Mχ̃0

1
,MΦ) plane where the neutralino relic density ΩCDMh

2 = 0.1126 (as in Eq. (5.4.1)).

These results assume an effective number of degrees of freedom equal to geff = 10.75 [378]
and each curve is associated with a different value for the neutralino annihilation cross section
〈σeffv〉. For the benchmark of Table 5.5, the neutralino mass is 175 GeV and the computed neu-
tralino relic density reads ΩCDMh

2 = 8.57×10−4. This corresponds to a neutralino annihilation
cross section of 〈σeffv〉 ≈ 10−23 cm3 s−1. Consequently, constructing a scenario with moduli
masses of order of Maux = 60 TeV allows to recover the measured dark matter abundance of
Eq. (5.4.1).

A second way to increase the neutralino relic abundance is to include contributions from
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Figure 5.33: We present, in the left panel, curves defined by Ωmod
CDMh

2 = 0.1126 in the (MΦ,Mχ̃0
1
)

plane for different values of the annihilation cross section 〈σv〉. The dotted lines correspond to
Mχ̃0

1
= 175 GeV and MΦ = Maux = 60 TeV. In the right panel, we focus on the dependence on

the reheating temperature TR of the neutralino relic density when both thermal and gravitino-
induced non-thermal contributions are included (solid line) for the benchmark scenario of Table
5.5. In addition, the pure non-thermal contribution is indicated as a dashed line.

gravitino decays,

Ωnon−therm
CDM h2 =

Mχ̃0
1

m3/2
Ω3/2h

2 , (5.4.13)

where the gravitino thermal abundance Ω3/2h
2 is given as in Eq. (5.4.7). The mass ratio factor

illustrates that each gravitino decays into one single stable neutralino. The corresponding
effects are described on the right panel of Figure 5.33 for the scenario defined in Table 5.5
where we present the total neutralino relic density calculated as a function of the reheating
temperature. For low values of TR, thermal neutralino production dominates so that the total
relic density, including both thermal and non-thermal contributions, has a roughly constant
value of ΩCDMh

2 ≈ 8.57× 10−4. When the reheating temperature reaches 107 GeV, gravitino
decays become dominant and the relic density grows linearly with TR. Consequently, agreement
with the observations corresponds to a reheating temperature of TR ≈ 1010 GeV, a value in
addition compatible with thermal leptogenesis [366].

5.5 Direct constraints

In the light of the latest experimental results, it is necessary to account for results of
the direct searches of the Higgs boson [11, 12] when designing experimentally non-excluded
scenarios. We therefore require

Mh0 ≈ 126± 3 GeV , (5.5.1)

when scanning the MSSM parameter space. The central value is obtained from the average of
the values reported by the two experimental collaborations and the bounds account for para-
metric uncertainties of the Standard Model inputs [383]. In Figure 5.34 and Figure 5.35, we
scan over the two considered (m0,m1/2) planes with tanβ = 10, A0 = 0 GeV and tanβ = 40,
A0 = −500 GeV, respectively, and present, in the left panel of the upper row of the figures,
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Figure 5.34: Predictions for the lightest Higgs boson mass (left panel, upper row) shown as
deviations from the central measured value given in Eq. (5.5.1). We present the results in
(m0,m1/2)-planes of the cMSSM with tanβ = 10, A0 = 0 GeV and a positive Higgs mixing
parameter µ > 0. The predictions for the masses of the lightest squark (middle panel, upper
row), the gluino (right panel, upper row), the lightest neutralino (left panel, lower row), the
lightest chargino (middle panel, lower row) and the lightest slepton/sneutrino (right panel,
lower row) are also depicted. In all figures, only the regions of the parameter space compatible
with the bounds of Eq. (5.5.1) are indicated (1 TeV < m1/2 < 3 TeV).

predictions for the lightest Higgs boson mass shown as deviations from the central experimen-
tal value of 126 GeV. The theoretical computations are performed by means of the SPheno
package, version 3.1.2, which includes one-loop and two-loop contributions to the Higgs mass
matrices [233, 234, 277, 278, 279, 280, 281].

Confronting the Higgs mass predictions to data, it turns out that viable cMSSM scenarios
prefer large values of the universal gaugino mass m1/2 & 1000 GeV, while the universal scalar
mass m0 is left unconstrained. This has strong consequences on the superpartner spectrum, the
predictions for their masses being presented in the other panels of Figure 5.34 and Figure 5.35
for the regions compatible with Eq. (5.5.1).

In the middle panel of the upper row of the figures, we show the mass of the lightest of
the squark eigenstates, i.e., the lightest stop6. We observe that the regions of the scanned
parameter space which accommodate Mh0 ≈ 126 GeV also include heavy squarks of masses
larger than 1 TeV. In this way, the tree-level Higgs mass of Eq. (5.1.36) is sufficiently shifted so
that predictions agree with data. This however in general increases at the same time the amount
of necessary fine-tuning as shown, e.g., by inspecting the logarithmic terms of Eq. (5.2.9). In

6First and second generation squark masses lie above 1 TeV in the scanned regions of interest. This agrees
with LHC limits on these particles.
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Figure 5.35: Same as Figure 5.34, but for tanβ = 40, A0 = −500 GeV and a positive Higgs
mixing parameter µ > 0.

the right panel of the figures, we show that these regions also exhibit heavy gluinos with
masses above 2 TeV. Moreover, including non-minimal flavor violation as in Eq. (5.3.9) with
λ-parameters equal to 0.15 does not induce enough mass splitting to drastically change the
results. Although not considered in the examples studied in this work, lighter stop masses
can still be viable to accomodate a correct Higgs boson mass. This specific setup requires
an increased mixing among the two stop superpartners, or equivalently larger values of the
A0 parameter, and offers hence an alternative way for predicting a Standard Model-like Higgs
boson with a mass of about 126 GeV and with a reduced amount of fine-tuning. We refer, e.g.,
to Refs. [384, 385] for more information.

On the second row of the figures (left and middle panels), we present predictions for the
masses of the lightest neutralino and chargino in the regions accommodating a correct Higgs
mass. These particles are expected to be lighter than squarks and gluino since the dominant
effects driving the evolution of their masses with the energy are insensitive to the SU(3)c
gauge interactions. The predicted masses are found to be above several hundreds of GeV for
the lightest neutralino and above a TeV for the lightest chargino. Since the second lightest
neutralino is mostly a wino state, as the lightest chargino, the range of its mass is can be inferred
from the second panel of the second line of the figures. Finally, sleptons are in general the only
superpartner to be allowed to be light, with masses of 100-200 GeV for large values of tanβ
being still possible. However, their possible discovery at the LHC is much more complicated.
Either they can be observed through the cascade decays of strongly produced superparticles, or
they are produced directly through the Drell-Yan mechanism. On the one hand, the first option
is unlikely due to the heavy squark and gluino masses. On the other hand, direct production
based searches rely on electroweak production cross sections [386, 387, 388, 389], often found to
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Figure 5.36: Same as in Figure 5.34 but for the MSSM with gauge-mediated supersymmetry-
breaking. We present (Mmes,Λ) planes with tanβ = 15, Nq = N` = 3 messenger fields and a
positive Higgs mixings parameter µ > 0.

be three or four orders of magnitude lower than those of the dominant WW or tt̄ backgrounds
rendering the searches more challenging.

Two remarks are in order here. First, all these predictions are compatible with the cur-
rent experimental bounds induced by supersymmetry searches at the LHC experiments. With
about 5 fb−1 and 10 fb−1 of data at a center-of-mass energy of 7 and 8 TeV, respectively,
both the ATLAS and CMS collaborations have been able to set strong limits on low-scale
supersymmetry. In particular, supersymmetry searches based on simplified models (often in-
spired by the cMSSM) and on the cMSSM itself stringently constrain the colored superpartner
mass scale. Gluino and first and second generation squarks are currently pushed above 1 or
2 TeV [390, 391, 392, 393, 394, 395, 396, 397, 398, 399, 400, 401], while limits on third gen-
eration squark masses extend to about 500 GeV [398, 400, 401, 402, 403, 404, 405, 395, 406].
These negative search results have made the experimental attention shift towards the weak
production channels, so that limits on chargino, neutralino and slepton masses have been im-
proved to about 200-500 GeV [397, 399, 403, 407, 408, 409, 410]. Those limits are however not
general and hold in very specific cases. Care should be taken when reinterpreted in different
contexts such as a complete model, for instance.

The direct measurements are compatible with results extracted from flavor physics and elec-
troweak precision data (see Section 5.3.1, Section 5.3.2 and Section 5.3.4), heavy superpartners
being both favored by Higgs mass measurements and rare B-meson decays, neutral B-meson
oscillations and electroweak precision observable data. However, scenarios with too heavy
superparticle masses forbid supersymmetry to explain the gap between Standard Model pre-
dictions and measurements of the anomalous magnetic moment of the muon (see Section 5.3.3).
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Figure 5.37: Same as in Figure 5.34 but for the MSSM with anomaly-mediated supersymmetry-
breaking. We present (m0,Maux) planes with tanβ = 10 and a positive Higgs mixing parameter
µ > 0.

Relaxing the aµ constraints, viable benchmark scenarios can however be built, but are very
collider-unfriendly with superpartners above the TeV range.

Turning to the MSSM with gauge-mediated supersymmetry-breaking, it is found that it is
very difficult to accommodate the bounds on the Higgs mass of Eq. (5.5.1) for a large fraction
of the parameter space. For instance, no scenario for which tanβ = 15 and Nq = N` = 1 is
compliant with the measurements. Even for Nq = N` = 3, the only way to restore agreement
with data disfavors light supersymmetry (see Figure 5.36). The viable regions however also
satisfies the indirect constraints of Section 5.3, with again the exception of the anomalous mag-
netic moment of the muon. Signatures of gauge-mediated supersymmetry-breaking scenarios
are different from those expected in the context of the cMSSM. In particular, final states rich
in photons are expected due to the different nature for the lightest superparticle. Dedicated
experimental analyses have led to excluded mass ranges very similar to those excluded in the
cMSSM framework [411, 412, 413, 414].

We finally present, in Figure 5.37, (m0,Maux) planes with tanβ = 10 for MSSM scenarios
with anomaly-mediated supersymmetry breaking. The Higgs mass predictions are shown in
the left panel of the first row of the figure and the masses of the (lightest) superpartners in the
rest of the figure. Only a narrow band of the scanned parameter space leads to an agreement
with the Higgs mass measurement, but also predicts heavy superpartners of several TeV.

One important point to note is that in this region, the numerical value of the lightest Higgs
boson mass returned by SPheno 3 differs by several GeV from those obtained by making use
of SPheno version 2 [249], SuSpect [251] or SoftSusy [252, 253, 254], that all agree with
each other. This difference is explained by consistently including in SPheno 3 gauge-invariant
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contributions to the Higgs mixing parameters b and µ [415]. As a consequence, SPheno predic-
tions show that anomaly-mediated supersymmetry breaking might still be viable, contrary to
other spectrum generators predictions [383, 416]. Experimental analyses exclusively dedicated
to anomaly-mediated supersymmetry-breaking scenarios exist, but only focus on the neutralino
and chargino sectors. Weak constraints have been extracted on the chargino and neutralino
mass required to be above O(100) GeV [417].

5.6 Motivation for going beyond the MSSM

In the previous sections, we have presented a representative set of constraints that can be
employed when constructing theoretically motivated and not experimentally excluded bench-
mark scenarios. Direct searches at colliders (and in particular at the LHC), indirect constraints
obtained from low-energy flavor and electroweak precision observables and cosmological data
have been considered. We have concluded that it becomes very difficult to accommodate both
light supersymmetry and all the constraints. Experimental results such as the discovery of a
Higgs boson or the absence of any supersymmetric particle in current LHC data tend to show
that if Nature is supersymmetric, supersymmetry lies above the TeV range. Viable regions are
in general compatible with flavor and electroweak precision data, but are however not able to
provide an explanation for the discrepancy between theory and experiment for the anomalous
magnetic moment of the muon.

In order to reconcile supersymmetry, collider friendship and data, another option consists
of leaving the minimal picture. We have already shown that allowing for non-minimal flavor
violation in the MSSM can affect theoretical predictions. Moreover, current experimental
results may not be valid in more general supersymmetric frameworks, in particular since most
of all the current bounds are derived from simplified models inspired by the cMSSM. Although
typical supersymmetric signatures, such as the presence of missing transverse energy in the final
state, are common for the MSSM and many non-minimal supersymmetric models, dedicated
phenomenological studies can be required to study new types of signatures. In the next chapter
of this work, several non-minimal models are investigated, namely the MSSM with R-parity
violation [138], N=1/N=2 hybrid supersymmetric theories [418, 419, 420, 421, 422, 423, 424,
425, 426] and minimal R-symmetric supersymmetric theories [139, 140, 141]. To this aim, we
will make use of the tools introduced in Chapter 3 to perform LHC phenomenological studies
based on Monte Carlo simulations.
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Chapter 6

Searching for non-minimal
supersymmetry at hadron colliders

As stated in Section 5.6, there are large classes of non-minimal supersymmetric theories
valuable to be investigated. We choose to focus in this work on two of these, namely the
MSSM with R-parity violation [138] and the minimal version of supersymmetric theories with
an unbroken R-symmetry [139, 140, 141]. We first dedicate Section 6.1 to the description of
the considered models and to the presentation of their main phenomenological implications.
Next, Section 6.2 and Section 6.3 are more technical and show how to efficiently perform
phenomenological LHC analyses in the framework of these models by means of Monte Carlo
simulations. For the sake of the example, two analyses are finally addressed in Section 6.4 and
Section 6.5.

6.1 Beyond minimal supersymmetry: two examples

6.1.1 R-parity violation

The conservation of R-parity is invoked to forbid the lepton-number-violating and baryon-
number-violating interactions and mass terms induced by the superpotential contributions

WRPV =
1

2
λijkL

i
L ·L

j
LE

k
R + λ′ijkL

i
L ·Q

j
LD

k
R +

1

2
λ′′ijkU

i
RD

j
RD

k
R − κiLiL ·HU , (6.1.1)

and the soft supersymmetry-breaking Lagrangian

Lsoft,RPV =
[
Di

˜̀i
L ·Hu − (m2

LH)i ˜̀†LiHd + h.c.
]

−
[1

2
Tijk ˜̀i
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j
Lẽ

k†
R + T ′ijk

˜̀i
L ·q̃

j
Ld̃

k†
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1

2
T ′′ijk ũ

i†
Rd̃

j†
R d̃

k†
R + h.c.

]
.

(6.1.2)

In those equations, all indices but the flavor ones are understood and the notations for the
superfields and their components are compliant with those introduced in Section 5.1.1. The
parameters κ, D and m2

LH are three-dimensional vectors and λ, λ′, λ′′, T , T ′, T ′′ are 3× 3× 3
tensors in generation space.

Switching to the super-CKM and super-PMNS basis, these parameters are redefined to
prevent the rotation matrices of Eq. (5.1.51) and Eq. (5.1.52) to explicitly appear in the La-
grangian, having instead an explicit dependence on the CKM and PMNS matrices. This leads
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to the R-parity violating superpotential
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(6.1.3)

and to the soft supersymmetry-breaking Lagrangian

Lsoft,RPV =
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(6.1.4)

the hatted parameters being used as input parameters according to the Supersymmetry Les
Houches Accord conventions [175]. We have also introduced, in those expressions, the left-
handed neutrino and left-handed charged lepton superfields NL and EL, i.e., the components
of the SU(2)L doublet LL, and their scalar components ν̃L and ẽL. Whereas there is not any
theoretical motivation to forbid these R-parity violating couplings terms, most of them are
however highly constrained by experimental measurements.

The size of the lepton-number-violating operators is strongly restricted by the smallness
of the neutrino masses [427, 428, 429, 430, 431], the neutrino oscillations rate along their
propagation within media [432, 433] and the negative results from neutrinoless double beta
decay searches [434, 435, 436, 437]. In addition, bounds on quadratic and quartic products of
couplings are obtained from lepton rare decays [438, 439, 440], strange or B-meson decays [441,
439, 442, 443, 444], atomic parity violation data [445, 446] or magnetic and electric dipole
moment measurements [447, 448, 449, 450, 451]. For superpartners with masses of the order of
several hundreds of GeV, the lepton-number-violating couplings of Eq. (6.1.3) and Eq. (6.1.4)
are typically constrained to be smaller than about 0.01− 0.1 [138, 452]. Indirect limits on the
baryon-number-violating operators arise either from single nucleon decay data, and in particular
from the proton lifetime measurements, [453, 454, 455, 456, 457, 458], from K-meson or B-
meson data [459, 460, 461, 462, 463] or from nucleon-antinucleon oscillations and double nucleon
decays [456, 464, 465]. However, the most restrictive bounds are implied by cosmology, the
observed flux of cosmic antiprotons inducing λ′′ < 10−19 − 10−24 [466] for most of the cases
(see below).

Complementary to these indirect measurements, the ATLAS and CMS collaborations are
currently searching for R-parity violating supersymmetry within the LHC data. No hint of
signal has been found so that limits on the superpartner masses up to 1-2 TeV and on the
R-parity violating coupling strengths of O(0.1) have been set [467, 468, 469, 470, 471, 472, 473,
474, 475], extending older Tevatron [476, 477] and H1 limits [478].

All the above-mentioned bounds are nevertheless not applicable when considering the λ′′3jk
parameters, related to the (s)top sector, when the lightest supersymmetric particle is lighter
than the top quark. In this framework, the lightest superpartner slowly decays to a four-body
final state through both a virtual stop and a virtual top quark, possibly outside the detector, so
that typical supersymmetry search results are applicable. In addition, if we assume that the T ′′

parameters are non-zero, this class of scenarios also offers attractive solutions for baryogenesis
and for the origin of the observed baryon asymmetry in the universe [465, 479, 480, 481]. We
therefore choose to investigate in this work a novel approach to probe the λ′′3jk couplings at the
LHC.
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6.1.2 The minimal R-symmetric supersymmetric model

As mentioned in Section 5.3, there are many flavor observables allowing for constraining
new physics. Data being compatible with the Standard Model, it implies that supersymmetry
breaking has to be, in a good approximation, flavor blind such as in gauge-mediated or anomaly-
mediated supersymmetry breaking. Another alternative consists of allowing for flavor violation,
but screening it simultaneously so that new physics effects are hidden. An appealing option
for such scenarios lies in supersymmetric theories with an extended R-symmetry.

In Eq. (2.1.37), we have shown that the Poincaré superalgebra automatically contains a
continuous R-symmetry. Moreover, the hidden sector where supersymmetry is broken must
necessarily be R-symmetric to guarantee a spontaneous breaking of supersymmetry [482]. How-
ever, requiring an unbroken R-symmetry in the visible sector of the model leads to various
phenomenological issues. Firstly, both Majorana mass terms for the gaugino fields and su-
perpotential µ-terms are forbidden. This challenges the current non-observation of massless
gauginos and higgsinos as well as a proper electroweak symmetry breaking. Secondly, dynam-
ical supersymmetry breaking generally breaks at the same time the R-symmetry. This can
however be avoided by means of metastable non-supersymmetric vacua naturally appearing in
supersymmetric gauge theories [483, 484, 485]. Finally, supersymmetry can only be embedded
within the framework of supergravity if the cosmological constant is tunable to zero (by adding,
e.g., a constant term in the superpotential), which usually explicitly breaks the R-symmetry.
Consequently, R-symmetric supersymmetric theories have not received much attention until
quite recently where it has been shown that viable scenarios can be constructed by adding new
matter fields in the visible sector [141].

We start from the MSSM field content of Section 5.1.1 and impose an exact R-symmetry
on the model. First, gauge spinorial superfields Wα have their usual R-charge of +1 so that all
gauge interaction and kinetic terms (including those associated with the chiral content of the
model) are R-symmetric and kept unchanged. Next, in order to avoid electroweak symmetry
breaking to spontaneously break the R-symmetry, the R-charges of the Higgs superfields are
fixed to zero,

R(HU ) = R(HD) = 0 . (6.1.5)

In addition, including the usual Yukawa couplings leads to

R(QL) = R(UR) = R(DR) = R(LL) = R(ER) = 1 , (6.1.6)

since the superpotential has an R-charge of two units. Its most general renormalizable version
satisfying the R-symmetry requirement reads thus

W
(1)
MRSSM = (yu)ij U

i
R QjL ·HU − (yd)ij D

i
R QjL ·HD − (ye)ij E

i
R LjL ·HD . (6.1.7)

The MSSM off-diagonal Higgs mixing term is absent and R-parity is automatically conserved1.

Soft supersymmetry breaking can also be achieved in an R-symmetric fashion. To this aim,
two hidden sector F -type and D-type spurion superfields are introduced,

〈X〉 = θ ·θ vF and 〈W ′α〉 =
√

2θα vD , (6.1.8)

where X stands for a chiral superfield with an R-charge of +2 and the spinorial superfield
strength tensor W ′, with its standard R-charge of +1, is associated with a U(1)′ gauge symme-
try of the hidden sector. The vacuum expectation values vF and vD are typically taken of the

1As in Chapter 5, right-handed neutrino superfields are not considered.
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Supermultiplet Fermion Scalar Representation

Φ̃B B̃′ σB (1˜,1˜, 0)

Φ̃Y W̃ ′ σW (1˜,3˜, 0)

Φ̃G g̃′ σG (8˜,1˜, 0)

RU R̃u =

(
R̃0
u

R̃−u

)
Ru =

(
R0
u

R−u

)
(1˜,2˜,−1

2)

RD R̃d =

(
R̃+
d

R̃0
d

)
Rd =

(
R+
d

R0
d

)
(1˜,2˜, 1

2)

Table 6.1: R-partners of the vector and Higgs superfields in the minimal R-symmetric super-
symmetric model. They are given together with their scalar and fermionic components, as well
as with their representations under the SU(3)c × SU(2)L × U(1)Y gauge group.

order of magnitude of the supersymmetric masses Msusy and the soft supersymmetry-breaking
terms of the visible sector are constructed by coupling the model superfields to the spurions in
an R-preserving manner. In this way, the F -type spurion allows us to write down mass terms
for the scalar fields of the theory and bilinear Higgs mixing terms,

L(1)
soft =

∫
d2θd2θ̄

XX†

M2
susy

[(
BHu ·HD + h.c.

)
+

∑
Φ={HU ,HD,QL,UR,DR,LL,ER}

(
m2

ΦΦ†Φ
)]

. (6.1.9)

The supersymmetry-breaking parameters m2
Φ and B are easily linked to their counterparts of

Eq. (5.1.56), and we recall that there is no R-symmetric way to generate trilinear scalar interac-
tions. In addition, the R-symmetry also forbids, on the one hand, the dangerous dimension-five
operators QLQLQLLL and URURDRER yielding proton decay and allows, on the other hand,
for neutrino Majorana masses induced by the operator HUHULLLL.

The R-symmetric version of the MSSM introduced so far contains massless gaugino and
higgsino fields, which clearly contradicts experimental data. Therefore, the field content of the
model must be augmented appropriately. Although Majorana gaugino masses are forbidden
by the R-symmetry, Dirac masses are still allowed. Many phenomenologically viable models
consequently include the pairing of each of the gaugino fields with the fermionic component of
a new chiral superfield lying in the adjoint representation of the relevant gauge subgroup [486,
487, 488],

Φ̃B = (1˜,1˜, 0) , Φ̃W = (1˜,3˜, 0) , Φ̃G = (8˜,1˜, 0) . (6.1.10)

Like the vector superfields of the theory, these new fields are uncharged under the R-symmetry.
The higgsino fields are rendered massive by allowing the two Higgs chiral superfields HD and
HU to mix with two new chiral superfields RD and RU , whose representations under the gauge
group are given by

RD = (1˜,2˜, 1

2
) and RU = (1˜,2˜,−1

2
) . (6.1.11)

Their R-charge is fixed to two units so that superpotential mass terms can be written. The
notations for the component fields of these five new superfields are given in Table 6.1.

The new chiral superfields allow to extend the superpotential of Eq. (6.1.7) as

WMRSSM = W
(1)
MRSSM +

∑
i=U,D

[
λBi HiΦ̃BY Ri + λWi HiΦ̃

k
W

σk
2
Ri + µiHi ·Ri

]
, (6.1.12)
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so that it now contains higgsino masses as well as additional interactions among the Higgs
superfields, their R-partners and the new chiral adjoint superfields Φ̃. We have also explicitly
indicated the U(1)Y operator Y and the generators of SU(2)L in the fundamental representation
σk/2. In addition, dimension-five and dimension-six operators softly breaking supersymmetry
and involving F -type and D-type spurions,

LMRSSM
soft = L(1)

soft +
∑

k=B,W,G

[
1

2gk
mk

∫
d2θ

W ′α
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WkαΦ̃k + h.c.

]

+

∫
d2θd2θ̄ Tr
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Φ̃kΦ̃k

] ∑
k=B,W,G

[
(MΦ̃k

)2 XX
†

M2
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+ (MΦ̃k
)2W

′ ·W ′

M2
susy

]

+

∫
d2θd2θ̄

XX†

M2
susy

[
BUHU ·RU +BDHD ·RD + h.c.

]
,

(6.1.13)

allow for the generation of Dirac gaugino masses together with extra multiscalar interactions. In
this expression, Wk denote the superfield strength tensor associated with the vector superfield
Vk (k = B,W,G), mk being the corresponding mass parameter. Moreover, MΦ̃k

and MΦ̃k
are

scalar mass parameters and BU and BD are bilinear mixing terms among Higgs and R-Higgs
fields.

Gauge interaction and kinetic terms for the new chiral superfields are standard and given
by Eq. (2.4.70),

LK =

∫
d2θd2θ̄

[
Φ̃†BΦ̃B + Φ̃†W e

−2gwṼW Φ̃W + Φ̃†Ge
−2gsṼGΦ̃G

+R†D

(
e−gyVBe−2gwVW

)
RD +R†U

(
egyVBe−2gwVW

)
RU

]
,

(6.1.14)

where ṼW = V k
W T̃k and ṼG = V a

GT̃a, the matrices T̃k and T̃a being taken as representation
matrices of the SU(2) and SU(3) algebra in the adjoint representation. We refer, for the
rest of the notations, to Section 5.1.2. This Lagrangian contains, in particular, couplings of
the new scalar adjoint σ-fields to a single gauge boson and to pairs of gauge bosons through
the usual gauge-covariant derivatives. However, these fields also couple singly to up-type (u)
and down-type (d) quark pairs, as well as to gluon pairs, through loop-diagrams involving
squarks, gluinos, neutralinos and charginos. These interactions are described by the effective
Lagrangian, expressed in terms of four-component fermions,

Leff = σaG d̄Ta

[
aLdPL + aRd PR

]
d+ σaG ūTa

[
aLuPL + aRuPR

]
u+ ag da

bc σaG GµνbG
µν
c

+ σkW d̄
σk
2

[
bLdPL + bRd PR

]
d+ σkW ū

σk
2

[
bLuPL + bRuPR

]
u

+ σB d̄Y
[
cLdPL + cRd PR

]
d+ σB ūY

[
cLuPL + cRuPR

]
u+ h.c. .

(6.1.15)

The matrices Ta and the tensor da
bc are respectively the fundamental representation matrices

and the symmetric structure constants of SU(3), the operators PL and PR the left-handed and
right-handed chirality projectors acting on four-component spin space and Gµν

a the gluon field
strength tensor. We have also introduced the (internal) parameters aLq , aRq , bLq , bRq , cLq , cRq (with
q = u, d) to model the strengths of the interactions among left-handed and right-handed quarks
and a single scalar adjoint field, as well as the parameter ag for the modeling of the interactions
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among two gluons and the σG field, also commonly dubbed sgluon. The computation of the
associated loop-diagrams lead to effective couplings to quarks of the order of Mq/Msusy, Mq

being the mass of the heaviest of the external quarks. These interactions are therefore non-
suppressed only if at least one of the external quarks is a top quark. Similar calculations lead
to ag ∼ 1/Msusy [420].

On different footings, current experimental data implies that sgluon fields lighter than
about 2 TeV are excluded. These limits have however been obtained under the assumption
that sgluons couple to light quarks and gluons by means of O(1) effective interactions [489, 490,
491, 492]. Since this setup does not apply to the framework presented in this section, no strong
constrain exists on R-symmetric supersymmetric sgluons that couple to top quarks or with
realistic interaction strengths. In the rest of this work, we choose to focus on these scalar σ-fields
lying in the adjoint representation of the QCD gauge group, assuming they dominantly couple
to top quarks. These fields also appear in the framework of hybrid N=1/N=2 supersymmetric
theories [418, 419, 420, 421, 422, 423, 424, 425, 426] where in this case, the three new chiral
superfields Φ̃B, Φ̃W and Φ̃G are considered, together with the vector superfields VB, VW and
VG of Table 5.3, as three complete vector representations of the N = 2 supersymmetric algebra.

The main difference between the MSSM and its R-symmetric version lies in the Dirac nature
of the neutralino and gluino fields. Also, the neutral scalar adjoint fields σB and σ3

W can obtain
non-vanishing vacuum expectation values at the minimum of the scalar potential so that the
mechanism leading to the breaking of the electroweak symmetry can be more involved. As a
result, a more complicated particle mixing structure appears which we summarize below.

Starting with the fermionic sector, the neutralino, chargino and gluino fields are now all
Dirac fermions,

ψiχ0 =

(
χ0
Li

χ̄0i
R

)
, ψiχ± =

(
χ±i

χ̄∓i

)
and ψg̃ =

(
ig̃

g̃′

)
. (6.1.16)

We have introduced in this expression the two-component neutralino and chargino states χ0
L,

χ0
R and χ± which differ from their MSSM counterparts. The chargino 4× 4 mass matrix Mχ̃±

is diagonalized by means of two unitary matrices U and V

U∗Mχ̃±V
−1 = diag(Mχ̃±1

,Mχ̃±2
,Mχ̃±3

,Mχ̃±4
) , (6.1.17)

which relate the χ+ and χ− mass eigenstates to the model gauge eigenstates as
χ+

1

χ+
2

χ+
3

χ+
4

 = V


iW̃+

R̃+
d

W̃ ′+

H̃+
u

 and


χ−1
χ−2
χ−3
χ−4

 = V


iW̃−

R̃−u
W̃ ′−

H̃−d

 . (6.1.18)

The charged wino states W̃± and W̃ ′± are defined as usual, from the diagonalization of the
third generator of SU(2) in the adjoint representation,

W̃± =
1√
2

(W̃ 1 ∓ iW̃ 2) and W̃ ′± =
1√
2

(W̃ ′1 ∓ iW̃ ′2) . (6.1.19)

Similarly, the neutralino 4× 4 mass matrix Mχ̃0 is diagonalized by two unitary matrices N
and N ′

N ′∗Mχ̃0N−1 = diag(Mχ̃0
1
,Mχ̃0

2
,Mχ̃0

3
,Mχ̃0

4
) , (6.1.20)
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which relate the left-handed and right-handed neutralino mass-eigenstates χ0
L and χ0

R to the
gauge eigenstate as

χ0
L1

χ0
L2

χ0
L3

χ0
L4

 = N


iB̃

iW̃ 3

R̃0
u

R̃0
d

 and


χ0
R1

χ0
R2

χ0
R3

χ0
R4

 = N ′


iB̃′

iW̃ ′3

H̃0
d

H̃0
u

 . (6.1.21)

Accounting for the scalar R-partners of the wino and bino states, the Higgs sector of the
minimal R-symmetric supersymmetric model is enriched with respect to the one of the MSSM.
The components of the two Higgs doublets hu and hd and those of the scalar adjoint fields
σB and σW mix and give rise to four (three) neutral scalar (pseudoscalar) Higgs bosons h0

(A0), two charged Higgs bosons H± and three pseudo-Goldstone bosons G0 and G± eaten by
the weak bosons. Introducing the associated mixing matrices RS , RP and R±, the physical
eigenstates are related to the gauge eigenstates by

h0
1

h0
2

h0
3

h0
4

 = RS


<{h0

d}
<{h0

u}
<{σB}
<{σ3

W }

 and


G0

A0
1

A0
2

A0
3

 = RP


={h0

d}
={h0

u}
={σB}
={σ3

W }

 ,


(G−)†

G+

H+
1

H+
2

 = R±


h+
u

(h−d )†

(σ−W )†

σ+
W

 ,

(6.1.22)

where the charged σW fields are defined as in Eq. (6.1.19),

σ±W =
1√
2

(σ1
W ∓ iσ2

W ) . (6.1.23)

These three unitary matrices are derived from the diagonalization of the scalar, pseudoscalar
and charged Higgs squared mass matrices M2

S , M2
P and M2

±,

RSM2
SRS† = diag(M2

h01
,M2

h02
,M2

h03
,M2

h04
) , RPM2

PRP † = diag(0,M2
A0

1
,M2

A0
2
,M2

A0
3
)

R±M2
±R±† = diag(0, 0,M2

H±1
,M2

H±2
) .

(6.1.24)

We finally turn to the sector of the R-partners of the Higgs bosons, the only scalar fields
carrying non-vanishing R-charges. The neutral component of the SU(2)L doublets R0

u and R0
d

hence mix among themselves, (
R0

1

R0
2

)
= RR

(
R0
d

R0
u

)
, (6.1.25)

while the charged fields do not undergo any additional mixing. The unitary matrix RR is
computed from the diagonalization of the neutral R-Higgs squared mass matrix,

RRM2
RR

R† = diag(M2
R0

1
,M2

R0
2
) . (6.1.26)
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6.2 Implementation of supersymmetric models in FeynRules

In this section, we start by describing the implementation of the MSSM in FeynRules,
employing the superspace module of the package [76]. This serves as a first example on how to
use FeynRules for supersymmetric model implementation. Then, the cases of the two models
described in Section 6.1.1 and Section 6.1.2 are respectively addressed in Section 6.2.2 and
Section 6.2.3 [77], all the model files being public and available on the FeynRules website [173].

6.2.1 The MSSM

Gauge group

The MSSM is based on the SU(3)c×SU(2)L×U(1)Y gauge group and one different vector
superfield is associated with each gauge subgroup. The declaration in the FeynRules model
file of each of these subgroups follows exactly the syntax introduced in Section 3.1.3. In this
way, the abelian factor U(1)Y is implemented as

U1Y == {

Abelian -> True,

CouplingConstant -> gp,

Superfield -> BSF,

Charge -> Y

}

where the declaration of the vector superfield BSF has to be included in the M$Superfields

list (see below) and the one of the coupling constant gp in the M$Parameters list. The imple-
mentation of the non-abelian factors SU(2)L and SU(3)c contains a consistent definition of the
representation matrices relevant for the model field content (see Table 5.1 and Table 5.2), but
the adjoint representation which is internally handled by FeynRules [73, 76]. Each matrix is
in this manner linked to a specific index to be carried by the (super)fields. The two series of
Mathematica replacement rules

SU2L == {

Abelian -> False,

CouplingConstant -> gw,

Superfield -> WSF,

StructureConstant -> ep,

Representations -> {Ta,SU2D},

Definitions -> { Ta[a__] -> PauliSigma[a]/2, ep -> Eps}

}

SU3C ==

{

Abelian -> False,

CouplingConstant -> gs,

SymmetricTensor -> dSUN,

Superfield -> GSF,

StructureConstant -> f,

Representations -> { {T,Colour}, {Tb,Colourb} }

}
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allow to declare SU(2)L fundamental representation matrices, labeled by the symbol Ta and
related to the gauge index SU2D, as well as SU(3)c fundamental and antifundamental repre-
sentation matrices T and Tb mapped to the indices Colour and Colourb, respectively. The
adjoint index label is inferred from the indices carried by the vector superfield attached to each
gauge group. As for the declaration of U(1)Y , the coupling constants must be declared in the
parameter list.

Superfield and field content

The Standard Model quarks and leptons are embedded, together with their squark and
slepton partners, into the three generations of chiral supermultiplets given in Table 5.1. The six
associated chiral superfields, presented in Eq. (5.1.1), are implemented following the instruction
given in Section 3.3.3, while their component fields are implemented as shown in Section 3.1.5.
In order to be allowed to employ the automated function CSFKineticTerms to generate kinetic
and gauge interaction terms, care must be taken when specifying the hypercharge quantum
number and the attached gauge indices of each (super)field. As examples, the weak isospin
doublet of quarks QL and the SU(2)L singlet of charged leptons ER are implemented2 as

CSF[1] == {

ClassName -> QL,

Chirality -> Left,

Weyl -> QLw,

Scalar -> QLs,

QuantumNumbers -> {Y-> 1/6},

Indices -> {Index[SU2D],Index[GEN],Index[Colour]}

}

CSF[2] == {

ClassName -> ER,

Chirality -> Left,

Weyl -> ERw,

Scalar -> ERs,

QuantumNumbers -> {Y-> 1},

Indices -> {Index[GEN]}

}

In these two sets of Mathematica replacement rules, like in the full model implementation, we
follow a simple naming scheme for the component fields. The symbols for the Weyl fermionic
and for the scalar component of a chiral superfield are respectively obtained by suffixing w

and s to the class name. The two chiral superfields HU and HD defining the Higgs sector
of the model (see Table 5.2) as well as the three vector superfields associated with the gauge
sector (see Table 5.3) are implemented in a similar fashion. We recall that for the case of the
vector superfields, the Indices attribute of the superfield class has to refer to the name of the
relevant adjoint index (labeled by SU2W and Gluon for SU(2)L and SU(3)c, respectively). As
an example, the SU(2)L vector superfield implementation reads

VSF[1] == {

ClassName -> WSF,

2We assume that the component fields are properly declared in the M$ClassesDescription list.
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GaugeBoson -> Wi,

Gaugino -> wow,

Indices -> { Index[SU2W] }

}

Lagrangian

As stated in Section 2.4, kinetic and gauge interaction terms for all the chiral and vec-
tor superfields of the model are fixed by gauge invariance and supersymmetry. In the case
of the MSSM, the corresponding Lagrangian has already been presented in Section 5.1.2
and the two Lagrangians of Eq. (5.1.6) and Eq. (5.1.9) are implemented in the FeynRules
model file as described in Section 3.3.4, using the automated functions CSFKineticTerms and
VSFKineticTerms,

LagKin = Theta2Thetabar2Component[CSFKineticTerms[]] +

Theta2Component[VSFKineticTerms[]] + Thetabar2Component[VSFKineticTerms[]]

where all the terms are collected into the variable LagKin.
The superpotential is implemented by translating in terms of Mathematica notations the

content of Eq. (5.1.53),

SPot = yu[ff1,ff2] UR[ff1,cc1] (QL[1,ff2,cc1] HU[2] - QL[2,ff2,cc1] HU[1]) -

yd[ff1,ff3] Conjugate[CKM[ff2,ff3]] DR[ff1,cc1] *

(QL[1,ff2,cc1] HD[2] - QL[2,ff2,cc1] HD[1]) -

ye[ff1,ff2] ER[ff1] (LL[1,ff2] HD[2] - LL[2,ff2] HD[1]) +

MUH (HU[1] HD[2] - HU[2] HD[1])]

where the model superfields are denoted by the self-explained symbols HU, HU, QL, UR, DR, LL and
ER. In these command lines, the Yukawa couplings are represented by the symbols yu, yd, ye,
the µ-parameter of the superpotential by the symbol MUH, and the CKM matrix by the symbol
CKM. Following the Supersymmetry Les Houches Accord conventions [174, 175], the Yukawa
matrices are flavor-diagonal, their numerical values are related to the Les Houches blocks YU,
YD and YE and the CKM matrix explicitly appears in the superpotential (see Section 5.1.4
for more details). In these conventions, the real and imaginary parts of the CKM matrix are
implemented as separate external parameters, within the Les Houches blocks VCKM and IMVCKM,
whereas the complete complex matrix is made an internal parameter. Finally, the Higgs mixing
parameter µ is stored in the block HMIX. The corresponding interaction Lagrangian is derived
according to Eq. (2.4.14), which is converted to the Mathematica notations

LagW = Theta2Component[ SPot ] + Thetabar2Component[ HC[SPot] ]

and the results are stored in the variable LagW.
Still following the Supersymmetry Les Houches Accord conventions, the supersymmetry-

breaking Lagrangian is implemented from Eq. (5.1.56). The gaugino mass terms are included
in a variable denoted by ino

ino = Mx1*bow[s].bow[s] + Mx2*wow[s,k].wow[s,k] + Mx3*goww[s,a].goww[s,a]

where Mx1, Mx2 and Mx3 are the bino, wino and gluino mass parameters, respectively. Their
numerical value is stored in the Les Houches blocks MSOFT and IMSOFT, after having split the
parameters into their real and imaginary parts. Finally, in the Mathematica line above, the
symbols bow, wow and goww are associated to the gaugino fields.

The implementation of the scalar mass terms are assigned to a symbol sca as
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sca = - mHu2*HC[hus[ii]]*hus[ii] - mHd2*HC[hds[ii]]*hds[ii] -

mL2[ff1,ff2]*HC[LLs[ii,ff1]]*LLs[ii,ff2] -

mE2[ff1,ff2]*HC[ERs[ff1]]*ERs[ff2] -

CKM[ff1,ff2]*mQ2[ff2,ff3]*Conjugate[CKM[ff4,ff3]]*

HC[QLs[ii,ff1,cc1]]*QLs[ii,ff4,cc1] -

mU2[ff1,ff2]*HC[URs[ff1,cc1]]*URs[ff2,cc1] -

mD2[ff1,ff2]*HC[DRs[ff1,cc1]]*DRs[ff2,cc1]

where we have introduced two symbols mHU2 and mHd2 representing the Higgs mass parameters,
their numerical values being stored in the MSOFT Les Houches block. The squark and slepton
mass matrices are implemented within the variables mQ2, mU2, mD2, mL2 and mE2, the numerical
values being stored in Les Houches blocks of the same name3. Following the Les Houches
conventions, the real and imaginary parts of these matrices are implemented, like the CKM
matrix, as external parameters, while the complete matrix is internal. Finally, the bilinear and
trilinear scalar soft interactions deduced from the form of the superpotential are implemented
into two variables Tri and Bil as

Tri = -tu[ff1,ff2]*URs[ff1,cc1] *

(QLs[1,ff2,cc1] hus[2] - QLs[2,ff2,cc1] hus[1]) +

Conjugate[CKM[ff3,ff2]]*td[ff1,ff2]*DRs[ff1,cc1] *

(QLs[1,ff3,cc1] hds[2] - QLs[2,ff3,cc1] hds[1]) +

te[ff1,ff2]*ERs[ff1] (LLs[1,ff2] hds[2] - LLs[2,ff2] hds[1])

Bil = -bb*(hus[1] hds[2] - hus[2] hds[1])

In this expression, the 3× 3 tensors T̂u, T̂d and T̂e are represented by the symbols tu, td and
te, respectively. The information on their numerical value is again passed, after having split
their real and imaginary parts, into Les Houches blocks of the same name. Furthermore, the
bilinear b-term is linked to the Mathematica symbol bb, an internal parameter whose the
dependence on the other parameters is fixed by the Higgs potential minimization conditions.
Collecting all the contributions above, the entire soft supersymmetry-breaking Lagrangian,
represented by the symbol LS, is implemented as

LS = (ino + HC[ino])/2 + sca + Tri + HC[Tri] + Bil + HC[Bil]

The complete model Lagrangian, stored in the variable Lag, is eventually given by

Lag = LagKin + LagW + LS

The derivation of the Lagrangian is achieved by solving the equation of motions for the auxiliary
fields so that they are eliminated as described in Section 3.3.4. This step can be performed
automatically with the help of the SolveEqMotionD and SolveEqMotionF commands,

Lag = SolveEqMotionD[ Lag ]

Lag = SolveEqMotionF[ Lag ]

3The imaginary parts of the matrices are stored into blocks of the same name, but with the prefix IM appended.
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Particle mixings

Rotations of the gauge eigenstates to the physical states of the model are implemented
using the Definitions attribute of the particle class4. As a first simple example, the SU(2)L
gauge boson redefinitions are implemented as

Definitions -> {

Wi[mu_,1] -> (Wbar[mu]+W[mu])/Sqrt[2],

Wi[mu_,2] -> (Wbar[mu]-W[mu])/(I*Sqrt[2]),

Wi[mu_,3] -> cw Z[mu] + sw A[mu]

}

where A, Z and W correspond to the model file definitions of the physical gauge bosons, as
given, e.g., in Ref. [73], and where sw and cw are the sine and cosine of the weak mixing angle,
implemented as internal parameters (see Section 5.1.4).

The redefinitions of the Higgs fields are a bit more involved since they include a dependence
on the vacuum expectation value of the neutral fields, in addition to the rotation angles α and
β presented in Section 5.1.4. Following the Les Houches conventions [174, 175], the information
on the α angle is passed through a dedicated Les Houches block FRALPHA5 while the numerical
value of the tangent of the β angle is included in the block HMIX. The rotations are then
explicitly included in the Higgs field class declaration and read, for the example of the up-type
Higgs doublet Hu labeled by hus,

Definitions -> {

hus[1] -> Cos[beta]*H + Sin[beta]*GP,

hus[2] -> (vu + Cos[alp]*h0 + Sin[alp]*H0 +

I*Cos[beta]*A0 + I*Sin[beta]*G0)/Sqrt[2]

}

In those replacement rules, H, A0, h0, H0, GP and G0 are the labels of the (properly declared)
physical Higgs fields and unphysical Goldstone bosons.

In the fermionic sector, the real and imaginary parts of the neutralino and chargino mixing
matrices N , U and V are considered as input parameters, following the Supersymmetry Les
Houches conventions. Their numerical values are stored in the Les Houches blocks (IM)NMIX,
(IM)UMIX and (IM)VMIX, while the complex matrices are implemented as internal parameters.
These matrices are subsequently employed in the rotation rules, which read, taking the example
of the wino states

Definitions -> {

wow[s_,1] :> Module[{i}, (Conjugate[UU[i,1]]*chmw[s,i] +

Conjugate[VV[i,1]]*chpw[s,i])/(I*Sqrt[2]) ],

wow[s_,2] :> Module[{i}, (Conjugate[UU[i,1]]*chmw[s,i] -

Conjugate[VV[i,1]]*chpw[s,i])/(-Sqrt[2]) ],

wow[s_,3] :> Module[{i}, -I*Conjugate[NN[i,2]]*neuw[s,i] ]

}

4An alternative implementation of the MSSM can be found on the FeynRules website [173], using the new
FeynRules module allowing for automated mass diagonalization [78].

5The Les Houches block name employed for the α angle is different from the one included in the original
Les Houches conventions, denoted by ALPHA. There reason is that we associate, in the FeynRules model file, a
counter with the parameter that is absent in Ref. [174].
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The symbols chmw, chpw and neuw denote the labels of the physical two-component Weyl
fermions χ−, χ+ and χ0, respectively, whereas NN, UU and VV are the mixing matrices. Turn-
ing to the Standard Model quarks and leptons, the only rotations to be performed are those
introduced in Eq. (5.1.55). They are implemented in the FeynRules model file as

Definitions -> {

QLw[s_, 1, ff_, cc_] -> uLw[s,ff,cc],

QLw[s_, 2, ff_, cc_] :> Module[{ff2}, CKM[ff,ff2] dLw[s,ff2,cc] ]

}

and

Definitions -> {

LLw[s_, 1, ff_] :> Module[{ff2}, PMNS[ff,ff2]*vLw[s,ff2] ],

LLw[s_,2,ff_] -> eLw[s,ff]

}

where the Weyl fermion classes labeled by the symbols QLw and LLw represent, according to
our labeling scheme for the component fields, the fermionic component of the SU(2)L doublets
of superfields QL and LL. Similarly, the symbols uLw, dLw, vLw and eLw that appear in the
right-hand side of the rules denote the (two-component) quark and lepton mass eigenstates.
The PMNS matrix, labeled by the symbol PMNS, is declared like the CKM matrix and is split
into its real and imaginary parts, whose numerical values are respectively specified within the
Les Houches blocks UPMNS and IMUPMNS.

Finally, the last rotations to be implemented concern the sfermion sector (see Eq. (5.1.63)).
The four associated rotation matrices Ru, Rd, Re and Rν are again implemented after splitting
them into their real and imaginary parts, following the Supersymmetry Les Houches Accord
conventions and are stored respectively into the Les Houches blocks (IM)USQMIX, (IM)DSQMIX,
(IM)SELMIX and (IM)SNUMIX. As an example, the redefinition of the scalar component of the
superfield UR

Definitions -> {

URs[ff_, cc_] :> Module[{ff2}, subar[ff2,cc]*RuR[ff2,ff]]

}

where RuR refers to the three last columns of the mixing matrix Ru and su is the symbol
standing for the (properly declared) up-type squarks.

Dirac fermions

Weyl fermions must eventually be reexpressed in terms of their four-component counterparts
(see Eq. (5.1.64)). In order to have FeynRules handling this automatically, the WeylCom-

ponents attribute of the particle class must be set appropriately [171]. As an example, the
relations among the left-handed and right-handed Weyl components of the Dirac charged lepton
field are implemented as

F[1] == {

ClassName -> l,

SelfConjugate -> False,

Indices -> {Index[GEN]},

FlavorIndex -> GEN,



168 Chapter 6 - Searching for non-minimal supersymmetry at hadron colliders

WeylComponents -> {eLw,ERwbar},

...

}

where the dots stand for additional options such as those required by Monte Carlo tools and
eLw and ERw are the (left-handed) Weyl fermions, ERwbar representing thus a right-handed
field.

The FeynRules function WeylToDirac allows us to perform the replacement of the Weyl
fermions in terms of four-component fields at the Lagrangian level. However, we first need to
address an issue related to the antifundamental color representation which the right-handed
quark fields lie in, since only a single color representation, the fundamental one, is needed
when declaring Dirac fermions. Denoting T and T̄ the fundamental and antifundamental
color representation matrices and using the property T̄ = −T t, the problem is solved by
implementing, in the model file, the instructions,

Colourb = Colour

Lag = Lag /. { Tb[a_,i_,j_]->-T[a,j,i] }

Then, we start with an expansion of the SU(2)L multiplets in terms of their components,

Lag = ExpandIndices[ Lag , FlavorExpand -> {SU2W, SU2D} ]

to remove fundamental and adjoint SU(2)L indices. This procedure enforces the SU(2)L field
rotations from the gauge basis to the mass basis, necessary for the function WeylToDirac to
correctly perform the translation to Dirac and Majorana fermions [76]. We finally eliminate all
Weyl fermions from the Lagrangian by means of the WeylToDirac functions,

Lag = WeylToDirac[ Lag ]

The Lagrangian obtained in this way is suitable either for the calculation of the Feyn-
man rules by means of the function FeynmanRules or to be exported to the tools linked
to FeynRules via the functions WriteCHOutput, WriteFeynArtsOutput, WriteMGOutput,
WriteSHOutput, WriteUFO or WriteWOOutput.

6.2.2 The MSSM with R-parity violation

In R-parity violating MSSM scenarios described in Section 6.1.1, the superfield content of
the theory is by construction identical to the one of the more standard R-parity conserving
MSSM. Moreover, for simplicity, we choose to neglect the bilinear terms included in Eq. (6.1.3)
and Eq. (6.1.4). All particle mixings occurring after electroweak symmetry breaking are there-
fore left unchanged with respect to those of the MSSM. As a consequence, the associated
FeynRules model implementation can be performed with minimal efforts, by loading simul-
taneously into the Mathematica session several model files,

LoadModel["mssm.fr", "rpv.fr"];

The modifications specific to R-parity violation are implemented all together in a file labeled by
rpv.fr whereas the file mssm.fr contains the MSSM implementation described in Section 6.2.1.

First of all, the file rpv.fr includes the declaration of the R-parity violating parameters λ̂,
λ̂′, λ̂′′, T̂ , T̂ ′ and T̂ ′′ of Eq. (6.1.3) and Eq. (6.1.4). This follows the standard rules related to the
implementation of parameters given in Section 3.1.4 and uses the self-explained Les Houches
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blocks (IM)RVLAMLLE, (IM)RVLAMLQD, (IM)RVLAMUDD, (IM)RVTLLE, (IM)RVTLQD and (IM)RVTUDD6

to store the numerical values of the R-parity violating couplings [175]. Secondly, this file also
contains the implementation of the model Lagrangian. The kinetic and gauge interaction terms
are similar to those of the MSSM and we therefore only show the superpotential interactions
and the soft supersymmetry-breaking terms.

Recalling that the R-parity conserving MSSM superpotential has been stored in the variable
SPot (see Section 6.2.1), the complete R-parity violating superpotential (both Eq. (5.1.53) and
Eq. (6.1.3)) is implemented as

SupW = SPot +

LLLE[f1,f2,f3] Conjugate[PMNS[f4,f1]] * LL[1,f4] LL[2,f2] ER[f3] +

LLQD[f4,f5,f3] Conjugate[CKM[f2,f5]] Conjugate[PMNS[f1,f4]] *

DR[f3,c1] (LL[1,f1] QL[2,f2,c1] - LL[2,f1] QL[1,f2,c1]) +

1/2 LUDD[f1,f2,f3] Eps[c1,c2,c3] UR[f1, c1] DR[f2,c2] DR[f3,c3]

This drives interaction terms collected into a variable represented by the symbol LagW, obtained
by issuing

LagW = Theta2Component[ SupW ] + Thetabar2Component[ HC[SupW] ]

In the definition of the superpotential above, the λ̂, λ̂′ and λ̂′′ couplings are represented by
the symbols LLLE, LLQD and LUDD, respectively, while Eps stands for the fully antisymmetric
tensor of rank three and LL, ER, QL, UR and DR are, as in Section 6.2.1, the symbols respectively
associated with the chiral superfields LL, ER, QL, UR and DR.

In Section 6.2.1, we have implemented the R-parity conserving soft supersymmetry-breaking
Lagrangian in the variable LS. Therefore, it is enough to add the extra contributions of
Eq. (6.1.4), with the exception of the bilinear terms,

LSoft = LS + Tsoft + HC[Tsoft]

into a new variable denoted by the symbol LSoft, the quantity Tsoft being defined by

Tsoft = TLLE[f1,f2,f3] Conjugate[PMNS[f4,f1]] * LLs[1,f4] LLs[2,f2] ERs[f3] -

TLQD[f4,f5,f3] Conjugate[CKM[f2,f5]] Conjugate[PMNS[f1,f4]] *

DRs[f3,c1] (LLs[1,f1] QLs[2,f2,c1]-LLs[2,f1] QLs[1,f2,c1]) -

1/2 TUDD[f1,f2,f3] Eps[c1,c2,c3] * URs[f1, c1] DRs[f2,c2] DRs[f3,c3]

The symbols TLLE, TLQD and TUDD appearing in Tsoft stand for the T̂ , T̂ ′ and T̂ ′′ parameters
of the soft-supersymmetry breaking Lagrangian of Eq. (6.1.4) while LLS, ERs, QLs, URs and
DRs denote the scalar component of the LL, ER, QL, UR and DR superfields, respectively.

The complete model Lagrangian, represented by the variable Lag, is thus given by

Lag = LagKin + LagW + LSoft

In order to render this Lagrangian compliant with the requirements of the Monte Carlo pro-
grams further linked to FeynRules, the auxiliary F - and D-fields must be integrated out.
In addition, all Weyl fermions are eventually replaced by their four-component counterparts.
These steps are achieved by issuing

6As in Section 6.2.1, the imaginary parts of the parameters are stored into blocks whose name is appended
with the prefix IM.
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Lag = SolveEqMotionD[ Lag ]

Lag = SolveEqMotionF[ Lag ]

Colourb = Colour

Lag = Lag /. { Tb[a_,i_,j_]->-T[a,j,i] }

Lag = ExpandIndices[ Lag , FlavorExpand -> {SU2W, SU2D} ]

Lag = WeylToDirac[ Lag ]

We refer to Section 6.2.1 for more information about this set of commands.

6.2.3 The minimal R-symmetric supersymmetric theory

Unlike the R-parity violating MSSM implementation presented in the previous section, the
FeynRules implementation of the minimal R-symmetric supersymmetric model described in
Section 6.1.2 cannot be performed by simply adjoining to the MSSM model file a new file with
all the novelties. The mixing relations, as well as the nature of the neutralino and gluino fields,
have changed, so that the mssm.fr file must be deeply modified. Therefore, we start from a
copy of this file and update it accordingly.

The implementation of the five new chiral superfields of Table 6.1 and the one of the new
model free parameters strictly follow the rules presented in Chapter 3. For the sake of the
example, we show and describe the implementation of the Φ̃G chiral superfield, relevant for
the phenomenological investigations performed in this work focusing on sgluon fields. This
superfield is declared in the FeynRules model file as shown in Section 3.3, by including in the
M$Superfields list the Mathematica equality

CSF[100] == {

ClassName -> SGL,

Chirality -> Left,

Scalar -> sigG,

Weyl -> gopw,

Indices -> { Index[Gluon] }

}

The replacement rules above allow us to assign the symbol SGL to the Φ̃G superfield and sigG

and gopw to the sgluon σG and gluino g̃′ component fields, respectively. The latter can be
declared together with the other fields of the model, within the M$ClassesDescription list
(see Section 3.1.5),

S[100] == {

ClassName -> sigG,

Unphysical -> True,

SelfConjugate -> False,

Indices -> { Index[Gluon] },

Definitions -> { sigG[aa_] -> (sig1[aa] + I sig2[aa])/Sqrt[2] }

}

S[101] == {

ClassName -> sig1,

SelfConjugate -> True,

Indices -> { Index[Gluon] },

Mass -> Msig1,
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Width -> Wsig1

}

S[102] == {

ClassName -> sig2,

SelfConjugate -> True,

Indices -> { Index[Gluon] },

Mass -> Msig2,

Width -> Wsig2

}

W[100]== {

ClassName -> gopw,

Unphysical -> True,

Chirality -> Left,

SelfConjugate -> False,

Indices -> {Index[Gluon]}

}

Whilst sigG represents the complex scalar field σG, i.e., the component field of the chiral
superfield Φ̃G, we have introduced the symbols sig1 and sig2 to respectively label its real
scalar and pseudoscalar degrees of freedom since the different mass terms included in the soft
supersymmetry-breaking Lagrangian of Eq. (6.1.13) lead to their splitting.

In order to declare the physical four-component gluino field as a Dirac fermion, it is enough
to associate it with two different Weyl components by means of the WeylComponents attribute
of the particle class. Denoting by goww the gaugino component of the vector superfield VG,
after having absorbed a phase as shown in Eq. (6.1.16), we include in the gluino declaration
the rule

WeylComponents -> {goww, gopwbar}

The complexity of the implementation of the mixing relations among the model gauge
eigenstates being not that different as for the MSSM, they are therefore omitted from this
manuscript and we refer to Section 6.2.1 and the model implementation available from the
FeynRules webpage [173] for technical details.

In addition, the implementation of the R-symmetric supersymmetric Lagrangian is also
similar to what has been performed for the two examples of Section 6.2.1 and Section 6.2.2.
All kinetic and gauge interaction terms are implemented by issuing

LagKin = Theta2Thetabar2Component[ CSFKineticTerms[ ] ] +

Theta2Component[VSFKineticTerms[]] + Thetabar2Component[VSFKineticTerms[]]

whereas the superpotential is included by translating Eq. (6.1.12) into the Mathematica
declaration of a variable SuperW,

SuperW = ...

-luB/2 (HU[1] PhiB RU[2] - HU[2] PhiB RU[1]) +

ldB/2 (HD[1] PhiB RD[2] - HD[2] PhiB RD[1]) +

luW PhiW[a] (HU[1] Ta[a,2,i] RU[i] - HU[2] Ta[a,1,i] RU[i]) +

ldW PhiW[a] (HD[1] Ta[a,2,i] RD[i] - HD[2] Ta[a,1,i] RD[i]) +

MUu (HU[1] RU[2] - HU[2] RU[1]) +

MUd (HD[1] RD[2] - HD[2] RD[1]) ]
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In this expression, the dots stand for the trilinear Yukawa interactions of Eq. (6.1.7) that are
identical to those of the MSSM (see Section 6.2.1). In addition, the SU(2)L invariant contrac-
tions have been expanded and Ta are the symbols representing the fundamental representation
matrices of SU(2)L. The quantities HU, HD, RU and RD are the names of the classes associ-
ated with the (R-)Higgs superfields, while PhiB and PhiW are those of the superfields Φ̃B and
Φ̃W . Finally, we denote the superpotential λ-parameters by luB, ldB, luW and ldW whilst the
µ-parameters are taken as MUu and MUd. As usual, we omit for brevity the description of the dec-
laration of these parameters that is standard and refer, for more information, to Section 3.1.4.
Like in Section 6.2.1 and Section 6.2.2, the associated interaction Lagrangian is implemented
as

Lag = Theta2Component[SuperW] + Thetabar2Component[HC[SuperW]]

Finally, the soft-supersymmetry breaking Lagrangian of Eq. (6.1.13) being given in terms of
superfields, it can be directly implemented by employing standard functions of the superspace
extension of FeynRules (see Section 3.3). As an example, the gluino Dirac mass term could
be implemented into a variable denoted by mgluino by typing

mgluino = MG1/(2 gs) Ueps[be,al] *

nc[theta[al], SuperfieldStrengthL[GSF, be, a], PhiG[a]]

where the symbol MG1 is associated with the product of the soft supersymmetry-breaking mass
by the vacuum expectation value of the spurion superfield W ′, i.e., it is equal to mG

1 vD. The
corresponding Lagrangian, represented by the variable Lino, is given by

Lino = Theta2Component[mgluino] + Thetabar2Component[HC[mgluino]

Al the other supersymmetry-breaking terms are implemented in a similar fashion and details
are left out of this document for brevity.

6.3 From FeynRules to MadGraph 5

As already briefly mentioned in Section 6.1, we consider in this work two phenomenological
analyses performed in the framework of two different non-minimal supersymmetric theories.
First, we focus on the MSSM with R-parity violation and concentrate on the λ̂′′3jk superpotential
interactions which are still almost unconstrained by experimental data in the case the lightest
neutralino is lighter than the top quark. Next, we dedicate our efforts to the study of the LHC
sensitivity to the presence of sgluons in the context of the minimal R-symmetric version of the
MSSM. This model, where sgluons dominantly couple to top quarks, is presently not addressed
by any of the current sgluon experimental LHC searches which assume O(1) couplings to light
quarks and gluons.

Among the whole set of existing automated Monte Carlo tools such as CompHep/Calc-
Hep [54, 55, 56, 57], MadGraph/MadEvent [60, 61, 62, 63, 64], Sherpa [47, 48] or Whi-
zard [65, 66] that allow us to address phenomenological studies at colliders, most all of them
contain restrictions on the set of supported color and Lorentz structures. While any structure
that appears in the Standard Model or in the MSSM is in general allowed, vertices with
non-standard color and/or Lorentz structures are most of the time not fulfilling the tools
requirements and must therefore be discarded from the model implementations.

One possibility to overcome such a constrain is to compute the relevant squared ma-
trix elements by hand and implement the results into non-automated tools such as Herwig
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[49, 50, 51, 52] or Pythia [44, 45, 46]. Performing Monte Carlo simulations of processes with
a final states containing more than two particles is thus rather tedious. There is however an-
other option, that we adopt in this work, which relies on the flexibility of the UFO format [67]
employed by the MadGraph 5 generator [64]. As stated in Section 3.2, the UFO is by de-
sign agnostic of any restriction on the Lorentz and color structures allowed to appear in the
interaction vertices. On the same lines, the MadGraph 5 program makes use of this strength
to compute automatically predictions for any new physics theory, renormalizable or not and
possibly containing non-standard structures7.

The UFO-MadGraph 5 setup is thus suitable for the two studies aimed to be performed
in this work, both Lagrangians involving non-standard color structures. The R-parity vio-
lating superpotential of Eq. (6.1.3) includes a color structure where three fields lying in the
(anti)fundamental representation of SU(3)c are connected by means of a fully antisymmetric
tensor, whereas the sgluon effective Lagrangian of Eq. (6.1.15) contains interactions where three
fields lying in the adjoint representation of the QCD gauge group are connected through the
symmetric structure constants of SU(3)c.

The Monte Carlo event generator MadGraph 5 allows for the automated generation of
tree-level matrix elements associated with any scattering processes, in particular occurring in
proton-proton collisions as to be produced at the LHC, in a very efficient way. The main task
left to the user consists of specifying the process of interest in terms of initial and final state
particles together with the considered particle physics model, the collision setup (including,
e.g., the energy of the colliding beams) and a set of basic event selection criteria related to
the analysis of interest. In addition, a UFO version of the model under investigation has to be
provided by the user if not already included in the model library of MadGraph 5 which is built
upon the FeynRules model database [173]. We recall that in order to convert a FeynRules
model implementation into its UFO version, an automated interface is included within the
public version of FeynRules and can be called by typing, in a Mathematica session,

WriteUFO[ Lag ]

where the variable Lag contains the model Lagrangian, expressed in terms of the usual fields
of particle physics and in the model mass eigenbasis. The WriteUFO function internally calls
the FeynRules core method FeynmanRules in order to compute the interaction vertices of
the model. They are subsequently expanded into a color ⊗ spin basis as in Eq. (3.2.1) and
exported, together with the rest of the model information, into the set of Python files described
in Section 3.2. The output can eventually be loaded into MadGraph so that the user is able
to use the model, for event generation, as any other built-in model implementation.

Once the user specifies a process, MadGraph 5 internally calls the Aloha package [170].
This program generates from the UFO model a series of subroutines, inspired by the Helas
library [493, 494, 495, 496], allowing for the computation of helicity amplitudes related to the
process under consideration. These amplitudes include helicity wave-functions associated with
specific substructures that can be further reused within different Feynman diagrams. This
consequently leads to an efficient evaluation of the associated squared matrix elements.

Supersymmetric theories contain, in their most general form, more than several thousands
of vertices. Taking the example of the MSSM, the 6× 6 sfermion mixings of Eq. (5.1.63) lead
to O(1000) four-scalar interactions, most of them being flavor-violating. In the framework
of the benchmark scenarios usually investigated in supersymmetry phenomenology (see, e.g.,

7Although sextet and antisextet color representations are supported by MadGraph 5, in contrast to most of
the other publicly available tools, there is not any program capable so far to handle color representations with
a higher multiplicity.
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Section 5.3), flavor violation in the sfermion sector is drastically restricted so that a large
part of those O(1000) interaction vertices has to be vanishing or negligible. At the level
of the Monte Carlo generators, the explicit presence of such a large number of zero vertices
considerably slows down event generation, since they must be loaded into the computer memory
on run time and diagrams with a vanishing contribution are generated. Therefore, it may be
suitable to remove these vertices from the model implementation. This task can be done in an
automatic way directly within FeynRules, with the help of the WriteRestrictionFile and
LoadRestriction commands.

To this aim, the numerical values of all the model parameters must be firstly loaded by
issuing, in the Mathematica session,

ReadLHAFile[Input -> "susy.dat"]

The file susy.dat contains the model mass spectrum and particle mixings, together with the
numerical values of the external parameters provided in a form compatible with the Les Houches
structure implemented in the FeynRules model implementation. Then, the detection of the
vanishing parameters is performed by issuing the commands

WriteRestrictionFile[ ]

LoadRestriction["ZeroValues.rst"]

The WriteRestrictionFile method scans over the whole set of internal and external param-
eters of the model and generates a file, dubbed ZeroValues.rst, with a list of Mathematica
replacement rules mapping all the vanishing parameters to zero. The LoadRestriction func-
tion reads this file and loads the list of rules into the current Mathematica session. The
FeynRules interfaces subsequently apply the replacement rules to each vertex before writing
it to the output files, the zero contributions being in this way dropped before being trans-
lated to the considered Monte Carlo generator model format. In addition, vertices numerically
evaluated to zero are ignored and not outputted.

After this optimization, hundreds of the remaining vertices still consist in four-scalar in-
teractions which are, for tree-level computations, most of the time phenomenologically less
relevant. Therefore, the efficiency of the Monte Carlo tools can be highly improved by discard-
ing these vertices from the output Monte Carlo model files. This task can be done automatically
at the FeynRules level by means of the Exclude4Scalars option of the interfaces. In the
UFO case, one would issue, in Mathematica, the command

WriteUFO[ Lag, Exclude4Scalars -> True ]

One must however keep in mind that the model files including the two series of optimiza-
tions presented in this section are not fully general. They instead depend on the considered
benchmark scenario (defined here in the file susy.dat), even though at the FeynRules level,
the model implementation is as general as possible.

6.4 Monotop production in the MSSM with R-parity violation

6.4.1 Benchmark scenario and process of interest

Specific MSSM benchmark scenarios have been recently proposed by the supersymmetry
working groups of the ATLAS and CMS collaborations, together the LHC Physics Center
at CERN [282]. We adopt one of those benchmark scenarios, suitable for R-parity violating
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Mt [GeV] Mb [GeV] MZ [GeV] GF [GeV−2] αs(MZ) α(MZ)−1

173.2 4.2 91.1876 1.16637× 10−5 0.1176 127.934

m0 [GeV] m1/2 [GeV] A0 [GeV] tanβ sign(µ) λ̂′′312

100 400 0 10 > 0 0.2

Table 6.2: Input parameters associated with the chosen benchmark scenario for the R-parity
violating supersymmetric explorations performed in this section. We recall that the supersym-
metric parameters are defined at the grand unification scale and that all other λ̂′′-parameters,
together with the λ̂, λ̂′, T̂ , T̂ ′ and T̂ ′′ couplings are taken equal to zero.

supersymmetry and lying along the so-called ‘RPV3-line’ of the R-parity violating MSSM
parameter space. This point is derived from the cMSSM and defined by the usual four free
parameters, one sign and the Standard Model inputs (see Section 5.1.5). To these inputs,
one supplements the value of one λ̂′′ coupling that we choose to be λ̂′′3jk in our case. This
setup, where only a single R-parity violating parameter is non-vanishing, is not uncommon and
inferred from the single coupling dominance hypothesis [438, 497] often adopted when studying
R-parity violation in supersymmetry.

We fix the top quark pole mass to Mt = 173.2 GeV [498] and the bottom quark mass
to Mb(Mb) = 4.2 GeV. The electroweak sector is defined by setting the Z-boson mass to
MZ = 91.1876 GeV, the Fermi constant to GF = 1.16637 × 10−5 GeV−2 and the electromag-
netic coupling constant at the Z-pole to α(MZ)−1 = 127.924, according to the 2010 Particle
Data Group Review [499]. Finally, the strength of the strong interactions is determined from
the Z-pole value αs(MZ) = 0.1176 [499]. In the supersymmetric sector, we use a universal
scalar mass of m0 = 100 GeV, a universal gaugino mass of m1/2 = 400 GeV and a universal
trilinear coupling set to A0 = 0 GeV. The ratio of the vacuum expectation values of the neutral
component of the two Higgs doublets is taken as tanβ = 10, whilst the µ-parameter is chosen
positive and λ̂′′312 = 0.2 at the electroweak scale.

With this choice of parameters, summarized in Table 6.2, we employ the SPheno 3 pack-
age [250] to numerically evaluate the model parameters at the electroweak scale by means of
renormalization group running at the two-loop level (see Section 4.3). In addition, SPheno
3 allows us to extract the particle spectrum and mixings at the two-loop level for the Higgs
sector and at the one-loop level for the other particles. Among the electroweak superpartners,
the sleptons are found fairly light, with masses of O(200− 300) GeV, while the neutralino and
chargino masses range from 160 GeV for the lightest neutralino, being the lightest supersym-
metric particle, to 550 GeV for the heavier states. The masses of the colored superparters are
found larger, ranging from 650 GeV to 900 GeV, the gluino being heavier than all squarks.

Since it is lighter than the top quark, the lightest neutralino can only decay to four-body
final states and has a long lifetime. Therefore, when produced (directly or indirectly) at colliders
such as the LHC, the neutralinos χ̃0

1 escape the detector invisibly [500] so that bounds derived
from standard supersymmetry searches (see Section 5.5) apply. Consequently, by the time this
manuscript was being completed, the chosen benchmark scenario has been excluded by the
most recent limits on the masses of the first and second generation squarks as well as by those
on the gluino mass. There are two obvious manners to restore agreement with data. Firstly,
one can move along the ‘RPV3-line’ and adopt a benchmark scenario with heavier squark and
gluino masses, which is also attractive from the point of view of the experimental Higgs results.
Secondly, one can leave the minimal picture and make the gluino and the down and strange
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Figure 6.1: Feynman diagrams associated with R-parity violating monotop production when
the interactions related to the λ̂′′312 superpotential parameter are switched on. These diagrams
have been generated by means of the program FeynArts [165].

squarks heavier without modifying the rest of the spectrum. However, the phenomenological
results derived below are mainly related to the mass of the lightest top squark, a quantity barely
affected by any of the two choices above for small modifications from the original benchmark
point. Therefore, we choose to keep the original scenario and will consider that the results
of Section 6.4.2 will still be acceptable with a good approximation, even for similar but more
realistic, experimentally not excluded, benchmarks.

The R-parity violating MSSM scenario depicted above allows for the associated production
of a top quark with a neutralino, as shown in the Feynman diagrams of Figure 6.1. This sig-
nature, where a top quark is produced in association with missing energy, has been recently
dubbed monotop [142]. It consists of a clear sign of new physics (although possibly different
from R-parity violating supersymmetry) since there is no process in the Standard Model that
can lead to it at tree-level, the dominant production mode being suppressed both by a loop
factor and by the GIM mechanism. In the benchmark scenario under consideration, the pro-
duction cross section as computed by MadGraph reaches about 300 fb when employing the
CTEQ6L1 set of parton densities [501] and for a center-of-mass energy of 7 TeV.

In the next subsection, we will show that such a large cross section can lead to observable
hints of new physics at the LHC, already for a center-of-mass energy of 7 TeV, a low luminosity
of a few fb−1, and after following a simple selection strategy. Then, instead of determining the
LHC reach to monotop production induced by R-parity violating supersymmetry, we will make
use of the designed search strategy to extend the analysis well beyond the framework of non-
minimal supersymmetry and investigate in Chapter 7, monotop production in the context of
an effective field theory to be interpreted within several beyond the Standard Model theories.

6.4.2 Phenomenological investigations at 7 TeV

In this chapter, we concentrate on event simulation for the LHC running at a center-of-
mass energy of

√
s = 7 TeV and for an integrated luminosity of 4 fb−1. Concerning both signal

and background events, hard scattering matrix elements are calculated with the automated
Monte Carlo event generator MadGraph 5 [64] and convoluted with the leading order set
of the CTEQ6 parton density fit [501]. Moreover, both renormalization and factorization
scales are identified to the transverse mass of the produced (massive) particles. The events
generated in this way are then matched to parton showering and hadronization as provided by
the Pythia program. The version 6 of this code [45] is used for background events8, whilst

8In order to obtain more accurate predictions for the background, we merge matrix elements containing
additional hard jets according to the Mangano (MLM) merging procedure [86, 87]. We however concentrate,
in this section, on the physics results and omit all technical details concerning background simulation. For the
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Figure 6.2: Efficiency of tagging a jet originating from the fragmentation of a b-quark as a b-jet
(left) and associated mistagging rates (right). They depend on the transverse momentum of the
jet and follow the ‘high efficiency b-tagging’ algorithm of CMS (TCHEL). In the upper panel of
the left figure (taken from Ref. [507]), the measured and simulated b-tagging efficiencies from
different methods are presented, while the ratio between data and simulation is shown on its
lower panel. In the right panel of the Figure (taken from Ref. [508]), the associated mistagging
rates are indicated, as a function of the b-tagging efficiency.

the version 8 [46] is employed for the R-parity violating monotop signal due to the exotic
color structure not compliant with the requirements of Pythia 6. Fast detector simulation
is eventually performed by means of the program Delphes [88], using the publicly available
CMS detector card, and jet reconstruction is ensured by using the FastJet package [502, 503]
that contains an anti-kt algorithm whose radius parameter is fixed to R = 0.5 [504]. The
phenomenological analysis presented below is performed with the MadAnalysis 5 package
[85].

Monotop production can be classified according to the top quark decays,

pp→ t+ χ̃0
1 → bjj + /ET or pp→ t+ χ̃0

1 → b`+ /ET , (6.4.1)

where j and b denote light and b-jets, respectively, and ` a charged lepton. The missing trans-
verse energy /ET is associated with the lightest neutralino χ̃0

1 escaping the detector invisibly due
to its long lifetime, and also to the neutrino for leptonically decaying top quarks. Since leptonic
monotops induced by R-parity violating supersymmetry have been already investigated in the
past [505, 506], we focus instead on monotop events where the top quark decays hadronically.

latter, we refer to the 8 TeV analyses presented in Chapter 7. With the exception of the total rates, the energy
of the beams and the number of generated events, the Monte Carlo setup is similar for both analyses.
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Figure 6.3: After applying the monotop selection strategy presented in the text, we show the
invariant-mass distribution of the three jets mbjj both for the signal (red) and the dominant
sources of background issued from single top (purple), tt̄ (blue) and diboson (gray) processes.

The only source of irreducible Standard Model background consists of the production of an
invisibly decaying Z-boson together with at least three jets, one of them being originated from
the fragmentation of a b-quark. However, many sources of instrumental background have also
to be considered. On the one hand, multijet events with fake missing energy exactly mimic the
signal. On the other hand, events originating from the production of a W -boson, tt̄ pair or a
weak boson pair in association with jets contribute as well to the background when the leptons
originating from the top quark and weak boson decays are non-reconstructed. Finally, single
top events including non-reconstructed or misrecontructed jets must be considered too.

It has been shown, in recent experimental analyses, that a simple selection strategy (as the
one performed below) allows to keep a good control over the background [509, 510]. Inspired,
in addition, by the parton-level results of Ref. [142], we preselect events containing a large
amount of missing transverse energy /ET > 200 GeV, where

/ET =

∣∣∣∣∣∣∣∣ ∑
visible particles

~pT

∣∣∣∣∣∣∣∣ . (6.4.2)

We then impose a veto on the presence of any charged lepton (electron or muon) with a
transverse momentum pT ≥ 10 GeV and a pseudorapidity |η| ≤ 2.5. These selections have
been found not to affect the signal but sensibly reduce the contributions of the tt̄, Z-boson,
and W -boson events. In a second stage, we exploit the presence of a hadronically decaying
top quark and demand exactly one b-tagged jet with a transverse momentum pT ≥ 50 GeV
and a pseudorapidity |η| ≤ 2.5, as well as exactly two light jets with a transverse momentum
pT ≥ 30 GeV and a pseudorapidity |η| ≤ 2.5. In our analysis, we estimate a b-tagging efficiency
depending on the transverse momentum as on Figure 6.2 (left panel), together with a charm
and light jet mistagging rate as illustrated on the right panel of the figure. This corresponds
to an efficiency of correctly tagging a jet with a transverse momentum of 50 GeV as a b-jet of
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Event sample Number of selected events

Top-antitop pair plus jets 8.2± 2.3

Diboson plus jets 2.7± 0.7

Single top 0.9± 0.3

Total background 11.8± 2.4

Monotop signal 33.2± 1.0

Table 6.3: Number of selected events after applying the monotop search strategy described in
the text for the different background contributions and for the signal. Since approximately no
W -boson, Z-boson and multijet event is passing the selection criteria, these channels are not
indicated in the table. These results correspond to 4 fb−1 of LHC collisions at a center-of-mass
energy of 7 TeV.

about 70%, whilst the mistagging rate of a charm (light) jet as a b-jet is of about 25 % (2%).
Since the two selected light jets are issued from the decay of a W -boson, we constrain their
invariant mass to be compatible with the W -mass, i.e., lying in the 65 GeV−95 GeV range.

The distribution of the invariant-mass of the three jets mbjj is presented on Figure 6.3. After
applying all the selection criteria described above, the remaining background contributions
consists of tt̄, diboson and single top events, while all other sources of background, such as
W -boson or Z-boson (or non-simulated multijet) events, are reduced to a(n expected to be)
barely visible level and thus not presented in the figure. After further constraining the system
of the three selected jets by requiring their invariant-mass to be compatible with the mass
of the top quark, lying in a 40 GeV mass window centered around the top mass, we obtain
the number of events shown in Table 6.3, both for the signal and the dominant background
contributions.

Defining the LHC sensitivity to a monotop signal induced by R-parity violating super-
symmetry as the number of selected signal events over the total number of selected events
S/
√
S +B, the adopted benchmark scenario leads to a possible hint for monotops at the 4.95σ

level. Conversely, a 3σ-deviation from the Standard Model expectation can already be observed
for any value of the R-parity violating parameter λ̂′′312 ≥ 0.11, assuming the supersymmetric
spectrum to be unchanged. Since the number of signal events is not expected to drastically
change for moderate superpartner masses (below or around the TeV scale), the standard mono-
top search strategy presented above is expected to be sufficient to probe R-parity violating
supersymmetric monotop signatures in large regions of the cMSSM parameter space. This
statement will be confirmed in the next chapter.

6.5 Sgluon-induced multitop production in R-symmetric super-
symmetry

6.5.1 Benchmark scenario and process of interest

We now turn to an investigation of some phenomenology related to sgluon fields dominantly
coupling to top quarks as predicted in R-symmetric supersymmetric models. Therefore, all
superpartners and the numerous Higgs fields are irrelevant, which motivates us to conceive a
practical benchmark scenario where all mixing matrices related to the sfermion, neutralino,
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Mt [GeV] MZ [GeV] αs(MZ) Mσ [GeV] (aLu )3
3 (aRu )3

3 ag [GeV−1]

173.1 91.1876 0.1176 500 3× 10−3 3× 10−3 1.5× 10−6

Table 6.4: Input parameters associated with the chosen benchmark scenario for the R-
symmetric supersymmetric exploration performed in this work. We recall that the super-
partners are decoupled and irrelevant, and that all the omitted effective couplings are taken
vanishing.

chargino and Higgs sectors are set to zero so that the related particles do not play any role. In
the aim of using the event generator MadGraph 5, the corresponding interaction vertices have
been removed from the UFO model files generated by FeynRules by means of the optimization
procedure described in Section 6.3.

Our benchmark scenario is defined by fixing the Standard Model inputs, together with the
parameters related to the sgluon field, i.e., its mass Mσ and its couplings to quarks aLq , aRq
(with q = u and d) and gluons ag introduced in Eq. (6.1.15). Although in principle, the sgluon
mass Mσ depends on several soft parameters, i.e., mΦ̃G

, MΦ̃G
and MΦ̃G

(see Eq. (6.1.9) and
Eq. (6.1.13)), and is different for scalar and pseudoscalar sgluons, we simplify the approach
by decoupling the pseudoscalar degree of freedom and collecting the three contributions to the
scalar mass into a single parameter Mσ

9. As already mentioned in Section 6.1.2, recent ATLAS
and CMS analyses have constrained the sgluon mass to be larger than 2 TeV [489, 490, 491, 492].
These limits however only hold when the sgluon field couple to light quarks and gluons with
O(1) interaction strengths, and we therefore evade this bound by setting all effective parameters
to zero, with the exception of (aLu )3

3 = (aRu )3
3 = 3× 10−3 and ag = 1.5× 10−6 GeV−1. These

numbers are obtained by making use of the explicit calculations of the relevant loop diagrams
in Ref. [420], and correspond to a benchmark scenario where squarks and gluinos have typical
masses of about 1− 2 TeV and where non-minimal flavor violation in the squark sector is not
allowed. Lower sgluon masses are thus viable and we set Mσ = 500 GeV. The chosen numerical
values for the model parameters are summarized in Table 6.4, which also includes the relevant
Standard Model inputs taken from the 2010 Review of the Particle Data Group [499].

In this scenario, the total sgluon-pair production cross section, as calculated by Mad-
Graph 5 [64] after convoluting the hard scattering matrix-elements related to the Feynman
diagrams of Figure 6.4 with the CTEQ6L1 set of parton densities [501], reach the level of
0.20 pb. Including sgluon decays to a pair of top quarks, sgluon-induced four-top production
occurs with a rate of about 42 fb, i.e., more than 140 times the (leading-order) Standard
Model predictions of 0.3 fb. Whereas the value of the effective sgluon-gluon-gluon coupling
of 1.5× 10−6 GeV−1 may seem very small, the related diagrams contribute to the sgluon-pair
production cross section up to about 15%.

6.5.2 Phenomenological investigations at 7 TeV

Four-top production leads to final states enriched in jets and leptons that originate from
the top decays. Therefore, the main sources of Standard Model background is expected to
be related to rare processes with a high final state multiplicity, such as the production of a
top-antitop pair in association with one or several gauge bosons or with jets. We generate both

9We recall that the numerical value of the mass of a particle is specified, in a FeynRules model description,
at the time of the particle class declaration independently of the Lagrangian mass terms.
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Figure 6.4: Tree-level Feynman diagrams associated with sgluon pair production at hadron
colliders. These diagrams correspond to the interactions included in the Lagrangians of
Eq. (6.1.14) and Eq. (6.1.15) and have been generated by means of the program Fey-
nArts [165].

signal and background events by employing the same setup as in Section 6.4.2 and refer to this
section for more information.

We preselect events containing exactly two charged leptons with a transverse momentum
pT ≥ 20 GeV and a pseudorapidity |η| ≤ 2.5. In addition, we impose them to be isolated
so that electrons and muons at a relative distance ∆R =

√
∆ϕ2 + ∆η2 ≤ 0.2 from a jet are

rejected, ϕ standing for the azimuthal angle with respect to the beam direction. To ensure a
good rejection of the background, dominated by tt̄ and Drell-Yan events, and to maintain at
the same time a important signal efficiency (of about 50% in our case), we require that the two
leptons carry the same electric charge10. Moreover, leptonic top decays always imply missing
transverse energy /ET , so that we only keep events with /ET ≥ 40 GeV.

The rest of the proposed sgluon search strategy benefits from the important jet multiplicity
specific to signal events. In particular, we expect at least four b-tagged jets (one for each of the
produced top quarks) and four additional light jets originating from the hadronically decaying
top quarks. Consequently, we demand the selected events to contain at least eight jets with
a transverse energy ET ≥ 20 GeV, and impose that at least three of them are b-tagged, the
b-tagging efficiency and the corresponding mistagging rates being defined as in Section 6.4.2.
The important hadronic activity in the final state suggests to employ the HT variable, defined
by

HT =
∑

jets, leptons, missing energy

∣∣∣∣~pT ∣∣∣∣ , (6.5.1)

as a discriminating variable between signal and backgrounds. The results are presented in
Figure 6.5 and in Table 6.5. The dominant contributions to the background consist in tt̄
events, as well as, in a smaller extent (and therefore not shown), in events issued from the
production and decay of a tt̄ pair accompanied by one or several gauge bosons. Although the
background rejection is efficient, a 4 fb−1 luminosity of 7 TeV collisions is unfortunately not
sufficient to obtain a good sensitivity to the sgluon signal, at least for a 500 GeV sgluon mass.
This naive analysis has therefore to be improved, a task addressed in the next chapter.

10In our simplified detector simulation performed with Delphes, the charge of a lepton is always correctly
identified, contrary to simulation software employed by the LHC experiments.
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Figure 6.5: After applying the sgluon search strategy in the dilepton channel presented in the
text, we present the distribution of the HT variable defined in Eq. (6.5.1) for both the signal
(red) and the dominant source of background consisting of tt̄ events (blue).

Event sample Number of selected events

Top-antitop pair plus jets 0.5± 0.3

Total background 0.5± 0.3

Sgluon signal 0.9± 0.1

Table 6.5: Number of selected events after applying the dilepton sgluon search strategy pre-
sented in the text for the different background contributions and for the signal. Since approxi-
mately no event related to all the other sources of background is passing the selection criteria,
these channels are not indicated in the table. The results correspond to an integrated lumi-
nosity of 4 fb−1 of proton-proton collisions at the LHC collider, running with a center-of-mass
energy of 7 TeV.

Two remarks are in order here. First, our event selection criteria may seem very restrictive,
in particular concerning the number of required jets and b-tags. However, these selections are
mandatory to ensure a good background rejection, as shown in Ref. [77] where the effects or
requiring different numbers of jets and b-tags have been investigated. Next, in our simulation
setup, the multijet background, jets faking leptons and charge misidentification have not been
accounted for. On the basis of the analysis of Ref. [511] where same sign dilepton events are
investigated after selection criteria similar to those applied in this analysis, these sources of
background have been found to be dominant. This issue is addressed more into details in
Chapter 7, as this does not change the conclusions of the 7 TeV analysis of this section.



Chapter 7

From non-minimal supersymmetry
to effective field theories

The search, in particular at the LHC, of tracks of new phenomena moves in several direc-
tions. The most beaten path, as illustrated in Chapter 6, lies on a top-down approach. In this
case, a theory extending the Standard Model of particle physics is conceived on the basis of
fundamental theoretical principles, such as an extended symmetry group or additional space-
time dimensions. This theory is constructed in a way to reproduce the Standard Model in the
low energy limit and to possibly address one or more of the Standard Model open issues, such
as the hierarchy problem like in supersymmetry (see Section 5.2.1). Predictions of physical
observables can then be made by making use of perturbation theory. However, many new
parameters, that cannot be fixed by experimental constraints, usually enter the calculations.
For the sake of the examples, we recall the large size of the parameter space of the models
presented in Chapter 5 and in Chapter 6, these models featuring up to several hundreds of free
parameters in their general form. Benchmark scenarios must therefore be carefully designed
in order to be compatible with (most of) current data and they subsequently imply typical
signatures for the model that can be searched for in present and future experiments, such as
the missing energy requirement in supersymmetry.

While widely used, this theory-driven approach has notable limitations. First, signatures
are neither typical of a given benchmark nor of a specific model itself. For instance, universal
extra dimensions and supersymmetry can have very similar signatures involving cascade decays
of heavy particles. Next, the top-down approach can lead to strong biases in the experimental
analyses. Therefore, it is important to pursue a more pragmatic approach where beyond the
Standard Model explorations based on a bottom-up construction of new physics models are
supplemented to the more common top-down inspired analyses.

In the following, we employ the tool of effective low energy theories to explore different
scenarios built from the two experimental signatures investigated in Section 6.4.2 and Sec-
tion 6.5.2. We analyze in this way several classes of models simultaneously for monotop searches
(Section 7.1.1 and Section 7.3) and sgluon-induced multitop final states (Section 7.1.2 and Sec-
tion 7.4). Additionally, we detail in Section 7.2 our simulation setup for the Standard Model
background.
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Figure 7.1: Representative Feynman diagrams leading to a monotop signature, either through
the resonant exchange of a colored scalar field S (left) or via a flavor-changing interaction with
a vector field V (right). The V and χ particles are here invisible and lead to missing energy.

7.1 Effective theories inspired by non-minimal supersymmetry

7.1.1 An effective field theory for monotop production

Beyond supersymmetry and at tree-level, monotop production can occur via two main
mechanisms. Either the top quark is produced, possibly resonantly, in association with an
invisible fermionic state (see, e.g., the representative Feynman diagram shown on the left panel
of Figure 7.1) or through a flavor-changing interaction with an invisible bosonic state (see, e.g.,
the representative Feynman diagram shown on the right panel of Figure 7.1).

Within the first production mechanism, the top quark is produced together with an unde-
tected fermion which we denote, in the following, by χ. Possible diagrams occur via s-channel
(see Figure 7.1), t-channel and u-channel exchanges of a scalar (S) or vector (V ) field lying
in the (anti-)fundamental representation of SU(3)c. As shown in Section 6.4, such processes
appear in R-parity-violating supersymmetry where, similarly to the case discussed in Ref. [512],
the intermediate particle is a (possibly on-shell) top squark and χ consists of the lightest neu-
tralino,

d̄s̄→ t̃i → tχ̃0
1 . (7.1.1)

In the limit of very heavy resonances, monotops can also be seen as produced through a baryon
number-violating four-fermion effective interaction [513, 514]. More exotic cases can involve
invisible Rarita-Schwinger fields, as in supersymmetric theories containing a spin-3/2 gravitino
field, or a multiparticle state with a global half-integer spin, as in hylogenesis scenarios for dark
matter [515].

In the second class of models yielding a monotop signature, the missing energy is carried by a
neutral bosonic state, either long-lived or decaying invisibly. Monotops are arising from quark-
gluon initial states undergoing a flavor-changing interaction, as discussed, e.g., in Ref. [516].
In this case, the missing energy can be either a spin-zero S, spin-one V (see Figure 7.1) or
spin-two G state,

ug → tS , ug → tV or ug → tG , (7.1.2)

or can also be a continuous state containing an even number of fermions, as in R-parity con-
serving supersymmetry with non-minimal flavor violation (see Section 5.3) [517],

ug → ũiχ̃
0
1 → tχ̃0

1χ̃
0
1 . (7.1.3)

The properties of the produced top quark are induced by the features of the production
mechanism. First, the partonic content of the initial state and the nature (mass and spin) of
the undetected recoiling object play a key role. Next, the possible presence of intermediate res-
onant states could alter kinematical distributions such as the transverse-momentum spectrum
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of the final state particles. Following the spirit of Ref. [518], these considerations suggest a
model-independent approach including all the cases within a single simplified theory. Assuming
the strong interactions to be flavor-conserving, as in the Standard Model, the flavor-changing
neutral interactions are bound to the weak sector. For simplicity, we also neglect spin-two
gravitons, since their flavor-changing interactions are loop-suppressed [519], as well as any of
their excitations which do not lead to a missing energy signature. Along the same lines, we do
not consider spin-3/2 fields since their (flavor-violating or not) couplings are, at least in super-
symmetric theories, suppressed by a high-energy scale. In addition, four-fermion interactions
are omitted as they are known not to lead to a visible LHC signal [142].

In our construction of an effective Lagrangian for monotop production, we denote by φ, χ
and V the possible scalar, fermionic and vector particle leading to missing energy, respectively,
and by ϕ and X scalar and vector fields lying in the fundamental representation of SU(3)c
possibly inducing resonant monotop production. The Lagrangian describing the interactions of
those fields is supplemented to the Standard Model Lagrangian and reads, in the mass basis,

L = Lkin +

[
φū
[
a0
FC+b0FCγ5

]
u+Vµū

[
a1
FCγ

µ+b1FCγ
µγ5

]
u

+εijkϕid̄
c
j

[
aqSR+bqSRγ5

]
dk+ϕiū

i
[
a

1/2
SR+b

1/2
SRγ5

]
χ

+ εijkXµ,i d̄
c
j

[
aqV Rγ

µ + bqV Rγ
µγ5

]
dk +Xµ,i ū

i
[
a

1/2
V Rγ

µ + b
1/2
V Rγ

µγ5

]
χ+ h.c.

]
,

(7.1.4)

where kinetic and gauge interaction terms for the new states are included in Lkin and where
the indices i, j and k represent color indices in the fundamental representation of SU(3)c.

Additionally, flavor indices have been understood. The 3 × 3 matrices (in flavor space) a
{0,1}
FC

and b
{0,1}
FC contain quark interactions with the bosonic invisible particles φ and V , while a

1/2
{S,V }R

and b
1/2
{S,V }R denote the couplings between up-type quarks, the invisible fermion χ and the new

colored states ϕ and X. Moreover, gauge invariance also allows the latter to couple to down-
type quarks, the corresponding interaction strengths being given by the matrices aq{S,V }R and

bq{S,V }R.
To illustrate the main features of monotop production, we consider a series of simplified

scenarios in which all axial couplings involving new particles vanish,

b = 0 . (7.1.5)

Furthermore, we only retain interactions that can be enhanced by parton densities and set

(a0
FC)13 = (a0

FC)31 = (a1
FC)13 = (a1

FC)31 = a ,

(aqSR)12 = −(aqSR)21 = (a
1/2
SR)3 = (aqV R)11 = (a

1/2
V R)3 = a ,

(7.1.6)

the other couplings being fixed to zero. Within the above settings, we define four scenarios,
the first two, which we denote by S.I and S.II, addressing resonant monotop production
and the last two, which we denote by S.III and S.IV, focusing on monotop production via
baryon-number conserving but flavor-changing interactions. We now turn to the evaluation of
monotop production cross section at the LHC, running at a center-of-mass energy of 8 TeV
and employ the QCD factorization theorem to convolute the associated leading order squared
matrix elements with the leading order set of the CTEQ6 parton density fit [501], fixing both
the renormalization and factorization scales to the transverse mass of the monotop system. To
this aim, we implement the Lagrangian above into FeynRules, and export the model into a
UFO library which is then linked to MadGraph 5.
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Figure 7.2: Total cross sections for monotop production at the LHC, running at a center-of-
mass energy of 8 TeV, for scenarios of type S.I (left panel) and S.II (right panel) respectively
featuring a scalar and vector colored resonance decaying with a branching fraction of one into
a monotop state. The cross sections are presented as a function of the new physics coupling a
and of the resonance mass mϕ (scalar resonance) and mX (vector resonance).

In scenarios of type S.I and S.II, we also assume that the new colored scalar ϕ and vector
X resonances decay into a top quark and an invisible particle χ with a branching ratio equal to
one. Consequently, this renders our analysis insensitive to the parameters (aqSR)3 and (aqV R)3

and the S.I and S.II scenarios are described by only three parameters, namely the couplings
of the down-type quarks to the new resonance a, the resonance mass mϕ (for scenarios of class
S.I) and mX (for scenarios of class S.II) and the mass of the invisible particle mχ. Monotop
production cross sections are however independent of the invisible particle mass as they are
equal to the colored new particle production cross section, the subsequent branching ratio into
a tχ pair being unity. The mass difference between the resonance and the missing energy
particle however alters the selection efficiency of any monotop search strategy as it modifies
the available phase space for the decay (see Section 7.3 for more details). The dependence of
the monotop production cross section on the resonance mass and on the new physics coupling
strength a is illustrated on Figure 7.2 for scenarios involving a scalar resonance S.I (left panel
of the figure) and a vector resonance S.II (right panel of the figure). Cross sections reaching
the pb level are expected for a moderate coupling strength of a = 0.1 and resonance masses
around (in the scalar case) or even above (in the vector case) 1 TeV. For given resonance mass
and coupling strength, it is also found that a monotop signature induced by a vector state is
produced with a larger rate as when arising from the decay of a scalar state due to the different
Lorentz structure of the interactions of the Lagrangian of Eq. (7.1.4) and to the larger number
of propagating degrees of freedom of a vector field.

In scenarios of class S.III and S.IV, the top quark is produced in association with a
bosonic particle through a flavor-changing interaction in the weak sector. The bosonic state,
being respectively a scalar and vector particle in the two scenarios, is further non-detected and
gives rise to missing energy. The S.III and S.IV scenarios are thus described by exactly two
parameters, the mass of the missing energy particle mφ and mV in the scalar and vector cases,
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Figure 7.3: Total cross sections for monotop production at the LHC, running at a center-of-mass
energy of 8 TeV, for scenarios of type S.III (left panel) and S.IV (right panel) respectively
featuring a flavor-changing production of a top quark in association with a scalar and vector
invisible state. The cross sections are presented as a function of the new physics coupling a
and of the invisible particle mass mφ (scalar case) and mV (vector case).

respectively, and the strength of the flavor-changing interaction of this particle with a pair of
quarks comprised of one top quark and one up quark. Cross sections for monotop production in
the flavor-changing mode are presented as a function of these two parameters in Figure 7.3 for a
scalar (left panel of the figure) and vector (right panel of the figure) invisible state. In contrast
to the first two scenarios where TeV-scale new physics can be associated with a cross section
of 1 pb for a moderate coupling strength of a = 0.1, such a cross section value corresponds to
much lighter invisible particle masses of about 300 GeV and 500 GeV for scenarios of type S.III
and S.IV, respectively, and an identical coupling value of a = 0.1. Once again, larger cross
sections are associated with the vector case due to the more important number of polarization
states and the Lorentz structures of the possible interactions.

7.1.2 A simplified model for sgluon production and decays at the LHC

In Section 6.5.2, we have illustrated a phenomenological aspect of sgluon fields in the
framework of the minimal version of R-symmetric supersymmetric theories [139, 140, 141],
considering their contributions to the production rate of multitop final states. However, sgluon
fields are also predicted in other models, such as in N = 1/N = 2 hybrid supersymmetric
theories [418, 419, 420, 421, 422, 423, 424, 425, 426], in vector-like confining theories [520, 521,
522, 523, 524, 525] or in extra-dimensional models [526].

All these new physics models contain a sgluon sector with similar properties as in R-
symmetric supersymmetry. This motivates us to construct a simplified effective model describ-
ing a scalar field lying in the octet representation of the QCD gauge group and its interactions
with the Standard Model sector [143, 527]. This leaves open the possibility of reinterpreting the
results in the context of any of the original models, or even in the framework of any other theory
including a sgluon field. In addition, it avoids the careful design of a theoretically motivated
and not experimentally excluded benchmark scenario for the complete model, the simplified
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Parameters Scenarios of type S.I Scenarios of type S.II

ag 1.5× 10−6 GeV−1 1.5× 10−6 GeV−1

(au)3
3 3× 10−3 3× 10−3

(au)3
1 = (au)1

3 3× 10−3 0

(au)3
2 = (au)2

3 3× 10−3 0

Mσ [200-1000] GeV [400-1000] GeV

Mt 172 GeV 172 GeV

Table 7.1: Non-zero input parameters for benchmark scenarios of class S.I and S.II. For all
the other Standard Model parameters, we follow the conventions of Ref. [74].

model being instead described by a small number of couplings and masses.
We extend the Standard Model in a minimal way by supplementing to its particle content

one real scalar field σ of mass Mσ lying in the adjoint representation of the QCD gauge group.
Its kinetic, mass and gauge interaction terms are standard,

Lkin =
1

2
Dµσ

aDµσa −
1

2
M2
σσ

aσa , (7.1.7)

and are expressed in terms of the QCD covariant derivative taken in the adjoint representation

Dµσ
a = ∂µσ

a + gs fbc
a gbµ σ

c , (7.1.8)

for which we recall that the strong coupling constant is denoted by gs, the antisymmetric
structure constants of SU(3)c by fbc

a and that the gluon field reads gµ.
In Eq. (6.1.15), we have introduced, in the context of minimal R-symmetric supersymmetry,

loop-induced interactions of a single sgluon to the Standard Model partons. This feature also
holds in other theories, where the presence of additional particles in general implies loop dia-
grams yielding dimension-four and dimension-five effective operators involving up-type quarks
u, down-type quarks d and gluons,

Leff = σad̄Ta

[
aLdPL + aRd PR

]
d+ σaūTa

[
aLuPL + aRuPR

]
u+ agda

bcσaGµνbG
µν
c + h.c. , (7.1.9)

referring to Eq. (6.1.15) for the notations. These interactions consequently open all possi-
ble sgluon decays into Standard Model colored particles. Inspecting the two Lagrangians of
Eq. (7.1.7) and Eq. (7.1.9), our simplified theory is described by one mass parameter, the sgluon
mass Mσ, and the effective couplings of sgluons to colored partons described by a set of four
complex 3×3 matrices in flavor space aLd , aRd , aLu and aRu and one real dimensionful number ag.

As already mentioned in Section 6.5.1, sgluon masses up to about 2 TeV are excluded
by dijet resonance searches [490] once we assume O(1) effective sgluon interactions to light
quarks. We therefore focus, motivated by R-symmetric supersymmetry, on scenarios where the
sgluon field dominantly decays into final states containing at least one top quark and where its
couplings to a pair of light quarks or to a pair of gluons are reduced so that the experimental
constraints can be evaded. This brings us to consider two series of benchmark scenarios.

For the first set of scenarios, referred to as scenarios of class S.I, sgluon particles are allowed
to decay in a universal way to any associated pair of up-type quarks containing at least one
top quark, so that

(aLu )3
i = (aRu )3

i = (aLu )i3 = (aRu )i3 = 3× 10−3 , (7.1.10)
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for i = 1, 2, 3. We subsequently impose that any other interaction among quarks and a single
sgluon vanishes. Concerning the parameter ag, we choose the value

ag = 1.5× 10−6 GeV−1 . (7.1.11)

Both Eq. (7.1.10) and Eq. (7.1.11) correspond to a supersymmetry mass scale of about 2 TeV
(as shown by the analytical formulas presented in Ref. [420]), in agreement with the current
experimental results related to direct searches for squarks and gluinos at the LHC (see Sec-
tion 5.5).

In our second class of scenarios, denoted as scenarios of class S.II, we focus exclusively on
sgluon-induced signatures with four top quarks so that the only states into which a sgluon de-
cays consist of either a top-antitop or a gluon pair, the only non-vanishing effective interactions
being thus driven by the coupling parameters

(aLu )3
3 = (aRu )3

3 = 3× 10−3 and ag = 1.5× 10−6 GeV−1 . (7.1.12)

In addition, we fix for both classes of scenarios the mass of the top quark to Mt = 172 GeV,
all the other Standard Model parameters according to the conventions of Ref. [74] and allow
the sgluon mass Mσ to vary below 1 TeV. We summarize in Table 7.1 the values of all non-zero
parameters of the Lagrangians of Eq. (6.1.14) and Eq. (6.1.15).

A key element in the multitop analysis of sgluon production and decay at the LHC lies in
the sgluon branching fraction to final states containing one or two top quarks. We investigate
the evolution of these branching ratios with the sgluon mass by implementing the Lagrangians
of Eq. (6.1.14) and Eq. (6.1.15) into FeynRules, following the syntax introduced in Chapter
3, and by subsequently exporting the model to the UFO format so that it can be used within
the MadGraph 5 framework. This matrix-element generator is then employed to estimate the
total sgluon width and the different branching ratios into two gluons, an associated pair of a
top quark and a light quark and into two top quarks. The results are shown in Table 7.2 for
both classes of scenarios.

The branching of a light sgluon of a couple of hundreds of GeV into a tt̄ pair is kinematically
suppressed compared to the other open decay channels for both types of scenarios. This
branching ratio then increases with the sgluon mass, although the contributions of the dijet
(σ → gg) channel to the total width also become more important. Therefore, the branching
into a top-antitop pair peaks for Mσ ∼ 800 GeV and Mσ ∼ 600 GeV for scenarios of type S.I
and S.II, respectively, and then decreases for heavier sgluons.

Table 7.2 also contains the leading-order sgluon pair-production cross sections as computed
with the MadGraph 5 program. The numerical values are calculated in the context of the
LHC collider running at a center-of-mass energy of 8 TeV and after convoluting the matrix
elements related to the Feynman diagrams of Figure 6.4 with the leading order set of the
CTEQ6 parton density fit [501], fixing both the renormalization and factorization scales to the
transverse mass of the sgluon pair. Next-to-leading order corrections to those cross sections
have been recently computed within the MadGolem setup [528, 529], and the corresponding
K-factors are presented in the last column of the table.

7.2 Monte Carlo simulations of the Standard Model background

7.2.1 Simulation setup

This chapter aims to estimate the LHC sensitivity to the presence of monotops and sgluons-
induced multitop events by means of Monte Carlo simulations. We consider the LHC collider
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Scenario Mσ [MeV] Γσ [GeV] BR[tt̄] BR[tj/t̄j] BR[gg] σtot [fb] KNLO

S.I 200 0.012 - 80% 20% 98600 1.6

S.I 300 0.105 - 92.3% 7.7% 9802 1.6

S.I
400

0.219 4.4 % 86.9% 8.7%
1625 1.7

S.II 0.029 33.3% - 66.7%

S.I
500

0.35 9.8 % 79.5% 10.1%
358.1 1.8

S.II 0.072 47.8% - 52.2%

S.I
600

0.485 12 % 75% 13%
94.9 1.8

S.II 0.124 48% - 52%

S.I
700

0.628 13.2 % 70.5% 16.3%
28.4 1.9

S.II 0.185 44.7% - 55.3%

S.I
800

0.779 13.5 % 66.9% 19.6%
9.26 2.0

S.II 0.252 41% - 59%

S.I
900

0.943 13.5 % 63.4% 23.1%
3.22 2.1

S.II 0.345 36.9% - 63.1%

S.I
1000

1.12 13.2 % 60.2% 26.6%
1.17 2.2

S.II 0.447 33.2% - 66.8%

Table 7.2: Dependence on the sgluon mass Mσ of the sgluon total width (Γσ), of its branching
fractions to a top-antitop pair (BR[tt̄]), to an associated pair of a top (anti)quark and a light
quark (BR[tj/t̄j]) and to a gluon pair (BR[gg]), as well as of its total pair-production cross
section at leading order and at the LHC collider running at a center-of-mass energy of 8 TeV
(σtot). The next-to-leading order K-factors (KNLO) are also indicated.

running at a center-of-mass energy of
√
s = 8 TeV and normalize our event samples to an

integrated luminosity of 20 fb−1. The hard scattering processes related to the different sources
of background are described with the matrix-element generator MadGraph 5. Using the
QCD factorization theorem, the matrix elements are convoluted with the leading order set of
the CTEQ6 parton density fit [501], the renormalization and factorization scales being fixed
to the transverse mass of the produced heavy particles and all quark masses but the top mass
are neglected. Parton-level events are integrated into a full hadronic environment by matching
the hard scattering matrix elements with a parton showering and hadronization infrastructure
as provided by the Pythia 6 package [45]. Moreover, since the generated parton-level events
are allowed to contain tau leptons, we make use of the Tauola program [530] to handle their
decays.

Typical final states to be produced at the LHC contain in general abundant initial state
QCD radiation that has important effects on the shapes of the kinematical distributions. In
particular, large logarithmic contributions arise in phase space regions where these additional
partons are neither widely separated nor hard. As a consequence, reliable theoretical predictions
require a consistent reorganization of the logarithmic terms which have to be resummed to all
orders in the strong coupling, embedded in this way within the so-called Sudakov form factor.

In phenomenological investigations relying on Monte Carlo simulations, additional jet pro-
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Process kmin
T [GeV] pmin

T [GeV] n Qm [GeV] σ [pb] N

W (→ `ν) + jets 10 10 4 20 35678 2.56 · 108

γ∗/Z(→ 2`/2ν) + jets 10 10 4 20 10319 4 · 107

tt̄(→ 6jets)+jets 20 20 2 30 116.2 8 · 106

tt̄(→ 4jets 1` 1ν)+jets 20 20 2 30 112.4 9 · 106

tt̄(→ 2jets 2` 2ν)+jets 20 20 2 30 27.2 3 · 106

t/t̄+ jets [t, incl.] - - 0 - 87.2 6 · 106

t/t̄+ jets [tW , incl.] - - 0 - 22.2 1 · 106

t/t̄+ jets [s, incl.] - - 0 - 5.55 8 · 105

WW (→ 1` 1ν 2jets)+jets 10 10 2 20 24.3 3 · 106

WW (→ 2` 2ν) + jets 10 10 2 20 5.87 8 · 105

WZ(→ 1` 1ν 2jets) + jets 10 10 2 20 5.03 5 · 105

WZ(→ 2ν 2jets) + jets 10 10 2 20 2.98 3 · 105

WZ(→ 2` 2jets) + jets 10 10 2 20 1.58 2 · 105

WZ(→ 1` 3ν) + jets 10 10 2 20 1.44 2 · 105

WZ(→ 3` 1ν) + jets 10 10 2 20 0.76 2 · 106

ZZ(→ 2ν 2jets) + jets 10 10 2 20 2.21 3 · 105

ZZ(→ 2` 2jets) + jets 10 10 2 20 1.18 1.5 · 104

ZZ(→ 4ν) + jets 10 10 2 20 0.63 1 · 105

ZZ(→ 2ν 2`) + jets 10 10 2 20 0.32 4 · 104

ZZ(→ 4`) + jets 10 10 2 20 0.17 4 · 104

tt̄W + jets [incl.] 10 10 2 20 0.25 3 · 104

tt̄Z + jets [incl.] 10 10 2 20 0.21 5 · 104

t/t̄+ Z + j + jets [incl.] 6.5 20 1 10 0.046 3 · 105

tt̄WW + jets [incl.] 10 10 2 20 0.013 2 · 103

tt̄tt̄+ jets [incl.] - - 0 - 7 · 10−4 103

Table 7.3: Simulated background processes given together with the applied parton-level selec-
tion criteria (kmin

T and pmin
T ), the number of allowed extra hard emissions at the matrix-element

level (n) and the merging scale (Qm). The numerical values employed for the cross sections
(σ) are also shown, together with the number of generated events (N). We detail each of the
background contributions according to the final state signature, ` standing equivalently for
electrons, muons, leptonic and hadronic taus, ν for any neutrino, and jets or j for any kind
of jet. Moreover, the notation incl. indicates that the produced samples are inclusive in the
decays of the produced particles. We refer to the rest of this section for more information, in
particular on the adopted values for the cross sections.

duction is traditionally simulated using parton showering programs. These tools describe QCD
emissions as successive branchings of a mother parton into two daughter partons, the associated
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probability laws being based on Markov chain techniques built upon the Sudakov form factor.
The latter must however be approximated in a way allowing for a description in terms of a
Monte Carlo algorithm, which enforces to truncate it, in general, to the leading logarithmic
accuracy. This description is formally only correct in the phase space regions where QCD
radiation is soft and collinear and fails when considering the production of hard and widely
separated additional partons. In this case, matrix elements describing the same final state
together with an additional parton are required.

In order to obtain a good description over the whole kinematical range, parton showering
and matrix element methods have to be eventually matched. We then allow for the matrix
elements to contain up to n additional hard jets and merge the n+1 different samples, after par-
ton showering, following the kT -MLM merging scheme [86] as implemented in the MadEvent
generator [87] interfaced to Pythia 6 [45]. In this setup, two parton-level selection criteria are
imposed. Firstly, parton-level final state jets are generated with a minimum jet measure kT
larger than a process-dependent threshold kmin

T . The quantity kT is defined, when considering
two final state jets labeled by i and j, by

k2
T = min(p2

T i, p
2
Tj)Rij , (7.2.1)

where pT i and pTj are the transverse momenta of the jets and Rij their angular distance in
the (η, ϕ) plane, η denoting the pseudorapidity and ϕ the azimuthal angle with respect to the
beam direction. Secondly, in order to ensure better QCD factorization properties with respect
to initial-state collinear singularities [531], we define the jet measure related to an initial state
splitting as its transverse momentum,

kT = pT i , (7.2.2)

and ask it to be larger than a process-dependent value pmin
T .

The events are then passed to Pythia for parton showering and jets are reconstructed
making use of a kT -jet algorithm [504] with a (process-dependent) cut-off scale Qm. A jet is
said to be matched to one of the original partons only if the jet measure between the jet and
this parton is smaller than Qm. In our procedure, only events where each jet is matched to one
parton and where each parton is related to one jet are retained, with the exception of events
belonging to the sample with the highest jet multiplicity. In this case, extra jets are allowed,
which maintains the full inclusiveness of the merged sample. A correct choice for the merging
parameters kmin

T , pmin
T and Qm is crucial since this allows for a coherent splitting of the phase

space among regions dominated by matrix-element-based predictions and regions where parton
showering correctly describes QCD emission.

In order to probe the smoothness of the transition between these regions, differential jet rate
spectra are traditionally investigated. This class of variables consists of the distributions of the
scale at which a specific event switches from a N -jet configuration to a N + 1-jet configuration,
for various values of the integer number N . The merging procedure has been validated for
all simulated background contributions. For brevity, we only illustrate this validation in the
context of Z-boson production (see Section 7.2.2).

The values chosen for the parton-level selection thresholds pmin
T and kmin

T , the maximum
number of included hard emissions n and the merging scale Qm are indicated in Table 7.3 for
the various background processes that have been simulated. This table also contains the cross
section values σ employed for the normalization of the different samples and the numbers of
generated events N .
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Figure 7.4: Differential jet rate distributions for the process pp → Z+ 0, 1, 2, 3, and 4 jets,
where multiparton matrix elements have been merged by employing the kT -MLM scheme.

7.2.2 Single boson production in association with jets

In terms of cross section, the main contributions to the Standard Model background orig-
inate from single weak gauge boson production in association with jets1. After imposing the
gauge bosons to decay either leptonically or invisibly,

pp→W + jets → `ν + jets ,

pp→ Z + jets → ``+ jets , pp→ Z + jets → νν + jets ,
(7.2.3)

where ` and ν generically denote any charged lepton (including the tau) and neutrino, respec-
tively, we have merged event samples containing up to four additional hard jets. We choose the
jet measure thresholds to be pmin

T = kmin
T = 10 GeV and fix the merging scale to Qm = 20 GeV.

The suitability of these parameters is checked on Figure 7.4 where we present differential jet
rate distributions for pp → Z + 0, 1, 2, 3 and 4 jets events, the figures having been computed
by making use of the MadAnalysis 5 package [85]2.

1In our setup, QCD multijet production is not simulated since in order to investigate this background contri-
bution properly, data-driven methods are more appropriate than Monte Carlo simulations. We choose to resort
instead on available experimental studies to ensure a good control of the QCD background by designing an
appropriate event selection strategy.

2As stated above, we have checked the relevance of the adopted merging parameters for all the simulated
sources of background. Since all results are similar as in Figure 7.4, the corresponding figures for the other
background contributions have been omitted for brevity.
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On the left panel of the upper line of the figure, we show the 1 → 0 differential jet rate
distribution, or in other words, the distribution of the scale at which an event passes from a
configuration where no final state jet remains after reconstruction to a configuration with one
single final state jet does. It is found that only events related to the production of a Z-boson
without any extra hard jet contribute to the region to the left of the cut-off scale Qm where
parton radiation is dominated by parton showering. All the other events (with one hard jet or
more at the matrix-element level) contribute to the region located to the right of the cut-off
scale, radiation being here correctly described by means of matrix elements. From the figure,
the cut-off scale is extracted and found to be equal to 20 GeV, in agreement with the Monte
Carlo setup. Similar analyses can be performed for the 2→ 1 (right panel of the upper line of
the figure), 3→ 2 (left panel of the lower line of the figure) and 4→ 3 (right panel of the lower
line of the figure) differential jet rate distributions.

We reweight the events according to the next-to-next-to-leading order cross sections as
obtained by making use of the Fewz package [532, 533, 534]. Employing the recent set of
parton densities CT10 provided by the CTEQ collaboration [535], the results, including the
relevant weak boson decays of Eq. (7.2.3), read

σW = 35678 pb and σZ = 10319 pb , (7.2.4)

where we omit any source of theoretical uncertainties as neglected in the prospective studies
performed in this work, although these are mandatory in any experimental analysis aiming to a
proper derivation of any new physics limits. Moreover, virtual photon contributions have been
considered for dileptonic final state production, after imposing a necessary parton-level selection
on the dilepton invariant mass in the calculation of the σZ cross section, m`` ≥ 50 GeV.

7.2.3 Single and pair production of top quarks in association with jets

We generate three distinct tt̄ event samples according to the possible decays of the tt̄ pair,
the latter being allowed to decay either into a dileptonic final state, a semileptonic one or into
a fully hadronic one. In our classification, tau leptons are considered as any other charged
leptons, whatever they decay to. Parton-level events have been simulated based on matrix
elements containing up to two additional jets after imposing the (parton-level) jet measure to
be larger than pmin

T = kmin
T = 20 GeV. We then combine event samples related to the three

processes pp → tt̄, pp → tt̄ plus one jet and pp → tt̄ plus two jets following to the MLM
merging technique, setting the merging scale to Qm = 30 GeV. The results are reweighted
according to the production cross section evaluated at the next-to-leading order accuracy, after
including genuine next-to-next-to-leading order contributions, as predicted by the Hathor
program [536, 537]3,

σtt̄(hadronic)=116.2 pb, σtt̄(semileptonic)=112.4 pb and σtt̄(dileptonic)=27.2 pb. (7.2.5)

As for single gauge boson production, those results have been obtained by convoluting partonic
cross sections with the parton density set CT10 of the CTEQ collaboration [535].

Single top event generation has been split into the generation of three different inclusive
samples. We distinguish at the parton-level s-channel diagrams where the top quark is produced
in association with a b quark, t-channel diagrams where the top quark is produced in association
with a light jet, and tW diagrams describing the associated production of a top quark and a

3 By the time of writing, full next-to-next-to-leading order results for top-antitop production cross sections
have been made available [538]. While we do not include those new results, the corresponding changes in the
employed values for the total cross sections are however small.
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W -boson. In order to maintain this distinction non-ambiguous, the MLM merging procedure
has not been applied since it possibly implies a double counting over the three channels due to
particular diagrams with extra radiation that can belong to several of the categories, although
the kinematical regimes are different for all three channels. The events generated with the
leading-order generator MadGraph 5 are reweighted according to the next-to-leading order
precision, after including in the cross section calculations genuine next-to-next-to-leading order
contributions [539, 540, 541, 542],

σt(s-channel) = 1.81 pb, σt(t-channel) = 28.4 pb and σt(tW -channel) = 12.1 pb. (7.2.6)

7.2.4 Diboson production in association with jets

The simulation of events related to diboson production in association with jets has been
split into several samples according to the weak boson decay products (see Table 7.3). In the
analyses performed in Section 7.3 and Section 7.4, we always preselect events containing either
at least one charged lepton or missing energy so that we do not consider pure multijet final
states, for which the associated production rate is also widely suppressed compared to the
strong production channels. Moreover, we have included virtual photon contributions where
relevant and consequently imposed a parton-level selection on the dilepton invariant-mass of
m`` ≥ 50 GeV when both leptons have the same flavor and an opposite electric charge.

We have merged hard matrix elements including up to two additional hard jets, making
use of the MLM merging procedure as described in Section 7.2.1. To this aim, we impose
that parton-level jets satisfy the selection thresholds pmin

T = kmin
T = 10 GeV and we fix the

merging scale to Qm = 20 GeV. The cross sections have been normalized to the next-to-
leading order accuracy as provided by the Mcfm package [543, 544], employing the CT10
parton density sets [535]. The rates related to W -boson pair-production are thus given, after
including branching ratios relevant for the considered final states, by

σW+W−(1` 1ν 2jets) = 24.3 pb and σW+W−(2` 2ν) = 5.87 pb, (7.2.7)

those related to the associated production of a W -boson with a Z-boson by

σWZ(1` 1ν 2jets) = 5.03 pb, σWZ(2ν 2jets) = 2.98 pb, σWZ(2` 2jets) = 1.58 pb,

σWZ(1` 3ν) = 1.44 pb and σWZ(3` 1ν) = 0.762 pb,
(7.2.8)

and those related to Z-boson pair-production by

σZZ(2ν 2jets) = 2.21 pb, σZZ(2` 2jets) = 1.18 pb, σZZ(4ν) = 634 fb,

σZZ(2` 2ν) = 319.9 fb and σZZ(4`) = 168.3 fb.
(7.2.9)

In addition, we have also simulated specific samples describing the production of a pair of
W -bosons with the same electric charge. The total rate are normalized according to

σW±W±(1` 1ν 2jets) = 47.5 fb and σW±W±(2` 2ν) = 12.8 fb. (7.2.10)

as computed with the leading-order event generator MadGraph 5 and the leading order set
of the CTEQ6 parton density fit [501].



196 Chapter 7 - From non-minimal supersymmetry to effective field theories

7.2.5 Rare Standard Model processes

Complementary to the main Standard Model background processes described in the pre-
vious sections, we have generated events related to several classes of rare Standard Model
processes. First, we consider the production of a top-antitop pair in associated with one ad-
ditional (neutral or charged) weak boson and possibly extra jets. Our event simulation setup
allows for the hard matrix elements to contain up to two additional jets, the MLM-merging
parameters being set to pmin

T = kmin
T = 10 GeV and Qm = 20 GeV. The produced samples are

then normalized according to the next-to-leading order results as provided by Mcfm [545],

σttW = 254 fb and σttZ = 205 fb, (7.2.11)

all the cross sections being inclusive in the top quark and weak boson decays.
Next, we also consider the production of a top-antitop pair in association with two W -

bosons. We normalize the events to the leading-order accuracy and employ the cross section
as returned by MadGraph 5,

σttWW = 13.9 fb. (7.2.12)

As above, matrix elements are allowed to contain up to two additional jets and the merging
parameters are taken similarly to the tt̄V production cases with V = W,Z.

We also consider the production of a single top or antitop quark in associated with a
neutral Z-boson and a light or b-tagged jet. Matrix elements containing up to one extra jet
are merged, the MLM procedure parameters being set to pmin

T = 20 GeV, kmin
T = 6.5 GeV and

Qm = 10 GeV. We normalize the generated event sample to the leading order accuracy, making
use of the total inclusive cross section as returned by MadGraph 5,

σtzj = 45.6 fb, (7.2.13)

where the subscript j equivalently denotes here light and b-tagged jets.
Finally, four-top quark production is simulated without applying any merging procedure

and the generated sample is normalized to the leading-order accuracy. The total rate provided
by MadGraph 5 reads

σtttt = 0.7 fb. (7.2.14)

7.3 Monotop production with a CMS-like detector

In Section 6.4.2, we have designed an event selection strategy dedicated to the search for
a single top squark produced via R-parity violating supersymmetric interactions and decaying
into a monotop final state. In this section, we show how this search strategy can serve as a
basis for a monotop event selection in a more general context. We start from the Lagrangian
of Eq. (7.1.4) and investigate event samples associated with the four scenarios S.I, S.II, S.III
and S.IV of Section 7.1.1 in order to probe the LHC sensitivity to monotops in many classes
of new physics theories simultaneously4.

In order to evaluate the parameter space regions that can be probed with 20 fb−1 of LHC
data recorded during the 2012 run, we simulate proton-proton collisions at a center-of-mass
energy of 8 TeV. Since the Standard Model background simulation has already been introduced
and detailed in Section 7.2, we only provide some details on the simulation of the signal. In
this case, event samples are produced by means of MadGraph 5, after having implemented

4 The reinterpretation of the results in the framework of a given theory lies however beyond the scope of this
work.
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the effective field theory presented in Section 7.1.1 into FeynRules in order to generate the
necessary UFO model library for MadGraph 5. Parton-level squared matrix elements have
been convoluted with the leading order set of the CTEQ6 parton density fit [501], fixing both
the renormalization and factorization scales to the transverse mass of the monotop system. De-
tector simulation is finally performed for both signal and background by means of the Delphes
program [88]. We have employed a detector setup based on the publicly available CMS card
which however includes a different modeling of the performances of the CMS detector as de-
scribed in Ref. [546] and a more recent description of the b-tagging efficiency and mistagging
rates. The latter is based, as in Section 6.4.2, on the TCHEL algorithm of CMS [508, 507]. We
eventually make use of the MadAnalysis 5 framework [85] to analyze the generated events.

7.3.1 Object definitions

As shown in Section 6.4.2, we can benefit from the hadronically decaying top quark plus
missing energy signature of the final state to apply a monotop-dedicated preselection aiming to
already largely reduce the Standard Model background. This selection employs several objects
such as jets that can be b-tagged or not, missing transverse energy and isolated charged lepton
(in order to reject any event whose final state features at least one isolated charged lepton).

Isolated electrons and muons are first required to have their transverse momentum satisfying
p`T ≥ 10 GeV and their pseudorapidity such that |η`| < 2.5. Concerning isolation, we compute,
for each candidate, a variable denoted by Irel corresponding to the amount of transverse energy,
evaluated relatively to the lepton p`T , present in a cone of radius R=

√
∆ϕ2 + ∆η2 =0.4 centered

on the lepton, ϕ being the azimuthal angle with respect to the beam direction. We then require
this quantity to satisfy the constraint Irel ≤ 20%.

Jets are reconstructed using an anti-kT algorithm [504] as implemented in the FastJet
package [502, 503], using a radius parameter set to R = 0.4. Among all reconstructed jet
candidates, we only consider those lying within the detector geometrical acceptance, i.e., those
with a pseudorapidity satisfying |ηj | ≤ 2.5. In addition, we impose their transverse momentum
pjT to be greater than 30 GeV and we demand that the ratio between the associated hadronic
and electromagnetic calorimeter deposits is larger than 30%.

Finally, the missing energy is calculated on the basis of Eq. (6.4.2), i.e., as the scalar sum
of the transverse momentum of all the visible objects.

7.3.2 Seeking monotops at the LHC

Hadronic monotop production leads to a final state containing missing energy related to the
undetected new state (denoted by χ in scenarios of class S.I and S.II and respectively by φ and
V in scenarios of class S.III and S.IV) and the decay products of the top quark. Focusing as
in Section 6.4.2 on hadronic decays of the top quark, these decay products consist of one single
b-tagged jet and two light (non b-tagged) jets. We therefore preselect events whose final state
is comprised of one single b-tagged jet with a transverse momentum of at least 50 GeV and two
or three light jets. This selection allows us to make use of monotop events containing initial or
final state radiation. This has been found to increase the sensitivity defined as the significance
S/
√
S +B, S and B respectively being the number of signal and background events after all

selections described in the rest of this section. In addition, any event with a least one identified
charged lepton is rejected.

After this preselection, about 8 ·105 background events are expected, although this number
does not account for possible QCD multijet contributions which have not been simulated. As
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said in Section 6.4.2, we base ourselves on existing experimental and pioneering phenomeno-
logical analyses to ensure that the full selection strategy presented below is sufficient to have
this source of background under good control [142, 509, 510]. These 8 · 105 Standard Model
background events are comprised in 35% of the cases of events issued from the production
of a leptonically decaying W -boson in association with jets, the charged lepton being either
too soft (p`T < 10 GeV), non-isolated, or outside the detector acceptance (|η`| > 2.5)5. The
next-to-leading background component (25% of the Standard Model background) is made up
of top-antitop events. For half of the events, both top quarks are found to decay hadronically
whereas for the other half, only one of the top quarks decays hadronically, the other one de-
caying to a non-reconstructed lepton. The rest of the background finds its origin in single top
production (mainly in the t-channel mode) in 20% of the cases and in the associated production
of an invisibly-decaying Z-boson with jets in 15% of the cases. Any other contribution to the
background, such as events originating from diboson or rarer Standard Model processes, is at
this stage found to be subdominant.

As already mentioned in Ref. [142], a simple selection on the missing energy is expected to
be sufficient to suppress most of the background. This is illustrated on Figure 7.5 where we
present the missing transverse energy distribution for the different background contributions
as well as for a small set of representative signal scenarios. On the upper panel of the figure,
we address scenarios of type S.I and S.II where the monotop signature arises from the decay
of a resonance. We choose four scenarios depicting features associated with different regions of
the parameter space. Two of the benchmark points are of class S.I and exhibit a heavy scalar
resonant state of mass mϕ = 1000 GeV. The invisible fermion is then either moderately light
(mχ = 300 GeV) or rather heavy (mχ = 800 GeV). In the first case, the available phase space
for the decay into a monotop state is important while in the second case, the monotop system
has to be produced almost at threshold. The two last illustrative scenarios are of type S.II with
a rather light vector resonance of mass mX = 200 GeV and mX = 500 GeV, respectively. For
the first scenario, the mass of the invisible particle must be chosen very light (mχ = 25 GeV)
in order to allow the resonance to decay into a monotop state, while in the second one, its
mass is taken more moderately, mχ = 100 GeV. Investigating the missing energy distributions
shown in the figure, we observe a typical resonant behavior, the spectrum showing an edge
(distorted due to detector effects) at a value depending both on the mass of the resonance
and on the one of the invisible particle. For larger mass differences, and in particular for very
heavy resonances, the missing energy spectrum extents to larger values. This suggests a key
event selection criterion requiring an important quantity of missing energy which would yield
the rejection of most of the Standard Model background and allow us to keep a large fraction
of the signal events. In contrast, when the resonance mass is close to the sum of the top mass
and the invisible particle mass, the position of the edge of the spectrum lies at lower missing
energy values, which renders the observation of such a monotop state challenging due to the
much larger Standard Model background. We therefore design two different monotop search
strategies, one of them being dedicated to the low mass region with a selection threshold on
the missing energy taken as low as possible (but reasonable enough to ensure a good control
of the Standard Model background), and another one with a harder selection on the missing
energy, expected to be more sensible to the high mass region.

On the lower panel of Figure 7.5, we superimpose to the Standard Model predictions four
representative signal scenarios of class S.III and S.IV where the monotop state arises from
a flavor-changing interaction. We consider lighter scalar invisible states in the case of S.III

5Within the Delphes simulation setup, leptons cannot be mis-reconstructed as jets although this contribution
has also to be accounted for in any more realistic experimental analysis.
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Figure 7.5: Missing transverse energy distributions after preselecting events containing exactly
one single b-tagged jet, two or three light jets and no isolated charged leptons. We distin-
guish the various contributions to the Standard Model background and present results for the
production of Z-boson (gray), W -boson (blue), top-antitop pairs (red), single top (green) and
diboson (mauve) in association with jets, as well as those related to rarer Standard Model
processes (orange). Predictions for four representative signal scenarios of class S.I and S.II are
superimposed to the Standard Model expectation for different choices of resonance and invisible
particle masses on the upper panel of the figure while the lower panel addresses scenarios of
class S.III and S.IV. The coupling strengths are taken as a = 0.1 in all cases.
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scenarios with mφ = 100 GeV and mφ = 300 GeV and heavier vector invisible state in the
context of S.IV scenarios with mV = 600 GeV and mV = 1000 GeV. Compared to the resonant
case, the distributions are flatter and show a peak whose value depends on the mass of the
invisible particle. However, even for small masses, the peak stands already at larger /ET values
compared to the Standard Model background. Similarly, a key selection strategy based on the
missing energy would allow, in most of the cases, for a good background rejection together with
an important signal selection efficiency.

From those considerations, we define two options for a missing energy selection and ask it
to satisfy

either /ET ≥ 150 GeV or /ET ≥ 250 GeV . (7.3.1)

The first choice is driven by the missing transverse energy value for which the ATLAS and
CMS detectors can trig on with an efficiency greater than 70% [547, 548], assuming the use
of missing energy only triggers6. Such a low missing energy selection threshold is expected
to increase the sensitivity to monotop parameter space regions where the invisible particle is
light or, for scenarios of type S.I and S.II, when the intermediate resonance is not that heavy
(see Figure 7.5). In contrast, the second choice on the missing transverse energy selection is
dedicated to parameter space regions with a heavier invisible particle (but only for benchmark
points where the production cross section is large enough) or, in the context of scenarios of class
S.I and S.II featuring a heavier resonance. A more stringent missing energy selection is also
associated with a trigger efficiency closer to unity for both LHC experiments. Additionally, both
choices are also expected to lead to a good control of the non-simulated multijet background,
together with the current preselection [142, 509, 510].

After imposing /ET ≥ 150 GeV, about 45000 background events are found to survive, most
of them being related to the production of an invisibly decaying Z-boson (43%), a W -boson
(37%) or a top-antitop pair (15%) with jets. With the harder selection on the missing energy
/ET ≥ 250 GeV, only about 8000 background events remain. In this case, the three main sources
of Standard Model background consist of events associated with the production of a Z-boson
(53%), a W -boson (33%) or of a top-antitop pair (8%) in association with jets.

The next steps of the selection take advantage of the configuration of the final state for
signal events. Two of the selected light jets j1 and j2 must have an invariant mass mj1j2

compatible with the mass of a W -boson so that we reject events for which

mj1j2 /∈ [50, 105] GeV . (7.3.2)

In the case of events containing three light jets, we define as mj1j2 the invariant mass of the dijet
system whose invariant mass is the closest to the W -boson mass. In addition, we require the
leading jet momentum ~p(j1) to be separated from the missing momentum ~/pT in the transverse
plane,

∆ϕ
(
~/pT , ~p(j1)

)
∈ [0.5, 5.75] , (7.3.3)

recalling that ϕ stands for the azimuthal angle with respect to the beam direction. Taking into
account the b-tagged jet b, we reconstruct the top quark as the system comprised of the three
jets j1, j2 and b. We first demand that the reconstructed top is well separated from the missing
momentum direction,

∆ϕ
(
~/pT , ~p(t)

)
∈ [1, 5] . (7.3.4)

6The use of missing energy plus jet triggers is in principle also possible, but this has been found to decrease
the sensitivity [148].
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Figure 7.6: Invariant mass distribution of the three-jet system comprised of the b-tagged jet
and the two light jets defined as originating from a W -boson decay, after applying the selection
strategy described in the text with a missing transverse energy requirement of /ET ≥ 150 GeV.
We distinguish the various dominant contributions to the Standard Model background and
present results for Z-boson (gray), W -boson (blue) and top-antitop pairs (red) production in
association with jets, as well as those related to other Standard Model processes contributing in
a smaller extent (orange). Predictions for four representative signal scenarios of class S.I and
S.II are superimposed to the Standard Model expectation for different choices of resonance
and invisible particle masses on the upper panel of the figure while the lower panel addresses
scenarios of class S.III and S.IV. The coupling strengths are taken as a = 0.1 in all cases.
There is no event surviving the selection strategy in the case of the fourth signal scenario
included in the upper panel of Figure 7.5.



202 Chapter 7 - From non-minimal supersymmetry to effective field theories

 [GeV]
2

j
1

bjM
50 100 150 200 250 300 350 400 450 500

ev
en

ts
N

1

10

210

310

) = (1000, 300) GeV
χ

,m
ϕ

S.I, (m

) = (1000, 800) GeV
χ

,m
ϕ

S.I, (m

) = (500, 100) GeV
χ

, m
X

S.II, (m

Z-boson

W-boson
Top-antitop

Other

 250 GeV≥ TEMonotop production at the LHC (8 TeV) - 

 [GeV]
2

j
1

bjM
50 100 150 200 250 300 350 400 450 500

ev
en

ts
N

1

10

210

310  = 100 GeV
φ

S.III, m
 = 300 GeV

φ
S.III, m

 = 600 GeV
V

S.IV, m
 = 1000 GeV

V
S.IV, m

Z-boson
W-boson
Top-antitop
Other

 250 GeV≥ TEMonotop production at the LHC (8 TeV) - 

Figure 7.7: Same as in Figure 7.6 but for a missing transverse energy requirement of
/ET ≥ 250 GeV.
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Background Nevents, /ET ≥ 150 GeV Nevents, /ET ≥ 250 GeV

Z-boson plus jets 1411± 38 210± 15
W -boson plus jets 1064± 33 148± 12

Top-antitop pair plus jets 1486± 39 105± 10
Other background sources 262± 15 34.7± 5.9

Total 4223± 65 497± 22

Table 7.4: Number of expected monotop events (Nevents) for 20 fb−1 of LHC collisions at
a center-of-mass energy of 8 TeV, given together with the associated statistical uncertainties.
These numbers have been derived after applying all the selections described in the text for two
different requirements on the missing transverse energy. We present results for the different
contributions to the Standard Model background.

Signal scenario Nevents, /ET ≥ 150 GeV Nevents, /ET ≥ 250 GeV

S.I, mϕ = 1000 GeV, mχ = 300 GeV 664± 25 581± 23
S.I, mϕ = 1000 GeV, mχ = 800 GeV 29.4± 5.4 4.1± 2.0
S.II, mX = 200 GeV, mχ = 25 GeV ≈ 0 ≈ 0
S.II, mX = 500 GeV, mχ = 100 GeV 31047± 171 334± 18

S.III, mφ = 100 GeV 885± 29 212± 15
S.III, mφ = 300 GeV 268± 16 92.0± 9.5
S.IV, mV = 600 GeV 191± 14 95.6± 9.7
S.IV, mV = 1000 GeV 19.7± 4.3 11.0± 3.3

Table 7.5: Same as above but for each of the eight representative signal scenarios introduced
in this section. The free coupling parameter is chosen in each case as a = 0.1.

At this stage of the analysis, the Standard Model background consists of about 15000
(2000) events when applying the /ET ≥ 150 GeV (250 GeV) missing energy requirement and is
composed at 40% (52%), 33% (31%) and 22% (11%) of events originating from the production
of a Z-boson, a W -boson and a top-antitop pair, respectively, in association with jets. We
illustrate the selection performed so far on Figure 7.6 and Figure 7.7 by presenting the trijet
invariant-mass mbj1j2 spectrum for the different (dominant) background contributions and a
few representative signal scenarios. The first series of figures (Figure 7.6) is dedicated to the
analysis strategy with the softer missing energy selection. On the upper panel of the figure, we
compare the background expectation to predictions for signal scenarios of class S.I and S.II,
whereas the lower panel of the figure addresses scenarios of class S.III and S.IV. Similarly,
Figure 7.7 concerns the analysis strategy with the hardest missing energy requirement.

As illustrated on the four subfigures, constraining the invariant mass of the three jet system,
or equivalently constraining the reconstructed top mass, can help to reduce the background
contamination. We hence enforce the mbj1j2 quantity to lie close to the value of the top mass,
since contrary to the different signal spectra which present a clear peak centered around the
mass of the top quark, the background expectation exhibits a continuum extending to much
larger values of the invariant mass mbj1j2 . We therefore reject events for which

mbj1j2 /∈ [140, 195] GeV , (7.3.5)

and obtain the number of events given in Table 7.4 for the different (dominant) contributions
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to the Standard Model background and in Table 7.5 for the eight representative signal scenarios
investigated in details in this section. As already mentioned, resonant scenarios of class S.I
and S.II lead to a number of selected events largely depending on both the resonant mass,
whose production cross section depends on, and on its difference with the sum of the top mass
and the invisible fermion mass which controls the position of the edge in the missing energy
distribution. In contrast, flavor-changing monotop production as featured in scenarios of class
S.III and S.IV predicts a number of events surviving the selection strategies only depending on
the invisible particle mass. In all cases, we have chosen a given value of the coupling strength a
fixed to a = 0.1 for the sake of the example. Results for other values of a can easily be deduced
as the number of selected signal events is proportional to a2.

We now translate the number of signal (S) and background (B) events passing all selections
in terms of the LHC sensitivity, with 20 fb−1 of proton-proton collisions at a center-of-mass
energy of 8 TeV, to monotops as produced in the context of scenarios of type S.I (upper panel
of Figure 7.8), S.II (lower panel of Figure 7.8), S.III (upper panel of Figure 7.9) and S.IV
(lower panel of Figure 7.9). In those figures, we define the sensitivity to each benchmark point
as the significance s = S/

√
S +B and present the contour lines where s = 3 (dotted curves)

and s = 5 (plain curves).

On Figure 7.8, we extract the significance as a function of both the resonant and the
invisible fermion masses for different values of the coupling strength a. We first observe that
the LHC is more sensitive to scenarios where the resonance decaying into a monotop state is
a vector particle. As already mentioned in Section 7.1.1, this effect is directly related to the
larger cross section in scenarios of class S.II for a given choice of masses. Next, it is found
that very large coupling values of a ≥ 0.1 implies a very good coverage of the parameter space
by the LHC, both concerning a possible monotop discovery (the 5σ curves) or the observation
of an important deviation (the 3σ curves) with respect to the Standard Model expectation.
In this way, resonance masses ranging up to about 1-1.5 TeV (1.5-2 TeV) are accessible, for
invisible particle masses of 800-1300 GeV (1200-1800 GeV) in scenarios of type S.I (S.II). For
smaller coupling strengths, the reaches are reduced, although the LHC remains a promising
machine for accessing the low mass regions of the parameter space. Finally, comparing the
left column of the figure to its right column, we again conclude that a larger missing energy
requirement increases the analysis sensitivity to the high mass parameter space regions whereas
it simultaneously decrease the sensitivity to the low mass regions.

We recall that we have neglected here the efficiencies of the missing energy only triggers
[547, 548]. Even if requiring /ET ≥ 150 GeV is above the thresholds for both the ATLAS and
CMS experiments, the corresponding efficiencies are lower than in the case of a /ET ≥ 250 GeV
selection, which could slightly changes the picture depicted in the figures.

Similar conclusions are found for scenarios of class S.III and S.IV in Figure 7.9. The
results are here presented in two-dimensional planes with the invisible particle mass on the x-
axis (mφ and mV for scenarios of type S.III and S.IV, respectively) and the coupling strength
a on the y-axis. In contrast to the resonant case for which there exists no public results for
monotop searches at a collider experiment, monotop production induced by a flavor-changing
interaction has been searched for by the CDF collaboration in the case the invisible particle is
a new vector state [145] (see also Section 8). Limits on the monotop production cross section
for masses of the invisible vector particle lying in the range [0, 150] GeV have been extracted
from data. The non-observation of any signal event has implied that for a coupling strength of
a = 0.1, benchmark scenarios for which mV ≤ 140 GeV are excluded. From the curves shown
on Figure 7.9, it is clear that future results from monotop analyses at the LHC could greatly
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Figure 7.8: LHC sensitivity to monotop production in the context of scenarios of class S.I
(upper figures) and S.II (lower figures) with 20 fb−1 of proton-proton collisions at a center-
of-mass energy of 8 TeV. The sensitivity is calculated as the ratio S/

√
S +B where S is the

number of signal events surviving all selections presented in the text. The results, given in the
(mχ,mϕ) and (mχ,mX) planes for scenarios of class S.I and S.II, respectively, are presented
for several values of the coupling parameter a = 0.02 (green), 0.04 (blue), 0.1 (red) and 0.3
(black). Moreover, we focus on a search strategy based on a missing energy requirement of
/ET ≥ 150 GeV in the left column of the figure, whereas those related to the /ET ≥ 250 GeV
selection are shown in the right column of the figure.
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Figure 7.9: Same as in Figure 7.8 but in the context of monotop scenarios of class S.III (upper
figures) and S.IV (lower figures). The results are this time given in the (mφ, a) and (mV , a)
planes for scenarios of class S.III and S.IV, respectively.
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improve the current constraints7.

7.4 Sgluon-induced multitop production with an ATLAS-like
detector

In this section, we use the effective model describing sgluon pair production and decay
constructed in Section 7.1.2 to analyze the sensitivity of the LHC through two search strategies,
the first one being based on a multilepton plus jets signature and the second one on a single
lepton plus jets signature. The Standard Model background contributions are generated as in
Section 7.2 and we leave out any further detail from this section. Concerning signal events,
they have been simulated by means of the MadGraph 5 program and reweighted so that the
production cross section matches the next-to-leading order result [528, 529]. The UFO model
files employed with MadGraph 5 have been generated after implementing the model described
in Section 7.1.2 into FeynRules. While the leading order set of the CTEQ6 parton density
fit is again employed [501], both the renormalization and factorization scales have been fixed
to the transverse mass of the sgluon pair. Parton showering, hadronization and tau decays
are then handled as in Section 7.2, using the Pythia 6 package and the Tauola program.
Finally, detector simulation is performed, both for the signal and the background, by means of
the Delphes program, using the public ATLAS card.

7.4.1 Object definitions

Jets are reconstructed using an anti-kT algorithm [504] as provided by the FastJet pack-
age [502, 503], the radius parameter being set to R = 0.4. In addition, we apply a correction
factor to the reconstructed jet transverse energy. This allows us to account for magnetic field
effects as simulated by Delphes which are known to introduce large bias in energy reconstruc-
tion, in particular for jets with a low transverse momentum pT which get their energy spread

out within the detector. Denoting by E
(reco)
T the reconstructed jet transverse energy and by

E
(truth)
T the jet transverse energy before detector simulation, we model these effects through

the variable

ω =
E

(reco)
T − E(truth)

T

E
(truth)
T

. (7.4.1)

The evolution of this variable with the (true) jet energy is presented by red squares on Fig-
ure 7.10. This figure is based on dijet events originating from the decay of a sequential Z ′-boson,
i.e., a massive vector boson with the same couplings to quarks and leptons as the Standard
Model Z-boson. In order to probe the entire energy range, we have allowed the Z ′ mass to
vary in the range [200, 1000] GeV. The energy loss reaches about 5% for low-pT jets with

E
(truth)
T = 20 GeV while it stabilizes to about 1% for jets with a transverse energy E

(truth)
T

larger than 500 GeV. Fitting the distribution, we account for magnetic field effects by an ad-
hoc energy calibration. This leads to the application on the reconstructed jet energy of the
correction function

E
(cal)
T =

[
2.62 · 10−3 − 0.451GeV

E
(reco)
T

ln
E

(reco)
T

1 GeV

]
E

(reco)
T , (7.4.2)

7Although both the ATLAS and CMS collaborations are currently analyzing data for hints of a monotop
signal, no result is currently publicly available [147, 148] for comparison.



208 Chapter 7 - From non-minimal supersymmetry to effective field theories

 [GeV](truth)
TE

100 200 300 400 500 600 700 800 900 1000

t

-0.1

-0.08

-0.06

-0.04

-0.02

0

0.02

Before calibration

After calibration

Figure 7.10: Evolution of the ω-variable defined in Eq. (7.4.1) with respect to the true transverse

energy of the reconstructed jet E
(truth)
T before (red squares) and after (blue circles) calibration.

Figure taken from Ref. [143].

where E
(cal)
T is the jet transverse energy after calibration and where all the energies are given

in GeV. This procedure allows us to recover a correct jet energy for transverse energy as low

as E
(truth)
T ∼ 40 GeV, as shown by the blue circles on Figure 7.10.

In our analysis, only jets with a calibrated transverse energy E
(cal)
T ≥ 20 GeV and a pseu-

dorapidity |η| ≤ 2.5, are retained. In addition, we estimate a b-tagging efficiency of about 60%,
while the associated charm and light flavor mistagging rate are assumed to be of about 10%
and 1%, respectively.

Charged lepton candidates are requested to have a transverse momentum pT ≥ 20 GeV and
a pseudorapidity |η| ≤ 2.47 and |η| ≤ 2.5 for electrons and muons, respectively. In addition, we
also impose two isolation criteria. First, the closest jet to an electron is removed from the event
if their relative angular distance ∆R =

√
∆ϕ2 + ∆η2 ≤ 0.1, where ϕ stands for the azimuthal

angle with respect to the beam direction. Secondly, in the case at least one jet is present within
a cone of radius R = 0.4 centered on the lepton, the lepton is this time removed.

7.4.2 Searching for sgluons via multitop events at the LHC

In the context of the two classes of scenarios introduced in Section 7.1.2 and summarized
in Table 7.1, sgluon pair production and decay lead to three topologies comprised of two top
quarks and two light jets (tjtj), three top quarks and one light jet (tjtt) and four top quarks
(tttt), denoting top and antitop quarks by the common symbol t and light jets by the symbol
j. In all channels, the final state is thus characterized by a large number of hard jets (between
four and twelve) with an important heavy-flavor content arising from the top decays. We
neglect full hadronic channels where each top quark is assumed to decay into a pair of light
jets and a single b-tagged jet. Although signal cross sections are larger than in the leptonic
cases, the overwhelming multijet background, whose a correct treatment requires data-driven
methods, renders any signal extraction from the background more challenging, so that we
restrict ourselves to leptonic final states, designing two analyses, a first one dedicated to events
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containing exactly one lepton and a second one to events with at least two leptons.

Event selection strategy for a multilepton plus jets signature

Events are preselected with the requirement that they contain exactly (for the tjtj topol-
ogy) or at least (for the other topologies) two charged leptons with a transverse momentum
p`T ≥ 20 GeV. Moreover, the invariant mass of a lepton pair is imposed to be m`` ≥ 50 GeV to
remove hadronic resonances decaying into a lepton pair. After this preselection, the Standard
Model background contains a large fraction of Drell-Yan dileptonic events (98.7% and 98.2% for
the tjtj and tjtt/tttt topologies, respectively). To reduce this background, a selection on the
missing transverse energy /ET , defined as in Eq. (6.4.2), is applied. By only considering events
where /ET ≥ 40 GeV, we take advantage of the fact that Drell-Yan events are characterized
by a lack of missing energy, whereas neutrinos arising from leptonic top decays ensure signal
events to contain a sensible quantity of missing energy.

On different footings, jets present in signal events originate mainly from the hadronization
of the decay products of the top quarks. In contrast, the hadronic activity in background
events is mostly issued from initial-state radiation that leads to a lower jet multiplicity. This
is illustrated in Figure 7.11 where we distinguish purely dileptonic final state arising from tjtj
events (upper panel of the figure) from signatures possibly containing more than two leptons
as induced by tjtt and tttt events (lower panel of the figure). To simultaneously maintain a
good sensitivity to the signal and to discard a substantial part of the background, the presence
of at least three, four and five jets with pjT ≥ 25 GeV is demanded for the tjtj, tjtt and tttt
final states, respectively. In addition, we benefit from the presence of heavy-flavor jets arising
from the fragmentation of long-lived b-quarks issued from top decays, requiring respectively at
least one, two and three b-tagged jets for the tjtj, tjtt and tttt search channels.

After applying the above-mentioned requirements to the preselected events, the signal selec-
tion efficiencies, computed from the information indicated in Table 7.6 containing the number
of events surviving each step of the analysis, are found to range from 15% to 50% for a sgluon
mass of Mσ = 400 GeV (scenario of class S.I) and from 25% to 60% for Mσ = 800 GeV (sce-
nario of class S.I for the tjtj and tjtt topologies and of class S.II for the four-top channel).
At this stage of the analysis, the Standard Model background has been divided by a factor of
about 400, 3000 and 100000 for the tjtj, tjtt and tttt search strategies, respectively, and is
now largely comprised of Drell-Yan and top-antitop (plus possibly one or two additional gauge
bosons) events. We therefore apply a specific selection on the dileptonic events and retain only
those where the leptons have the same electric charge. The signal efficiency of such a criterion
is of about 50% while only 10% and 20% of the background events survive in the context of
the tjtj and tjtt/tttt topologies. As a consequence, the background is eventually dominated by
top-antitop events for all three search channels, as well as by events related to the associated
production of a top-antitop pair with one or two additional gauge bosons in the case of the tttt
search strategy.

However, the multijet background, jets faking leptons and charge misidentification have
not been accounted for in our simulation setup, as already stated above. Recently, the ATLAS
collaboration has shown that after a selection strategy very similar to the one performed in this
work, neglecting these effects leads to an underestimation of the background contributions by a
factor of ten [511]. We therefore adopt a conservative approach and derive below two limits on
sgluon-induced new physics in multitop events. First, limits are extracted after omitting the
non-simulated background contributions. Next, they are derived after multiplying the number
of background events by a factor of ten.

Since signal events are expected to contain more jets and leptons than background events,
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Figure 7.11: Jet multiplicity distribution after selecting events with exactly (upper panel) or
at least (lower panel) two leptons, a certain amount of missing transverse energy /ET ≥ 40 GeV
and a dilepton invariant-mass m`` ≥ 50 GeV. Contributions arising from top-antitop (red)
and Drell-Yan (orange) events are factorized from the rest of the background (blue). Signal
distributions for several representative benchmark scenarios are also indicated in the context
of the tjtj (upper panel) and the tjtt/tttt (lower panel) by plain and dashed curves. Figures
taken from Ref. [143].
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Selections
tjtj channel

M I
σ = 400 GeV M I

σ = 800 GeV Backgrounds

N` = 2 with p`T ≥ 20 GeV (1.26± 0.02)·103 4.86± 0.30 (1.721± 0.002)·107

m`` ≥ 50 GeV (1.15± 0.02)·103 4.49± 0.28 (1.716± 0.002)·107

/ET ≥ 40 GeV (9.38± 0.20)·102 4.04± 0.27 (1.549± 0.004)·105

Nj ≥ 3 with pjT ≥ 25 GeV (9.18± 0.19)·102 4.04± 0.27 (5.693± 0.020)·104

Nb ≥ 1 (6.05± 0.16)·102 2.80± 0.22 (4.089± 0.011)·104

Same sign dilepton (2.81± 0.11)·102 1.06± 0.14 (4.191± 0.035)·103

Selections
tjtt channel

M I
σ = 400 GeV M I

σ = 800 GeV Backgrounds

N` ≥ 2 with p`T ≥ 20 GeV (2.89± 0.11)·102 4.71± 0.17 (1.722± 0.002)·107

m`` ≥ 50 GeV (2.63± 0.10)·102 4.44± 0.17 (1.717± 0.002)·107

/ET ≥ 40 GeV (2.17± 0.09)·102 4.12± 0.16 (1.598± 0.004)·105

Nj ≥ 4 with pjT ≥ 25 GeV (1.97± 0.09)·102 4.03± 0.16 (2.375± 0.012)·104

Nb ≥ 2 83.0± 6.0 1.89± 0.11 (5.950± 0.040)·103

Same sign dilepton 36.0± 4.0 0.77± 0.07 (2.860± 0.080)·102

Selections
tttt channel

M I
σ = 400 GeV M II

σ = 800 GeV Backgrounds

N` ≥ 2 with p`T ≥ 20 GeV 11.33 ± 0.33 7.90 ± 0.24 (1.722± 0.002)·107

m`` ≥ 50 GeV 10.42 ± 0.32 7.56 ± 0.22 (1.717± 0.002)·107

/ET ≥ 40 GeV 8.78 ± 0.30 7.03 ± 0.21 (1.598± 0.004)·105

Nj ≥ 5 with pjT ≥ 25 GeV 7.50 ± 0.27 6.60 ± 0.20 (8.11± 0.06)·103

Nb ≥ 3 1.61 ± 0.13 1.93 ± 0.11 (1.88± 0.06)·102

Same sign dilepton 0.69 ± 0.08 0.82 ± 0.07 10.3 ± 1.5

Table 7.6: Flow charts of the number of events surviving the multilepton selection strategy
described in the text for the tjtj (upper panel), tjtt (middle panel) and tttt (lower panel)
topologies, in the context of the LHC collider running at a center-of-mass energy of

√
s = 8 TeV

and for an integrated luminosity of 20 fb−1. We indicate, in addition, the associated statistical
uncertainties. For the tjtj and tjtt channels, the signal event numbers correspond to scenarios
of class S.I with a sgluon mass of M I

σ = 400 GeV and 800 GeV (second and third column of
the tables). Concerning the tttt channel, we respectively present instead the evolution of the
number of signal events for a scenario of class S.I with a sgluon mass of M I

σ = 400 GeV (second
column of the last table) and for a scenario of class S.II with a sgluon mass M II

σ = 800 GeV
(third column of the last table). The sum over all background contributions leads to the event
numbers shown in the last column of the tables.

we consider the HT variable defined by Eq. (6.5.1) to discriminate signal from background.
Omitting the tttt channel as its statistical significance is very poor (see Table 7.6 for two
illustrative benchmark scenarios), we respectively present HT distributions for the tjtj and
tjtt topologies on the upper and lower panels of Figure 7.12. We depict curves associated with
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Figure 7.12: Distribution of the HT variable defined in Eq. (6.5.1) after applying the selection
strategy presented in Table 7.6 for the tjtj (upper panel) and tjtt (lower panel) topologies. We
distinguish the dominant source of background related to the production of tt̄ pairs in associa-
tion with jets (red) from all the other contributions (blue). We superimpose the distributions
obtained for two signal scenarios of class S.I with respective sgluon mass of 400 GeV (plain)
and 800 GeV (dashed). Figures taken from Ref. [143].

signal scenarios of class S.I where the sgluon mass is fixed to 400 GeV and 800 GeV, as in Table
7.6. The distributions present a steep rise once the production threshold is reached, followed by
a large peak centered around twice the sgluon mass. We compare these curves to the background
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Figure 7.13: Jet multiplicity distribution after selecting events with exactly one lepton,
/ET ≥ 40 GeV and MW

T ≥ 25 GeV. We distinguish the tt̄ (red) and W -boson plus jets
(orange) contributions from the rest of the background (blue). We then superimpose signal
distributions related to pair production of 400 GeV sgluons, the latter coupling universally to
all up-type quarks (scenario of class S.I) in the tjtj (plain), tjtt (strong dashed) and tttt (light
dashed) channels. Figure taken from Ref. [143].

distributions, which are indicated after having factorized the dominant tt̄ contribution (in red)
from the rest of the background events (in blue). The large differences among the shapes of
background and signal distributions suggest us to probe the LHC sensitivity to the presence of
sgluon fields coupling dominantly to top quarks by means of this HT observable, using the full
spectrum rather than applying an (inefficient) selection (see below).

Event selection for a single lepton plus jets signature

The branching ratios of the tjtj and tjtt/tttt topologies into states with one single lepton
are large and reach 36% and about 41%, respectively. Therefore, events with a single lepton are
expected to be copiously produced at the LHC from the production and decay of a sgluon pair.
To probe the sensitivity to such a signature, we preselect events by demanding exactly one
charged lepton with a transverse momentum p`T ≥ 25 GeV. In this case, the background from
the Standard Model is dominated at 92% by events originating from the associated production
of a W -boson with jets. We illustrate the effect of such a selection on the signal by choosing
representative scenarios with sgluon masses of 400 GeV and 800 GeV, like in the previous
subsection. The results are presented in Table 7.7 where it is shown that the expected number
of signal events ranges from 34.6 (23.2) to 10600 (45.7) for a sgluon mass of 400 GeV (800 GeV).

Multijet background contributions have not been accounted for in our simulation setup
and we need to remedy that lack. To this aim, we rely on data-driven methods such as
those introduced in the analysis of Ref. [549]. The latter shows that selecting events with a
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missing transverse energy larger than /ET ≥ 40 GeV and requiring the reconstructed W -boson
transverse mass,

MW
T =

√
2p`T /ET

[
1− cos ∆ϕ(`, /ET )

]
, (7.4.3)

to be larger than 25 GeV ensure a good control of that source of background. In the equation
above, we have introduced the quantity ∆ϕ(`, /ET ) standing for the angular distance, in the
azimuthal direction with respect to the beam, between the lepton and the missing energy.

As in the multilepton analysis, signal events are expected to be rich in hard jets which
arise from the hadronization of the decay products of the top quarks. This contrasts with the
dominant W -boson plus jets background contributions where jets originate mainly from initial-
state radiation (see Figure 7.13). Events are therefore selected with the requirement that they
contain at least six, seven and eight jets with a transverse-momentum pjT ≥ 25 GeV in the
context of the searches in the tjtj, tjtt and tttt topologies, respectively. For the same reasons,
signal events are also expected to include a high number of b-tagged jets. We therefore demand
a minimal number of one and two b-jets for the tjtj and tjtt/tttt search channels, respectively.
At this stage, the expected Standard Model background is composed mainly of tt̄ events, the
top-antitop pair being possibly produced in association with one or several gauge bosons.

Details on the number of events surviving each of the selection criteria are given in Table
7.7 for two representative signal scenarios with Mσ = 400 GeV and 800 GeV as well as for
the sum of the background contributions. After all selections, we predict 7.21 (8.47) to 2910
(19.3) signal events, depending on the search channel and for a sgluon mass of 400 (800) GeV.
In contrast, the Standard Model expectation consists of 64070, 9330 and 2658 events for the
tjtj, tjtt and tttt topologies, respectively. The large hadronic activity proper to signal events
motivates us to again consider the HT variable as discriminant between signal and background.
This feature is depicted on Figure 7.14 in the context of the tjtt (upper panel) and tttt (lower
panel) selection strategies. Signal distributions present a clear peaky behavior centered around
a HT value of about 1.5Mσ and a tail which does not extend to very large hadronic energies, in
contrast to the Standard Model results. The latter, for which we distinguish events associated
with top-antitop production in association with jets (red) from the other contributions (blue),
show a steep rise once the top-antitop production threshold is reached followed by a peak
around HT ≈ 500 GeV and a smooth fall with increasing energy. This shape difference will be
employed below to probe the sgluon mass possibly reachable at the LHC.

While the HT variable is in principle a good discriminant between signal and background,
better limits on the sgluon mass can be extracted in the case of the tjtj channel after a
kinematical fit of the events, assuming that the missing energy is only originating from a
leptonic W -boson decay. Assigning the labeling of the six jets according to

pp→ σσ → (tj5)(tj6)→ (j1j2j3j5)(j4`νj6) , (7.4.4)

the true configuration of each event is defined as the jet permutation minimizing the χ2-variable

χ2 =

[
mj1j2 −m

(r)
W

σ
(r)
W

]2

+

[(
mj1j2j3 −mj1j2

)
−m(r)

tW

σ
(r)
tW

]2

+

[
m`νj4 −m

(r)
t`

σ
(r)
t`

]2

+

[
(m`νj4,j6 −m`νj4)− (mj1j2j3,j5 −mj1j2j3)

σ
(r)
σt

[
(m`νj4,j6 −m`νj4) + (mj1j2j3,j5 −mj1j2j3)

]]2

.

(7.4.5)

The different contributions to this χ2-variable exactly mimic the decay chain of Eq. (7.4.4).
With the first two terms, we ensure that the three jets j1, j2 and j3 consist of the decay



7.4 Sgluon-induced multitop production with an ATLAS-like detector 215

 [GeV]TH
0 500 1000 1500 2000 2500 3000

Ev
en

ts
 / 

G
eV

-510

-410

-310

-210

-110

1

10

210

310
tt

Other backgrounds

 = 400 GeV / tjttI
mM

 = 800 GeV / tjttI
mM

-1Ldt=20 fb0  = 8 TeVs

tjtt selection

 [GeV]TH
0 500 1000 1500 2000 2500 3000

Ev
en

ts
 / 

G
eV

-510

-410

-310

-210

-110

1

10

210
tt

Other backgrounds

 = 400 GeV / ttttI
mM

 = 800 GeV / ttttII
mM

-1Ldt=20 fb0  = 8 TeVs

tttt selection

Figure 7.14: Distribution of the hadronic energy HT , defined in Eq. (6.5.1), after the selection
strategy presented in Table 7.7. We distinguish background events issued from the production
of a top-antitop pair together with jets (red) from the other Standard Model contributions
(blue). For the tjtt topology (left panel), we superimpose the curves related to two signal
scenarios of class S.I with respective sgluon masses of 400 GeV (plain) and 800 GeV (dashed),
while for the tttt search strategy (right panel), we consider a scenario of class S.I with a sgluon
mass of 400 GeV (plain) and a scenario of class S.II with a sgluon mass of 800 GeV (dashed).
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Selections
tjtj channel

M I
σ = 400 GeV M I

σ = 800 GeV Backgrounds

N` = 1 with p`T ≥ 25 GeV (1.06± 0.01)·104 45.7± 0.9 (2.376± 0.003)·108

/ET ≥ 40 GeV (7.65± 0.06)·103 37.9± 0.8 (6.836± 0.002)·107

MW
T ≥ 25 GeV (6.43± 0.05)·103 30.7± 0.7 (6.722± 0.002)·107

Nj ≥ 6 withpjT ≥ 25 GeV (3.88± 0.04)·103 24.9± 0.7 (8.634± 0.024)·104

Nb ≥ 1 (2.91± 0.04)·103 19.3± 0.6 (6.407± 0.014)·104

Selections
tjtt channel

M I
σ = 400 GeV M I

σ = 800 GeV Backgrounds

N` = 1 with p`T ≥ 25 GeV (1.21± 0.22)·103 21.3± 0.4 (2.376± 0.001)·108

/ET ≥ 40 GeV (8.81± 0.19)·102 18.1± 0.3 (6.836± 0.002)·107

MW
T ≥ 25 GeV (7.66± 0.18)·102 15.4± 0.3 (6.722± 0.002)·107

Nj ≥ 7 with pjT ≥ 25 GeV (4.05± 0.13)·102 11.08± 0.3 (2.613± 0.012)·104

Nb ≥ 2 (1.99± 0.09)·102 5.99± 0.2 (9.330± 0.050)·103

Selections
tttt channel

M I
σ = 400 GeV M II

σ = 800 GeV Backgrounds

N` = 1 with p`T ≥ 25 GeV 34.6± 0.6 23.2± 0.4 (2.376± 0.001)·108

/ET ≥ 40 GeV 27.3± 0.5 20.2± 0.4 (6.836± 0.002)·107

MW
T ≥ 25 GeV 23.6± 0.5 17.1± 0.3 (6.722± 0.002)·107

Nj ≥ 8 with pjT ≥ 25 GeV 10.8± 0.3 12.3± 0.3 (7.020± 0.060)·103

Nb ≥ 2 7.21± 0.27 8.47± 0.23 (2.658± 0.026)·103

Table 7.7: Same as Table 7.6 but for a final state signature with one single lepton. We refer to
the text for a detailed description of the selection strategy.

products of a hadronically decaying top quark. More into details, they enforce the invariant
mass of the first two jets mj1j2 to be compatible with the W -boson mass and the three-jet
system invariant mass mj1j2j3 to be compatible with the top mass. Since these two observables
are correlated, we however subtract from the reconstructed top mass mj1j2j3 the reconstructed
dijet invariant-mass mj1j2 in the second term of Eq. (7.4.5). The values of the χ2 parameters

are taken as m
(r)
W = 80.7 GeV, σ

(r)
W = 8.9 GeV, m

(r)
tW = 90.8 GeV and σ

(r)
tW = 10.5 GeV and

have been extracted from a fit based on the Monte Carlo truth where each reconstructed object
is correctly assigned according to the configuration of Eq. (7.4.4). The values of the widths of
O(10%) are compatible with the mass resolution inputted in our detector simulation.

The third term of Eq. (7.4.5) addresses the leptonically decaying top quark and verifies
that the invariant mass m`νj4 is compatible with the top mass. The neutrino four-momentum
is reconstructed after assuming that the missing energy of the event as well as the identified
charged lepton are both issued from a W -boson decay. In this way, information on the recon-
structed W -boson is implicitly included in the m`νj4 term of the χ2 so that there is no need
for a dedicated contribution. From the Monte Carlo truth, we have extracted the parameters

m
(r)
tl = 167.8 GeV and σ

(r)
tl = 19.1 GeV.
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Figure 7.15: Reconstructed sgluon mass M
(r)
σ following the procedure described in the text,

after adopting the tjtj search strategy (see the upper panel of Table 7.7). We distinguish the
top-antitop contributions (red) from the rest of the background (blue) and superimpose the
results associated with four signal scenarios of class S.I, with respective sgluon mass of 200 GeV
(plain), 400 GeV (strong dotted), 600 GeV (light dotted) and 800 GeV (dash-dotted). Figure
taken from Ref. [143].

Finally, both the tj5 and tj6 systems are the decay products of a sgluon field. Therefore, the
invariant masses mj1j2j3,j5 and m`νj4,j6 must be compatible with each other, up to the detector
resolution. This leads to the last term of Eq. (7.4.5), after subtracting the reconstructed top
masses to avoid possible correlations among the different terms of the χ2 and after including
an extra factor at the denominator to remove a too strong dependence on the sgluon mass.

From the Monte Carlo truth, we derive the numerical value of the parameter σ
(r)
σt , found equal

to 0.098 GeV.

After selecting the events as summarized in the upper panel of Table 7.7, we reconstruct
each surviving event according to the pattern given in Eq. (7.4.4) by minimizing the χ2-variable

of Eq. (7.4.5). We then extract the sgluon mass M
(r)
σ and present the related distributions on

Figure 7.15 for both the background, distinguishing the top-antitop pair component (in red)
from the other contributions (in blue), and four signal scenarios of class S.I with a sgluon
mass of 200 GeV, 400 GeV, 600 GeV and 800 GeV, respectively. The background distribution
presents a rising behavior once the top-antitop production threshold is reached, followed by a

tail extending up to rather large values of the reconstructed sgluon mass M
(r)
σ . In contrast,

signal distributions all show a clear peak. For light sgluons (Mσ = 200 GeV or 400 GeV),
this peak is centered around the true sgluon mass while for heavier sgluons (Mσ = 600 GeV
and 800 GeV), the detector resolution widens the peak so that the central value is equal to
about 70%− 80% of the true sgluon mass. The different shapes of the background and signal
distributions can hence be used to extract limits on the sgluon mass possibly reachable at the
LHC (see below).
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Single lepton analysis Multilepton analysis
Multilepton analysis

(background ×10)

tjtj 590 +40
−30 GeV 570 +30

−50 GeV 440 +40
−15 GeV

tjtt 480 +70
−80 GeV 520 +35

−90 GeV -

tttt (S.I) - - -

tttt (S.II) 640 +40
−30 GeV 650 +30

−40 GeV 520 +50
−110 GeV

Table 7.8: Expected sensitivity of the LHC, running at a center-of-mass of 8 TeV and for
an integrated luminosity of 20 fb−1, to a sgluon signal in multitop events. The results are
given, together with the associated 1σ statistical uncertainties, in terms of upper bounds on
the sgluon mass possibly reachable, at the 95% confidence level, for the different analyses
under consideration. Expectations for scenarios of class S.I are given for the tjtj, tjtt and
tttt channels on the first three lines of the table, respectively. Scenarios of class S.II are only
investigated in the context of the tttt search channel, the results being shown on the fourth
line of the table.

LHC sensitivity to a sgluon field dominantly coupling to top quarks

For each of the considered search channel and strategy, we combine the number of expected
signal and background events to calculate upper limits on the signal cross section at the 95%
confidence level. More into details, we make use of the CLs technique [550] as implemented in
the MCLimit software [551] and employ either the reconstructed sgluon mass (for a tjtj final
state with an analysis based on a single lepton signature) or the HT variable (in all the other
cases) to discriminate signal from background8. The results are presented in Figure 7.16 for the
tjtj (upper panel), tjtt (middle panel) and tttt topology (lower panel) as dashed (multilepton
analysis), dotted (multilepton analysis after multiplying the background by ten to estimate the
effects of the non-simulated contributions) and dot-dashed (single lepton analysis) curves. We
also show theoretical predictions for sgluon-induced production of multitop final states as a
function of the sgluon mass. In addition to the central next-to-leading order results derived
from Table 7.2, we include a 30% uncertainty band corresponding to typical effects induced
by factorization and renormalization scale variations (light and dark gray for scenarios of class
S.I and S.II, respectively) [528]. In Table 7.8, these results are translated in terms of the
sgluon mass that can be possibly excluded at the 95% confidence level for each final state and
considered scenario. In addition, 1σ variations have been derived after accounting for statistical
uncertainties.

From the results of the multilepton analysis, we observe that sgluon masses ranging up to
570 GeV and 520 GeV can be excluded by an investigation of the tjtj and tjtt topologies,
respectively, in the context of scenarios of class S.I. Equivalently, the LHC, when operating at√
s = 8 TeV, is sensitive to sgluon-induced multitop production cross sections of O(100) fb for

both signatures. From Table 7.8, it can be seen that the limits obtained for the tjtj search
channel vary by less than 10% when accounting for 1σ statistical uncertainties. In contrast,
the bounds extracted from the analysis of the tjtt topology are found to be more sensitive
to statistics since they could vary by up to 17% with respect to 1σ (un)lucky fluctuations.
This feature is related to the behavior of both cross sections (including the relevant branching

8Considering the reconstructed mass instead of the HT variable in the case of a single lepton analysis for the
tjtj topology allows to improve the LHC sensitivity by about 15%-20% in the low mass region without affecting
the higher sgluon mass region.
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Figure 7.16: The 95% confidence level expected signal cross sections as a function of the sgluon
mass, for 20 fb−1 of LHC collisions at

√
s = 8 TeV. The uncertainty bands associated with the

next-to-leading order theoretical predictions correspond to 30% variations, as commonly driven
by the dependence on the unphysical scales (see Ref. [528]), and are presented as light (dark)
gray bands for scenarios of class S.I (S.II). Expected limits in the tjtj (upper), tjtt (middle)
and tttt (lower) channels are given as dot-dashed (single lepton analysis), dashed (multilepton
analysis) and dotted (multilepton analysis after enhancing the background by a factor of ten)
curves. Figures taken from Ref. [143].
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ratios) in the 500-600 GeV sgluon mass range. In the tjtj case, the cross section decreases
with the mass, while in the tjtt case, it is rather constant. Due to the low sgluon branching
ratio into a top-antitop pair for scenarios of class S.I (see Table 7.2), the multilepton analysis
is not sensitive to final states with four top quarks, at least for an integrated luminosity of
20 fb−1. In class S.II scenarios, this branching ratio is 2.5− 7.6 times more important so that
sgluon masses ranging up 650 GeV, or cross sections of O(10) fb, can be excluded at the 95%
confidence level. When accounting for non-simulated backgrounds by multiplying the number
of expected background events by ten, we loose all sensitivity to the tjtt channel while the
masses to be possibly excluded when analyzing tjtj and tttt (for scenarios of class S.II) final
states decrease from 570 GeV to 440 GeV and from 650 GeV to 520 GeV, respectively.

We now turn to single lepton analyses. First, considering tjtj final states, we show that
the reconstructed sgluon mass can be used to exclude at the 95% confidence level sgluon as
heavy as 590 GeV, these bounds being rather strong against statistical fluctuations. Next,
considering tjtt and tttt topologies, the HT variable is employed as a discriminant and it is
found that sgluon masses up to 480 GeV and 640 GeV can be reached. While in the tjtt case,
statistical fluctuations can lead to different expectations by about ±15%, the results related to
a four top signature are found only to change by about 5% within the 1σ band.



Chapter 8

When theory meets experiment

In the previous chapters of this work, we have investigated two signatures predicted by two
non-minimal supersymmetric models. We have addressed the production of a monotop final
state, consisting of a single top quark and missing energy, originating from an R-parity-violating
top squark decay as well as the production of a multitop final state arising from the pair-
production and decay of a new scalar state, dubbed sgluon, lying in the adjoint representation
of the QCD gauge group. We have then generalized the performed analyses by means of effective
field theories in order to facilitate their reinterpretation in the context of various classes of new
physics models, supersymmetric or not, although the reinterpretation process in the framework
of a well-defined model by itself goes beyond the scope of this work. All the predictions that have
been made suggest that the LHC is sensitive to large parts of the respective parameter spaces,
which has motivated dedicated ATLAS and CMS searches. These searches are more precisely
currently either already achieved [146] or on-going [147, 148]. Furthermore, the obtained results
at the phenomenology level have even triggered a first monotop search at the Tevatron collider
in 2012 [145].

The above-mentioned LHC and Tevatron experimental analyses have followed the phe-
nomenological studies performed in this work. For obvious reasons, only analyses which are
achieved and publicly available are discussed, i.e., a monotop search by the CDF collabo-
ration [145] and an analysis of sgluons decaying into multitop final states performed by the
ATLAS collaboration [146]. In the following, the CDF monotop analysis (which is a part of
this work) is detailed, from the point of view of a theorist, in Section 8.1 whereas only the
conclusions of the ATLAS analysis are presented in Section 8.21.

8.1 Search for monotops with the CDF detector

8.1.1 Analysis strategy for monotop searches with the CDF detector

Among all the scenarios introduced in Section 7.1.1, benchmark points of class S.IV have
been considered for a confrontation to data recorded by the CDF detector. In this case, we
recall that the top quark is produced in association with an invisible vector field through
a flavor-changing interaction of the new state with a top quark and an up quark. In the
following, we adopt the CDF notations and the new state, that can in particular be compatible

1 The rules of the LHC collaborations forbid anyone, including theorists, to be member of several LHC
collaborations simultaneously. This excludes the author of this document to take part to any ATLAS analysis,
as being a member of the CMS collaboration for 2008. The main results of the ATLAS analysis of Ref. [146] are
however included in this document for completeness.
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with a dark matter candidate, is denoted by the symbol D. The most relevant region of the
parameter space with respect to the Tevatron available center-of-mass energy and integrated
luminosity consists of the low-mass region. Therefore, the mass of the invisible state MD is
further assumed to satisfy

MD ∈ [0− 150] GeV. (8.1.1)

Such a light dark matter candidate is also motivated by new physics signals reported by several
experiments dedicated to direct detection of dark matter. More into details, the DAMA project,
based on a detector made up of 250 kg of sodium iodide exploiting the annual modulation of the
dark matter signature due to Earth rotation, has first reported an effect that could be explained
by a light dark matter candidate [552]. Later, both the CoGeNT experiment, using a low-
background germanium detector looking for dark matter elastic interactions with nuclei [553,
554] and the CRESST-II collaboration, probing dark matter detection via its interactions with
nuclei inside CaWO4 crystals [555], have found discrepancies in several observables. It has been
found that a by light dark matter particle could explain all the issues. In each of these cases,
the light dark matter candidate has to interact with the Standard Model sector in such a way
that its detection at collider experiments would be feasible. The classes of scenarios S.III and
S.IV designed in the context of the monotop effective field theory of Section 7.1.1 are generic
examples of models satisfying these constraints, so that they can also be seen as extensions of
the Standard Model with a dark sector coupled to the top quark in a flavor-violating fashion.
Consequently, flavor-changing monotop production has received more experimental attention
than the resonant one so far.

In this section, we introduce the search strategy designed by the CDF collaboration to
probe possible signals of flavor-changing monotop production. This includes 7.7(±0.55) fb−1

of events recorded by the CDF-II detector, one of the two general purpose detectors employed
for the study of pp̄ collisions with a center-of-mass energy of 1.96 TeV at the Tevatron. The
CDF-II detector contains a tracking system consisting of a cylindrical open-cell drift chamber
together with silicon microstrip detectors immersed in a magnetic field of 1.4 T parallel to the
beam axis. This inner part of the detector is surrounded by a calorimetric system comprised of
both an electromagnetic and a hadronic piece in order to measure particle energies. Additional
drift chambers and muon scintillators are located outside the calorimeters and are dedicated to
muon identification. A more detailed description of the detector and the Tevatron accelerating
facility can be found in Ref. [556] and references therein.

The results of the monotop analyses of Section 6.4.2 and Section 7.3 at the LHC were
suggesting to employ a data acquisition trigger based on the missing energy only. The CDF
analysis presented in this section investigates instead events that have triggered the acquisition
system by the presence in the final state of two calorimeter clusters together with significant
missing transverse energy of at least 35 GeV [557] and 30 GeV [558] for data recorded before
and after 2007, respectively. In this case, the missing transverse energy definition relies on
calorimetric deposits and is defined as the magnitude of the vectorial sum of the transverse
energy contained in each calorimeter tower of the detector.

Jets are reconstructed by making use of the CDF JetClu algorithm [559] using cones of
radius R = 0.4 to cluster calorimeter deposits into jets. Reconstructed jet energies are then
corrected using standard techniques developed on the basis of a deep comparison of Monte
Carlo simulations of proton-antiproton collisions in CDF and data for several physics processes
such as jet, single photon with jets, single gauge boson or J/ψ production [560]. In order
to identify jets originating from the fragmentation of a b-quark, a secondary-vertex-tagging
algorithm is employed, accounting for the longer lifetime of B-hadrons [561]. The efficiency
of such a b-tagging algorithm ranges from 30% to 50% for jets with a transverse energy lower
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than 200 GeV, for a mistagging rate of a few percents.
In order to achieve a full trigger system efficiency, event selection further requires the

amount of missing transverse energy to fulfill

/ET ≥ 50 GeV . (8.1.2)

In addition only those events whose final state contains exactly three jets are retained. One of
these jets is constrained to be identified as a b-tagged jet, whereas the transverse energies of
the three jets j1, j2 and j3, ordered by decreasing transverse energies, are required to satisfy

ET (j1) ≥ 35 GeV , ET (j2) ≥ 25 GeV and ET (j3) ≥ 15 GeV . (8.1.3)

We further impose that either the leading or the next-to-leading jet has a pseudorapidity such
that |η| ≤ 0.9, and that all three jets have their pseudorapidity satisfying |η| < 2.4. Finally,
events containing any identified charged lepton are vetoed in order to be compatible with the
monotop signature associated with a hadronically decaying top quark.

As a consequence of the low missing energy requirement, the event selection gives at this
stage a data sample dominated by QCD multijet events with fake missing energy arising from
the mismeasurement of jet energies. The simulation of this type of background being prohibitive
due to the very large production rate and the important theoretical uncertainties, a QCD
multijet sample has instead been generated by using a data-driven method [562]. This method
works in several steps. First, a control region enriched in multijet events is defined by restricting
the selection (without considering the b-tagging requirement) to events with a moderate amount
of missing energy (below 70 GeV) and an angular separation smaller than 0.3 between the next-
to-leading jet and the missing momentum (multijet events featuring such a quantity of missing
energy have often their second jet aligned with the missing momentum). Next, a probability
for tagging a jet as a (real or fake) jet issued from a b-quark is derived as a function of the
hadronic activity of the event and several jet properties such as its transverse momentum and
its pseudorapidity. The derived probability is then applied as a per-event weight to all the
events satisfying all the selection criteria introduced so far, but the b-tagging requirement. The
resulting weighted event sample consists of the desired data-driven multijet background once
the electroweak contributions, computed by means of Monte Carlo simulations, are subtracted.

All other sources of Standard Model background have been simulated by means of Monte
Carlo event generators. Events originating from diboson and top-antitop pair production have
been produced using Pythia 6 [45] and reweighted according to the next-to-leading order re-
sults as predicted by the Mcfm program for the diboson case [543, 563] and to the approximate
next-to-next-to-leading order predictions for the top-antitop case [564]. Furthermore, events is-
sued from single vector boson production in association with (light and heavy flavored) jets have
been generated with AlpGen [53], parton showering and hadronization being again performed
by pythia, and normalized on the basis of the next-to-leading order cross section returned
by Mcfm. Finally, single top events have been modeled with the MadGraph 5 package [64],
Pythia 6 taking again care of parton showering and hadronization. Each single top event has
then been reweighted according to the next-to-leading order predictions [565, 566].

On different footings, a non-negligible source of background consists of events selected due
to the mistagging of a light-flavor jet as a jet issued from a b-quark. This contribution is
modeled in two stages. As a first step, the mistagging rate of a light jet as a b-jet is extracted
from data [561]. To this aim, one starts from the secondary vertex that has implied the b-tag
and calculates the projection onto the jet axis of the vector pointing from the primary to the
secondary vertex. This quantity, denoted L2D, is dubbed the two-dimensional decay length
of the secondary vertex. Its sign plays a critical role in the estimation of the mistagging rate
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as b-quark-initiated hadrons in general lead to large positive values of L2D whereas mistagged
lighter jets exhibit smaller |L2D| values that occur with the same rate for both signs. This
feature finds its origin in the fact that secondary vertices leading to fake b-jets in general arise
from tracks found displaced due to tracking errors. However, although decays of KS mesons or
Λ hyperons contribute subdominantly, their effect is non-negligible and has been considered.
True b-tagged jet contributions to the negative L2D region are then subtracted by comparing
jet data to Monte Carlo simulations, using the distribution of the pseudo-proper decay length
L̂ defined as

L̂ =
L2DM

(v)

p
(v)
T

, (8.1.4)

where M (v) is the invariant mass of all tracks originating from the secondary vertex and p
(v)
T

the transverse-momentum of the secondary vertex four-vector. The quantity L̂ turns out to be
largely different for b-jets and lighter jets and can thus be used as a discriminant. Finally, the
mistagging rate in the negative L2D region computed in this way is extrapolated to the positive
region. As a second step, the calculated mistagging probability is applied to each light-flavor
jet included in the Monte Carlo generated events, the resulting sample being identified as the
so-called mistag contributions to the background.

In order to probe the possible presence of monotop events in data, we have simulated
eleven signal samples in the framework of the S.IV class of scenarios. The benchmark points
differ by the mass MD of the dark matter candidate yielding missing energy. The values for
this mass have been chosen by sampling the [0,25] GeV mass range in steps of 5 GeV and the
[25,150] GeV range in steps of 25 GeV. Like in the previous sections, signal simulation has been
based on the UFO model extracted from the FeynRules implementation of the effective model
constructed in Section 7.1.1, after fixing the mass of the top quark toMt = 172.5 GeV [498, 567].
Hard scattering events have then been generated using the MadGraph 5 package and parton
showering and hadronization have been described by the Pythia 6 program.

Applying all the steps of the selection described above, 6471 data events survive. From the
Standard Model expectation, it turns out that most of these events (about 70%) consists of QCD
multijet events. In this case, as already stated above, the missing momentum tends to be aligned
with the momentum of the second jet j2. Therefore, a good fraction of the multijet contribution
to the background can be rejected by imposing that the azimuthal distance between the missing
transverse momentum ~/pT and the momentum of the second hardest jet ~p(j2) satisfies

∆ϕ
(
~/pT , ~p(j2)

)
≥ 0.7 . (8.1.5)

In order to further suppress the Standard Model background, we follow the suggestions of
the monotop selection strategy designed in the previous sections and require that the invariant
mass of the three-jet system mj1j2j3 is compatible with the mass of the top quark,

mj1j2j3 ∈ [110, 200] GeV . (8.1.6)

We finally improve the background rejection (without too much affecting the signal selection
efficiency) by imposing a large missing transverse energy significance,

/ET√∑
ET
≥ 3.5

√
GeV , (8.1.7)

and further constrain the transverse energy of the third jet,

ET (j3) ≥ 25 GeV . (8.1.8)
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Processes Number of events

Signal scenario with MD = 20 GeV 2116.9 ± 121.4

Signal scenario with MD = 75 GeV 232.3 ± 22.9

Signal scenario with MD = 100 GeV 129.8 ± 12.5

Signal scenario with MD = 125 GeV 94.5 ± 9.3

QCD multijet 210.2 ± 54.5

Top-antitop 182.8 ± 20.2

Single boson (plus jets) 130.5 ± 33.8

Mistag 96.9 ± 39.4

Single top 24.3 ± 4.5

Diboson 15.7 ± 2.7

Total background 660.2 ± 78.1

Data 592

Table 8.1: Number of expected signal (for different masses of the invisible vector particle
MD) and background events surviving the monotop selection strategy presented in the text,
given together with the combined statistical and systematic uncertainties. We distinguish the
different background contributions and compare the Standard Model expectation to data.

In Eq. (8.1.7), the expression
∑
ET refers to the scalar sum of transverse energy deposited in

both calorimeters.

8.1.2 Results of the first monotop search at a hadron collider

Although the analysis strategy presented in Section 8.1.1 has been inspired by the phe-
nomenological works of the previous sections, it has more precisely been designed in the aim
of optimizing the significance S/

√
S +B, S and B being the expected number of signal and

background events, respectively. Out of the 6471 data events, 592 of them remain after the
last selection steps. In order to extract some conclusions on the possible presence of monotops
in those data, this number must be confronted to the Standard Model predictions. This is
achieved in Table 8.1, where we distinguish the different contributions to the Standard Model
background and present the number of selected signal events for several simulated scenarios of
class S.IV.

The uncertainty values quoted in the table encompass both statistic and systematic uncer-
tainties. For the latter, several contributions have been considered and are listed below. The
dominant source of systematic uncertainties consist of the normalization of the QCD multijet
background, the mistagging rate of the b-tagging algorithm (16.6%) and the theoretical cross
sections employed for the different other background contributions (6.5%− 30%). In a smaller
extent, uncertainties issued from the jet energy scale (2.8%−10.7%) [560], the measurement of
the luminosity (6%) [568], the efficiency of the b-tagging algorithm (5.2%), the initial-state and
final-state parton radiation (4%), the parton densities (2%), the veto on the presence of charged
leptons in the selection (2%) and the trigger efficiency (0.4%−0.9%) are included. Finally, two
additional sources of systematic uncertainties are also accounted for. A first contribution is
derived from the shape variation of various kinematical distributions when a ±1σ modification
of the jet energy scale is performed. On a different line, a second contribution consists of the
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Figure 8.1: Missing transverse energy spectrum after applying the CDF monotop search
strategy described in the Section 8.1.1. We compare the sum of the different contributions to the
Standard Model background to data and superimpose the expected distribution of a monotop
signal arising from a scenario of class S.IV for an invisible particle mass of MD = 125 GeV.
Figure taken from Ref. [145].

uncertainties on the efficiency of the data acquisition system.

One of the key distribution allowing for a signal versus background discrimination in the
context of the described monotop search strategy at the Tevatron consists of the missing energy
spectrum. This holds in particular for kinematical regions where /ET is large, since in this case, a
significant signal contribution is expected together with a reduced background contamination.
This is illustrated on Figure 8.1 where we show the different contributions to the Standard
Model background and compare their sum to data. In addition, we also present the spectrum
induced by the presence of a dark matter particle D of mass MD = 125 GeV after the selection.
The obtained results are compatible with the Standard Model and no significant excess of
signal-like events has been found in the analyzed dataset.

Consequently, the results allow to extract 95% confidence level (C.L.) upper limits on the
monotop production cross section by comparing the expected shape of the transverse missing
energy distribution in the case there is a new physics contribution with the one got from
data. To this aim, a Bayesian maximum likelihood method has been employed [569]. The
used likelihood function L is defined as the product of Poisson probabilities for each bin of
the missing energy distribution. Since the Poisson probabilities are functions of the number of
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Figure 8.2: Exclusion curve for the monotop production cross section as a function of the mass
of the invisible vector particle MD. Theoretical cross section extracted from Ref. [142] have
been superimposed to the curves. Figure taken from Ref. [145].

observed data events di and the predicted number of events µi in each bin, we have

L =

nbins∏
i=1

µdii e
−µi

di
, (8.1.9)

where the predictions µi have been computed as the sum over both signal and background
contributions. In the calculation of the µi quantities, a series of nuisance parameters have
been introduced, one of them being associated with each source of systematic uncertainties.
This allows to calculate predictions for the µi quantities encompassing ±1σ variations possibly
induced by the different sources of systematic uncertainties. After assuming Gaussian priors
centered on zero and with a unit width for each of the nuisance parameters, the posterior L′

is computed by marginalizing these parameters, so that it is sufficient to maximize L′ to get
the expected limit on the signal cross section. The 68% and 95% confidence level uncertainty
bands are eventually obtained by integrating L′ over the signal cross section σs varying from
zero to infinity when a uniform positive prior is associated with σs. The respective bands are
then defined by the smallest cross section range containing 68% and 95% of the integral value.

The results are shown on Figure 8.2 as a function of the mass of the new vector state MD.
In addition, we have indicated the theoretical predictions for the cross section as calculated in
the framework of the effective field theory developed in Section 7.1.1, for benchmark scenarios
of type S.IV and for a coupling parameter set to a = 0.1. From the figure, we observe that
under the above-mentioned hypotheses, new vector states yielding a monotop signature via
flavor-changing interactions are constrained to be heavier than about 100 GeV, at the 95%
confidence level.
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8.2 Conclusions of a search for sgluons with the ATLAS detec-
tor

Using 14.3 fb−1 of proton-proton collision at a center-of-mass energy of 8 TeV, the ATLAS
collaboration has investigated LHC data for hints of sgluon fields dominantly coupling to the
top quark, following the work performed in Section 7.4 [146]. In this case, only scenarios of
class S.II have been addressed, the sgluon field only singly coupling to a pair of top quarks or
gluons. As a result of the analysis, sgluon masses of about 800 GeV have been excluded. Those
limits are slightly better than the predictions of Section 7.4 due to a more optimized analysis
strategy. As stated at the beginning of this section, we leave any detail of this experimental
search out of this work and refer to Ref. [146] for more information.
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Conclusions

The Standard Model of particle physics provides a tremendously successful description of
most of currently observed high-energy physics data. However, despite its success, it includes
several conceptual problems, such as, e.g., the stabilization of the mass of the recently observed
Higgs boson with respect to quantum corrections. This has triggered the construction of
a plethora of new physics theories over the last decades whose predict, for most of them,
phenomena expected to be observable at scales probed by current and future experiments. In
this work, we have focused of one class of such theories dubbed supersymmetry in the aim of
investigating specific signatures predicted by non-minimal supersymmetric models at the Large
Hadron Collider.

We have started by showing how supersymmetric quantum field theories naturally arise from
the only knowledge of both Nœther and spin-statistics theorems used jointly with a series of
no-go theorems. We have then described in details how the superspace formalism allows for the
construction of supersymmetric Lagrangians in a very efficient way. On different footings, the
collider phenomenology of any supersymmetric model can in general be probed after having
implemented the Feynman rules associated with the underlying Lagrangian in various high-
energy physics tools such as, e.g., Monte Carlo event generators. This has brought us to put
some emphasis on the program FeynRules that has been developed over the last few years.
It allows, on the one hand, to derive supersymmetric Lagrangians in a very efficient way, and,
on the other hand, to extract the related Feynman rules and export them into a programming
language that can be understood by Monte Carlo codes. In particular, translating the model
into a UFO library offers a way to pass all the information, regardless the use of non-usual
Lorentz and/or color structures that could be included in the vertices, to any program lying
further in the simulation chain.

Although supersymmetric theories are promising from the theoretical point of view, not a
single superpartner has been observed up to now. Therefore, supersymmetry has to be broken
so that the masses of the supersymmetric particles are shifted with respect to those of their
Standard Model counterparts. We thus depict, in the last formal part of this manuscript,
some general properties of broken supersymmetric theories and the most commonly employed
mechanisms leading to supersymmetry breaking.

Once these bases have been set, we have moved on with more phenomenological topics. We
have detailed the construction of the supersymmetric model resulting from the direct supersym-
metrization of the Standard Model, the so-called MSSM, together with its properties. With the
current status of the experimental data, designing phenomenologically viable scenarios for the
most constrained versions of the MSSM becomes a more and more difficult task. This feature
has been illustrated by estimating the regions of the parameter space (un)favored by several
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low-energy, flavor and electroweak observables as well as by cosmological data and by results of
direct searches for supersymmetric particles at colliders. We have in a second stage generalized
the squark sector of the minimal model by allowing for non-minimal flavor mixing among all
up-type and down-type squark gauge-eigenstates and revisited some of the above-mentioned
constraints. We have found that important flavor violation is still allowed by current data, in
particular for parameter space regions where the superpartners are heavy.

We have then turned to the building of two non-minimal supersymmetric theories and the
detailed investigation of two signatures of such models at the LHC. First, we have illustrated
how non-minimal softly-broken supersymmetric theories can be efficiently and easily imple-
mented in FeynRules by using its superspace module and further exported to Monte Carlo
event generators for phenomenological investigations at colliders. Next, we have focused on
the study of monotop production in the framework of R-parity violating supersymmetry and
sgluon-induced multitop production within R-symmetric supersymmetry. We have chosen two
specific benchmark scenarios and show that the LHC is possibly capable of unveiling the pres-
ence of new physics within the overwhelming background from the Standard Model through
simple search strategies.

However, observing a new physics signal such as those that can arise in the framework of the
two investigated benchmark scenarios does neither imply that the relevant scenario consists of
the physics model chosen by Nature, nor that the underlying supersymmetric theory is realized.
A given signature can be predicted by many benchmarks of a given theory and even by several
different theories. In order to allow for an easy recasting of the results into any other context
(either another benchmark or another theory beyond the Standard Model), we have followed
a bottom-up path starting from the signature itself. In this way, we have constructed one
effective field theory for each signature that encompasses all its possible production modes.
Consequently, various new physics scenarios yielding either the production of a monotop state
or the one of a multitop state issued from the decay of a sgluon pair have been explored
simultaneously. Using Monte Carlo simulations of 20 fb−1 of collisions that have been produced
at the LHC in 2012, we have designed general search strategies which we have shown to be
sensitive to a large fraction of the effective field theory parameter spaces. It has been found
that new physics states lying within the TeV range can easily be observed in most of the cases,
for not too small interaction strengths.

Although the reinterpretation of the general results in the framework of a very specific
beyond the Standard Model theory is beyond the scope of this work, this consists of its natural
extension in a near future. This future can also be seen as the recasting era in particle physics
since both the ATLAS and CMS collaborations will certainly not have enough manpower to
dedicate (at least) one analysis to each scenario of each new physics theory that theorists can
think of, even if we restrict ourselves to scenarios valuable to be investigated. This is the reason
why it is likely that both theorists and experimentalists will share this task of reinterpreting
the existing searches in the context of large classes of models. In this work, we have shown
that several existing tools, such as FeynRules, MadGraph 5 or MadAnalysis 5, are ready
to be used for rendering this step more straightforward from the point of view of the user.

In the last part of this work, we have presented one additional example of possible inter-
actions among theorists and experimentalists and described an existing analysis of Tevatron
data that has been motivated by our phenomenological results. It consists of a monotop search
with the CDF detector at the Tevatron, that we have presented with the eyes of a theorist. We
have observed that parameter space regions of the constructed monotop effective field theory,
relevant for providing an explanation of observed anomalies in dark matter direct detection
experiments, are already excluded by collider data.
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Conventions

A.1 Lorentz indices

We employ, for the Minkowski metric ηµν and its inverse ηµν , the conventions

ηµν = diag(1,−1,−1,−1) and ηµν = diag(1,−1,−1,−1) , (A.1.1)

so that the product of these two symmetric matrices is given by

ηµρ η
ρν = δµ

ν . (A.1.2)

These matrices allow for lowering and raising spacetime indices,

xµ = ηµνxν and xµ = ηµνx
ν , (A.1.3)

where xµ is an arbitrary four-vector. In this work, we use Greek letters from the middle of
the alphabet for Lorentz indices ranging from zero to four, and Latin letters from the middle
of the alphabet for Euclidean indices ranging from one to three. In our conventions, we define
the rank-four antisymmetric tensor with lower indices as

ε0123 = 1 . (A.1.4)

Therefore, its counterpart with upper indices is derived as

εµνρσ = εµ̃ν̃ρ̃σ̃ η
µµ̃ ηνν̃ ηρρ̃ ησσ̃ , (A.1.5)

or equivalently, we have ε0123 = −1.

A.2 Spinor indices

For Weyl spinors, we adopt the van der Waerden conventions for indices, so that the tensorial
structure of a left-handed Weyl spinor λ reads

λ ≡ λα , (A.2.1)

and the one of a right-handed spinor χ̄ is given by

χ̄ ≡ χ̄α̇ . (A.2.2)
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In both cases, we employ Greek letters from the beginning of the alphabet to denote spin
indices ranging from one to two. Merging one two-component left-handed Weyl spinor λα and
one right-handed two-component Weyl spinor χ̄α̇, one constructs four-component Dirac spinors
which read, in the van der Waerden notations

ψD =

(
λα
χ̄α̇

)
. (A.2.3)

In the case of a four-component Majorana spinor, the left-handed and right-handed components
are related by Hermitian conjugation, (λα)† = λ̄α̇, so that the four-component object reads

ψM =

(
λα
λ̄α̇

)
. (A.2.4)

Getting back to Weyl spinors, their spin indices can be raised and lowered by means of the
rank-two antisymmetric tensors εαβ and εαβ acting on left-handed spinors as well as εα̇β̇ and

εα̇β̇ acting on right-handed spinors. We normalize these tensors as ε12 = 1, ε12 = −1, ε1̇2̇ = 1

and ε1̇2̇ = −1. Subsequently, the summation properties

εαβ ε
βγ = δα

γ and εα̇β̇ ε
β̇γ̇ = δα̇

γ̇ (A.2.5)

are verified and raising and lowering indices obey the rules

λα = εαβλβ , λα = εαβλ
β , χ̄α̇ = εα̇β̇χ̄β̇ and χ̄α̇ = εα̇β̇χ̄

β̇ . (A.2.6)

Contracting spinors with upper and lower indices further allows to define scalar products as

λ · λ′ = λαλ′α and χ̄ · χ̄′ = χ̄α̇χ̄
′α̇ . (A.2.7)

where we have introduced a left-handed Weyl spinor λ′ and a right-handed Weyl spinor χ̄′.

A.3 Pauli and Dirac matrices

The three Pauli matrices are defined, in our conventions, by

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
and σ3 =

(
1 0
0 −1

)
, (A.3.1)

and we remind that σi = −σi. Introducing σ0 as the dimension-two identity matrix, one can
construct the two four-vectors

σµ = (σ0, σi) and σ̄µ = (σ0,−σi) , (A.3.2)

whose the tensorial structure reads

σµ ≡ σµαα̇ and σ̄µ ≡ σ̄µα̇α . (A.3.3)

From the product of these four-vectors, one gets the generators of the Lorentz algebra in the
left-handed and right-handed spinorial representations,

σµν =
i

4

[
σµσ̄ν − σν σ̄µ

]
and σ̄µν =

i

4

[
σ̄µσν − σ̄νσµ

]
, (A.3.4)
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respectively. The matrices σµ and σ̄µ naturally appear in superspace computations, together
with products of these matrices. The latter can in general be simplified by means of several
useful identities. Firstly, the two four-vectors σµ and σ̄µ are related through metric tensors in
spin and Minkowski space,

σ̄µβ̇β = σµαα̇ε
αβεα̇β̇ , σµαα̇σ̄µ

β̇β = 2δα
βδα̇

β̇ ,

σ̄µα̇ασ̄µ
β̇β = 2εα̇β̇εαβ , σµαα̇σµββ̇ = 2εαβεα̇β̇ ,

(σ̄µσν)α̇β̇ = ηµνδα̇β̇ − 2i(σ̄µν)α̇β̇ , (σµσ̄ν)α
β = ηµνδα

β − 2i(σµν)α
β .

(A.3.5)

Secondly, the tensors σµν and σ̄µν fulfill (anti-)self-duality properties,

1

2
εµνρσσ

ρσ = −iσµν and
1

2
εµνρσσ̄

ρσ = iσ̄µν . (A.3.6)

Finally, the product of three Pauli matrices can be simplified to

σ̄µσν σ̄ρ = iεµνρσσ̄σ + ηµν σ̄ρ + ηνρσ̄µ − ηµρσ̄ν ,
σµσ̄νσρ = − iεµνρσσσ + ηµνσρ + ηνρσµ − ηµρσν .

(A.3.7)

From Pauli matrices, one can construct the Dirac matrices in the Weyl representation,

γµ =

(
0 σµ

σ̄µ 0

)
, (A.3.8)

while products of Dirac matrices define the four-component spinorial representation of the
Lorentz algebra

γµν =
i

4

[
γµ, γν

]
. (A.3.9)

This representation is reducible to the two-component representations defined above so that
one can also define a fifth Dirac matrix γ5 as

γ5 = iγ0γ1γ2γ3 =

(
−1 0
0 1

)
, (A.3.10)

which commutes with all the generators of the algebra and which anticommutes with all the
Dirac matrices.

A.4 Grassmann variables

A point in superspace is defined by adjoining to the spacetime coordinates xµ the Grassmann
coordinates θα and θ̄α̇ forming a Majorana spinor. The θ-variables satisfy the Grassmann
algebra {

θα, θβ
}

=
{
θ̄α̇, θ̄β̇

}
=
{
θα, θ̄α̇

}
= 0 . (A.4.1)

Since the square of an anticommuting object vanishes, it follows that

θαθβ = −1

2
θ ·θεαβ , θ̄α̇θ̄β̇ =

1

2
θ̄ ·θ̄εα̇β̇ and θαθ̄α̇ =

1

2
θσµθ̄σ̄µ

α̇α , (A.4.2)

which is at the basis of any computation to be performed in superspace. We define the operators
∂µ, ∂α and ∂̄α̇ conjugate to the superspace coordinates xµ, θα and θ̄α̇. In other words, we define
derivatives with respect to the superspace coordinates that fulfill the properties[

∂µ, x
ν
]

= δµ
ν ,

{
∂α, θ

β
}

= δα
β and

{
∂̄α̇, θ̄

β̇
}

= δα̇
β̇ . (A.4.3)
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Finally, integration upon Grassmann variables is defined by the relations∫
d2θ =

∫
d2θ θ =

∫
d2θ̄ =

∫
d2θ̄ θ̄ = 0 ,

∫
d2θ θ ·θ =

∫
d2θ̄ θ̄ ·θ̄ = 1 . (A.4.4)
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